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Abstract.

We will review in this work , a new kind of sets called N D « —continuous are introduced and studied in
NV Topological space. The class of all N D « —open(closed) sets is restricted to the class of all & — continuous and
N g-open. Also we study topological properties of N —continuous, N D x —homeomorp, N’ contra D o< -
continuous, NVslightly D o« continuous and NV irresolute D oc —continuous.
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1. Introduction and Basic Concepts

In this work we define V" continuous functions, and ' homeomorphisms between N topological spaces and derive
their equivalent characterizations. ' continuous functions have a wide range of uses, including plant growth over time,
depreciation of machine and temperature at various times of the day. We have also provided a real-life example of V'
homeomorphism. the basic concepts of V" topological spaces, ND « open (closed) function, N D «- continuous and
their properties. In [1] 2V continuous if f~1(X) is X open in U VX open in V. In [2] defined " e-continuous If f~1(X)
is X o open set in U for any X «open in V. In [3] I pre-continuous If f~1(X) is X pre-open in U VX open V.
Proceeding from the important concepts, and their importance in topology, we will define new types of continuity as
D x —homeomorp, ' contra D o -continuous, Nslightly D o« continuous and Mirresolute D « —continuous and
prove them some important basic theories as well as review some examples in our research. For more information on
this topic, see the papers [4, 5, 6]. We will symbolize the word nano with the symbol V. Our work in this paper can be
applied in papers [7, 8, 9] this is due to the importance of the subject and its applications in all areas of mathematics.
Where we divided our work into three sections and gave the relationship between them.

2. Basic Theorems
Definition:2.1

Let (U, Tx(X)) and (V, Tx,(Y)) be N topological. Said to be f:(U Tz(X)) = (V,Tr(Y)) N D o continuous if
f(R),V X—openinVis V- D « open R in U.

Example:2.2

LetU = {u,gqm,k}withU /R = {{u},{q, k},{m}}, let X ={u,q,m}, asubset of U . Then the IV topology on U is
given by Tx(X)={U,0,{u, m},{q,k}}. Let V ={a,b,c,d} with V\R'={{a},{b,d},{c}}, let Y = {a,b,c}. Then
T (Y)={V.8.,{a,c},{b,d}}. Then T, = { @, V,{b,d}, {a, c}}, T’ (X) ={8,U{ q k},{u, m}}.and

N x-open (X)={ U,0,{ u, m},{q,k}},and N x-open(Y) = {V,0,{a,c},{b,d}}, NV pre(X) =p(x) ,and NV pre(Y) =
r(¥).

Nsemi(X)={ U,D,{ v, m},{q,k}}, Nsemi(Y)={"V,D,{a,c},{b,d}},and

N g-closed(X) = {@,U{u}, {q}, {m}, {k} {w, q}, {wm}, {u, k}{q.m},  {q,k},{m k},{u,q,m},{u,q,k},
{q,m, k},{u,m, k}}, Vg-open (X) is compiled of V' g-closed(X).
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TR 0(X)={0, U {u}, {q}, {(m}, {k}, {u, ¢}, {u,m}, {w K}, {q, m}, { ¢, k}, {m, k}, {u, ¢, m}, {u, q , k3,

{g.m k},{u,m,k}}, and Tz, (Y) = {V.@{a,c},{b,d}}. Define f:(UTpx(U)) = (V,Tr(Y)) &s f(u) = a,f(q) =
b,f(m) = c,f(k) = d.Then f7'(V)= U, f1(@)=0, f'({a,c}) = {u,m} € Tr(X) ,and f~*({b,d}) ={q,k}
€ Tx(U) .

~ fis N continuous. Then f1(W)= U, f~1(@)=0, f'({ac}) ={um} € N x-open(X), and f~1({b,d}) =
{q,k} €V x-open(X). So f is V « continuous. Then f~1(V)= U, f~1(@)= 0, f~*({a,c}) = {u,m} € Nsemi(X) ,
and f1({b,d}) = {q,k} € Nsemi(X). Then f is ' semi-continuous. Then

frp®»)) =p(x) € N pre(U). - fis N pre-continuous. Then

f7'W)= U, f'(@)= 0,f*{a,ch ={um} € P*0X), f*({b,d}) ={q,k} € TZ*0(X). So fis N D«
continuous. The theorem describes ' D « continuous.

Theorem:2.3

let £ :(U, TR (X)) = (V, Tx,(Y)) is ¥ D o continuous iff v & IV closed on V then f~1(X)is ' D « closed in U.
Proof: It easy

We construct a characterization of ¥ D « continuous function in terms of ' Do closure in the following theorem.
Theorem: 2.4

Let f:(U, TR (X)) = (V, TR, (Y)) is N D o continuous iff f(V' D « cl(X)) € N D « cl(f(R)) for any X of U.

Proof: Let f a V' D « continuous and 8 € U. So f(X) S V. And let f is V' D o continuous and NV Doc cl(f(R)) is
N -closed in V,f~1 (W Dx cl(f(R))) is V - D o closed in . Since f(R) € N Dx cl(f(X)), RS f71 (VD «x
cl(f(X))). Thus f~1 (W D « cl(f(R)))isa N - D « closed ,containing X. But , ' D « cl(X) is smallest ' - D o
closed containing X. Therefore V' D o« cl(X) € f~1 (W D « cl((X)). Thatis f(N D « cl(X)) € N D o« cl(f(X)).
Conversely , let f(V D « cl(X)) € N D « cl(f(X)), v& of U. If Fis V - closed in V, since f~1(F) € U, f(IV D «
cl(fYF)) € NV D« cl(f (f1(F))) =N D« cl(F). Thatis , N D « cl(f"Y(F)) € f~* (W D« cl(F)) =
fY(F), since F is V - D o closed. But f~Y(F) € D « cl(f~1(F)). Then , ¥ D « cl(f~Y(F) = f~1(F). So,
f~Y(F)isN D «closedin U,V N -closed F in V.

Remark:2.5

If f:(U, TR (X)) » (V,T%,(Y)) is N D o« continuous, So f(N D o cl(X)) is not always comparable V' cl(f (X)) where
N CU.

Example: 2.6

Let U={Kq£,8}U/R={{K}{q8, (£} Let X={xqE. Then To(W)= {U, 8, (i £}, {q, §}).
TE(X) ={0,U {q,8},{x, £}}. Let V =={t,y,i,n} with V\R'={{t,i},{y},{n}} and Y ={t,y}. Then Tg,(Y) =
V.0, {6y, 13 {6, 3. TEN)={0, V.t i,n), (n, (v},

N g-closed(X) ={0, U, {x}, {g}, {£}, {8}, {x, ¢}, {q. £, 8}, {x, £}, {x, 8}, {q, £}, {q, 8}, {£, 8}, {x, q, £}, {, ¢, 8},
{x, £, 8}}, V" g-open(X) is compiled of " g-closed(X).
TR 0(W)={0,U, {x},{q}. {£, 8} {x, q, £}, {x, q, 8}, {£}, {8}, {x, ¢}, {x, £}, {x, 8}, {9, £}, {9, 8} {q. £ 8},

(£, 81} Let f:(U,Tx(X)) —> (V.Tw(Y)) be given by f(x) =y, f(q) =t, f(E) =y, f(§) =¢. Then f=1(V)=1,
FYU@D)=0.f ({y)={x £}, f1({t,y,i})=U, and f~1({t,i})={q,8}. Thatis, VX, IV open set in V then f~1(R)is
D« open of U. So, f is V' D o continuous of U. Let A = {k, £} S U .Then f(IV Dx cl(4)) = f({x £}) = {y}. But,
N cl(f(R)=N cl{y}={y,n}.Thus , f(W D < cl(A)) # N cl(f(A)) , even though f is ¥ D« continuous. i.e. ,
when f is N continuous, The previous theorem is incorrect. The previous theorem does not hold when f is
continuous.
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Theorem: 2.7

Let f :(U, Tr(X)) = (V,T%,(Y)) is D oecontinuous on U iff f~1(WD «int (B)) € N D « int (f~*(B)),Y BS V.
Proposition: 2.8

If f:(U,Tz(X)) = (V,T%,(Y)) WV topological spaces, X €U ,Y <V .Soforany f: U -V, The following
comparable:

(i) fisN D « continuous .

(ii) f~Y(X) for any X—closed in V is V- D o closed X in U.

(iii) f(V D x cl(X)) € IV D « cl(f(X)) for every subset X of V.

(iv) f~1 of every member of the basis Bg, of Tx,(Y)is N D o open in U.
(v) NDoucl(fi(B)<c f7A(WDxcl(B),V BS V.

(vi) f7Y(v D xint(B))c N D «int(f~(B)),v B<S V.

Theorem: 2.9
Let f:(U, TR (X)) » (VTR (Y)) is V' D o closed iff & D o« cl(f(R)) € f(V D « cl(X)),V X< U.

Proof: If fis V' D « closed , so f(V' D o« cl(R)) is IV closed, let V' D « cl(R)) is V' D « closed in U . Since R € N
D cl(R)), f(R) € f(W D x cl(X)) . Thus f(V D o« cl(R)) isa N D « closed set containing f(X). Therefore ,
N D « cl(f(R)) € f(IV D o cl(X)) . Conversely , if N D « cl(R)) € f(W D «xcl(R)),V XS Uand if FisNVN D «
closed,so ¥ D « cl(F)=Fand f(F) S N D < cl(f(F)) € f(W D x cl(F)) = f(F) . Thus, f(F) =N D « cl(f(F)) i.e.
, f(F)isV closed in V. Then , fis V' D « closed function .

Theorem: 2.10

Let f (U, TR (X)) = (VTR (Y)) NV D openiff f(IV D < int(X)) € NV D «int(f(RX)) ,V X S U.
Definition: 2.11

cis called v D o< homeomorphism if

(i)  fisoneto one and onto.
(if)y f is v D continuous.
(iii) f is V' D open.

Theorem: 2.12
Each V' continuous function is .« continuous .

Proof: Let f :(U, TR (X)) = (V,7;,(Y)) is IV —continuous, then, 3 X € N -open in U. Vint =K. Then N cl(NVint X)=
Ncl(X) 2 K. That is & € Mcl(Vint R). Therefore, NVint X € NVint(NVcl(NVint R))). That is, X € NVint (Nl (NVint X))).
Thus, X is V' «-open. Hence, V' ec —continuous.

Theorem: 2.13

Each )V «-continuous function is " D «c-continuous.
Proof: Obvious.

Remark: 2.14

The converse of the above theorem is not true.

3- V' contra continuous function.

Ganster and R. [10] proposed and investigated the concept of N continuous function in 1989. A function : (U,T) -
(Y, V) If the preimage of every open set is closed, is called V' contra-continuous.

Definition: 3.1
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Let (U, Tr(X) ) and (V, Jx(Y)) be a IV topological space , then f : (U, Tx(X) ) —= (V, Tz(Y)) is a N contra D«
continuous, if f~1(P) is " D« closed in (U, Tx(X) ), VNV openset P in (V, Tx(Y)) .

Theorem: 3.2
Each V" contra « continuous is V' contra D o« continuous function.
Theorem: 3.3
Each IV contra continuous is V' contra D« continuous.
Remark: 3.4
The opposite of the preceding theorem is false.
Example: 3.5

Let U ={p,r,z,w}, with U/R ={{p,r},{z},{w}}, X ={p,z}, then To(X) ={U,D,{z},{p, 7.z}, {p,r}}and Y =
{p,r}.Then Tx, (V) ={U, 0, {p}{p,r,w}{r,w} . and 75 (X) = {0, U.{p,r,w}, {w},{z,w}}.Then N g-
closed(X) ={ U,0.{w}, {p,w},{r,w},{z,w},{p,r,w}, {r, z,w}, {p, z, w}}, V' g-open(X) is compiled of N g-closed(X).
TR 0(X) = (0, U{p}, {r} {z}, (0.7} {p, 2}, (r, 2}, (o, 7, 23, {1, 2w}, {p, 2, W1},

[T 0(01°={8, U{r, z,w}, {p, z, W}, {p, 7, W}, {z, W}, {r, w}, {p, w}, (W}, {}, {r}}-
TRCI (Y):{ ‘u,@,{r,Z,W},{Z},{p,Z}}.

Define f :(U, Tr(X)) = (W, Tr(Y) asf(p) = p,f(r) =71,f(@) = z,f(w) = w.Then fH{W) = U, f(9)=
O.f ) ={p} ¢ TS, i) ={r} e TS . ~ V" contra D o continuous is not " contra continuous
function.

We summarize the foregoing theories in the following diagram

[ V" contra continuous — V' contra « continuous— NV contra D« continuous. ]

Now we will review IV Slightly continuous function. The concept of a V' slightly continuous function is introduced,
and characterizations and several D « continuous and fundamental features of a V" slightly continuous function [11] are
examined and derived.

Definition: 3.6

Let (U, Tr(X)) and (V, Tx(Y)) be a IV topological space , then f : (U, Tr(X) ) —= (V, Tx(Y)) isa NV slightly D «
continuous, at a point x € X if vV"clopen subset V7 in Y containing f (x), 3 D « V" open subset U in X containing x s.t.
f)cv.

Example: 3.7

Let U ={u,q,m,k} with U/R ={{u},{q, k} {m}}.let X={um,k} € U. Then Tr(X)={U,9,{q, k},{u,m}}, and
T 0X) ={0.U{u}, {q}{m} {k},{nq} {um}{qgm}{q Kk} {wk} {mk}{uqm}{uqk}{qmk}

{umk}}. LetV ={ab,cd}, and with /R ={{a},{b,d},{c}} , and Y ={ab,c}. Then Tp(Y¥) =
(V,0,{a,c},{b,d}}, and T5(Y) = {0, V, {b,d}, {a, c}}. Nclopen setin Y.

Define f:(U,Tr(X)) = (V,Tr(Y))as f(w) = a,f(q) =b,f(m) =c f(k) =d.
.Then f~Y(a) = {u,m} € TF*0(X),and f~*(b,d) = {t, k} € TP* 0(X) .

~ fis IV slightly D« continuous.

Theorem: 3.8
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Let (U, Tx(X) ) and (V, Tx(Y)) be a I topological space , then f : (U, Tz(X) )— (V, Tz(Y)) a function .
Adjectives are equivalent .

(1) fis2Vv slightly D o continuous.

(2) vnclopenV CY, f~1(V)is N D « open X.
(3) Y NNclopenV CY, f~1(V)is N D « closed X.
(4) vNclopenV Y, f~1(V)is V' D o« clopen X.

Theorem: 3.9

Any IV contra D o continuous is V" slightly D « continuous function .
Proof: It easy.

Theorem: 3.10

Each v slightly D « continuous function is ' D « continuous.

Proof: Let f: (U, Tr(X)) - (V, Tx(Y)) be a Vslightly D o« continuous function. Let p a A-openinY . Then f~1(p)
is D «-open in X. And V' D« closed in X . Hence, f is V' D continuous.

We will summarize the above theories in the following diagram

[V continuous — IV slightly continuous — V" slightly D« continuous — V° Do continuous. ]
Now initiate the new concept of N Irresolute, ' Do continuous, and NV Irresolute D continuous.
Definition: 3.11

Let (U, Tx(X)) and (V, Tx(Y)) be a N topological space , then f : (U, Tx(X) )—> (V, Tx(Y)) s said a
Irresolute D o« continuous if f~1(0) isa V' D & open in (V, Tx(Y)) VIV D « open set O in (U, Tx(X)).

Theorem: 3.12
Each 2V -Irresolute function is V' -continuous.

Theorem: 3.13 Let f: (U, Tr(X)) = (V, Tx,(Y)) is I D «-Irresolute iff £~ ' D « closed of (V, 7k, (Y)) is V' D «
closed set in (U, Tr(X)) .

Proof: Assume that f is N D o«-lrresolute. Let S be any V' D « closed in (V, 9g,(Y)) . So S¢ ¥ D x-open in
(V, Tx,(Y)). Since , fis V' D x-Irresolute , £=1(S%) is & D «-open in (U, Tr(X)) . But f71(S¢) = U /f~1(S) and so ,
f=1(S) is WV D o« closed in (U, Tr(X)). So , f~1(X) for every X—closed V is V- D « closed X in U . Let C any Dx-open
in (V,7x,(Y)) .Then C¢is D « closed (V, 7x,(Y)) .By assumption , f~1( C¢) is IV D « closed (U, Tx(X)) .But f=(
C% N D « closed set in (U, Tr(X)). So, f ' D o-Irresolute .

Theorem: 3.14
Every VD « Irresolute map is D o continuous.

Proof: Let f: (U, TR(X)) = (V, Tr,(Y)) a V¥ D «-Irresolute. Let p a N-open set in V. Then p is ¥ D «-open in U.
Since fis D « Irresolute. f~1( p) is ' D «-open in U. So, fis N'D o continuous.

Remark: 3.15

The opposite of the above theory is incorrect .

Example:3.16
Let U={uq,pVy} with U /R={{u}, {p}, {q,y}}and X = {u, q}.then the N
topolog, T (X) ={U.®.{u, q,y}, {u}, {q,y}} the TR*0(X) =

{04 {u}, {a}, {y} {w.a}. {a. vy} {uwy} {uqp}{wqy}{upy}}. And Let V ={ky,o,t} with V\R'={{k o}, {y}, {t}}
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and Y = {k,y}. Then 7x,(Y) ={V,0.{{k,y, 0}, {y}, {k o}}. Define f: U - V as f(u) =k, f(q) =y, f(p) =t f(y) =
t T 0(y) = {V,8,{k}, {y}, {0}, (k v}, {k 0}, {y, 0}, {k,y, 0}, {k,y, 1}, {y, 0, t}}. Then,

f1(y) ={q} € TRX*0(X) .Then f V' D o continuous. But , f~1(y,0,t) = {q,p,y} & To= O(X) . Hence, f is ' D
continuous but not ' Dx-Irresolute.
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