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ABSTRACT:

In this research work, a general theorem on a new application of summation of Jacobi series by B-method or Borel method has
been established. The main theorem includes as special cases, a number of well known results. Several new results can also be
deduced from it. The result is an extension of classical results of [1].
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1. Introduction:

Summability transformation help us to generalize the concept of limit of a sequence or series and thus provide us a method to
assign limits even to sequences which are divergent. Thus transformations or methods can be classified into two ways:

(i) sequence to sequence transformations.

(ii) sequence to function transformations (sec [3]).

Knopp [4] has defined the generalized Borel summability. Stone [5] was the first mathematician to apply Borel summability to
Fourier series. Sinvhal [6] has applied this method to the conjugate series of the derived Fourier series. Recently Sahney [1]
considered the Borel summability of the series.

Let U(Z)SL(—l, 1) and the integral

[[(1-2)" (1+2) v(z)dz, 4> -1, > -1 exists.

The Jacobi series associated with the function U(Z) is

v(z)U Za,Q,(’I"E)(Z) @)
1=0

20+ A+e+1 |_(I +1) |_(I +A+e+1)

h = . .
Here 27 T (1+a+1) T (1+e+2)
1
J.(l—i)l (1+u)’ Q) (u)o(u)du )
-1
where Q,(“') (Z) are Jacobi polynomials of degree | and order (/1, 8).
2. Main Result:

The object of this research paper is apply the Borel’s method of summability to Jacobi series at an interior point of the interval
-1, 1).
The following theorem is an extension of Sahney’s result [1] for Fourier series.

Theorem : If U(Z)gL(—l, 1),
r Vv

;((v):”n(x)‘ dx=0| — |, v—>+0. ®)
0 Iog;
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where 77(X) = z(z+x)— x(2) @)
then the Jacobi series (1) is summable (B) to the sum ¥ ( Z) at a point z interior to the open interval (-1, 1).
For the proof of the theorem, the following lemma is needed.

Lemma: Under the condition (3), we have

;(l(v)sj"ql(ul)‘dulzo Ll ,V—>+0 (5)
0 Iog;
Where nl(ul)=;({cos(9—ul)}—;((c056?) ©6)
and Z=coséd
Z+X=COSW,
6-w=u',
A, 821.
2

Proof of the theorem :

Let o, (Z) denote the I partial sum of the Jacobi series (1) is given by
—A—e 1

o(2)= 21 +2/1+g+2 11:((I|4j_L2/1)51()IIJ:(};JJ:Z:lZ)) J.(l—u)ﬂ (1+u)" R (u, z)o(u)du
-1

where
R (u,2)= QL5 (u)Q* (23 i(zgl(i' I (u)Q%?) (2)
and

B G C(1+2)I(1+A+&+2)
"2+ A+re+2 C(1+2+0)C(1+&+1)
Taking ;((u) =1 then we have

02 1+0(1)
1:Glj(l—u)l (1+u) R (u, z) du

therefore
1

0,(2)-¢(2)= J'(l—u)l (1+u) £ (u, 2)K(u, z)du
where K (u,2) = ¢ (u)~£ (2).

In view of the definition Borel method,

we have,
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0 | 1

—ery %eej(l-u)* (1+u) K (u, z)du
=0 . ]

put Z=c0s @ and U= COSW, we obtain

e’ri r—l{a, (cos@)—¢ (cosb)}

:e"i r—Glj.(l—cosw)l (1+cosw)” K (cosw, cos®) F,(“)(cosw, cos@)sinw dw
" 0

o 7| yroo—y 0+ m—y T .

=e7 ) = f + |+ | + j + J. (1-cosw)” (1+cosw)”
) 0 y1 0-yt  o+yt -yt

K (cosw, cos@) F“* (cosw, cosd)sinw dw

=M, +M,+M;+M, + M, )
where O<A<%.

Let us consider the integral M first
we have

8

I y
M, =e7 > %Gl j (1- cosw (1+cosw)” K (cosw, cos@)F " (cosw, cosd)sinw dw
I= 0

_O

» 24 2¢
=e7 ) I.G .[ 24 (sm E] (cosgj K (cosw, cos@) R “)(cosw, cosé) sinw dw

=0
S|Mll| ||\/|12| say’

where
0 lHni+e rt 24
e y 277G, W
M, =e E ! ![smzj X

2¢
(cos gj K (cosw, cos@) F**) (cosw, cos8) Q74 (cosw) Q) (cos @) sinw dw

and My, is o similar expression with Q) (cosw) Q' “) (cos ) in place of Q5! (cosw) Q< (cos @) .

-1

IM,,|=e7 ij o(l) Iw”\g(cosw)—.{(cose)\sinw dw

similarly, ||\/|12| = O(l).
Thus, M, =0(1) ®)

proceeding on the same linesas M,
we have
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M;=0(1)
now, we consider M, ,

[ 0-y7"
0 % G, J 1—cos w)ﬁ (1+cosw)”
7
{Ql(fl' ) (cosw) Q™) (cos @) - Q" (cosw) Q! (cos 6’)}
K (cosw, cos®)

cosw—coséd
= M21 - Mzz (say)

M,=¢e"

M

sinw dw

- 6yt
M,, = 2““*” J 1-cosw)” (1+cosw)®

D e

cosw—cosé T

-1

(1+1)2 L(W)|:COS{(N +1)w+ 2}+Ll_)}sinw dw

(1+1)sinw
:e*e;l g{HOIEl)} | H_Ji (1-cosw)” (1+cosw)

k4
K (cosw, cosd)
COSW—C0s @

sinwdw+0(1)

(1+1)sinw

e’ | Ir ot A 4+ K(cosw, cosd)
= 1- 1 L(@)L
Zmﬁl[zlou MHJ({( cosw)’ (1 cosw)’ LB () ()

cos(N&+a) cos{(N +1)w+ a}sin wdw

o-r"
+J. (1-cosw)” (1+cosw)’ K (cosw, cos )

L(H)L(w)cos(N0+2)%dw}+

kA COSW—Cc0os & I+1
i 0(1 'Q‘JZ ¢ (cosw)—¢ (cosB)| dw+zw o)y 9‘J21|§(cosw)—§(cose)| i
= LI |cosw—cos 6| = 1(1+1)1 k& |cosw—cos 6|

=J+J,+J;+,,say.
Now, we observe that

3,=0(1), J,=0(1) and J, =O(1)

we have
e’ &y 0F . £ (cosw)—¢ (cos@
J, = Y ZI::O % Il (1-cosw)" (1+cosw) ( cosva—co(se ) L(8) L(w)x

Ty

12 (I +1)7?1 L(6)L(w) cos(N0+a){cos{(N +1)w+a}+&}<
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[cos{N (6+w)+w+2a}+cos{N (Q—W)—I—W}] sinw dw
=J,, +J,, say,

where
71

Iy = 24+g+ Zw }I/_ j (1-cosw)” (1+cosw)’ x

! ¥

¢ (cosw)—¢ (cosd)

CosSwW-—Ccoséd
and

L(6) L(w) cos{N (0+w)+w+2a} sinw dw

0—7'1
I (1-cos W)ﬂ (1+cosw)” x

;/71

e—7
lezw
© N(w-8
¢ (cosw)—¢ (cos @) Z .- cos{N (w—6)+w} Snw dw
COSW— cos& !

1=
substituting the value of N i.e
A+e+1
|+

and simplifying, we obtain

] Gfll cosw)” (1+cosw)’
¢ (cosw)—¢ y(cosa) sinw{f y'cos{(?—w)l}}><

COSW—cosé

12 21+g+1

COS{W_/1+§+1 (9—W)}+Zmi y'sin{l(0-w)} sin{w_/1+2‘9+1(9_w)}

= ‘Jl, o1t ‘]1, 2,2 ‘say’
since, we have
= y'sinu’l

i =e’*"sin(ysinu’),

1=0
<& y'sinlu’_sin(ysinu’)

€ }/Z - e{y(l—cosu')}

o !

2 y'coslu’
e’y y O
o !
therefore, we have

0-y*
J.,,=0(1) J"h Y|sin (ysinu')du', where y " <5 <6-7".

7t

=O(l){ }“771 ‘du'

=’ cos{u'+ysinu’}
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=o(1)o(1Jo(1).
I
Thus, J,,, :O(l) asy>wand 0<y <6,

Similarly, we have

J;,.,=0 (1)
J,=0 (1) .
In the same way, we obtain
J, =0 (1)
Thus, ( )
consequently, M, =0O(1),
M, = O( )

and M, =0(1).
Also, we have, as M,
M,=0(1)

now,

0 7
My=e7 > 7|— f (1-cosw)" (1+cosw)” x

sinw{g(cosw)—é’(cose)} 44 (cosw, cosd) dw

using the result to [2], we have
-y © 1 9“'771

M, = Ziﬁz ;0 % f (1-cosw)” (1+cosw)’ {¢ (cosw)—¢ (cosB)}x
sin{(N +1j(0+w)2a sin{(N+ )(9 w)
L(6) L(w) 29 + 02 +0(1) [sinw dw
sin ;W smTW

=M, +M,,+M,;, csay’
now, first we take up M, , we have

L(H—)e’y HT (1—cosw);L (1+cosw)’ {C(COSW)_QV(COSQ)}X

H—}/'l

| sin{(l + ;L;g +1j(6?—w)}

I . O0—-w
2

now, putting & —wW=uU", we have

2~ ;
2ﬂ.+.s +2

<

f sinw dw

1=0

11)

3266



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 3, 2022, p. 3261 - 3268
https://publishoa.com

ISSN: 1309-3452

4 ! 0 [P ' 0 1 1
M32=O{e‘7'[ nl(llj )‘{Z 7/s:—r:lucos(bzrg+1ju'+z ;/clo?Iu sin(l;gﬂju'}du}

_}/’1

= M3, 2,1+M3,2,2 ‘say’
then
—A

Mslm:o{y{ nll(Ju')\ sin(;/sinu')du}

" y(1-cosu’)

/4

1
we have, if 0 <A <A < E , by second mean value theorem

_al

1 yJ‘ nl(u')‘
eVAZSinZ(yAJ S
2
o

-0 J‘ nl(ul)‘du.
= I, —u' ’

M,;,, =0 sin(ysinu’)du’

using integrating by parts and lemma, we have

M,,,=0:0 ! yAlO ! du'
3217 1 + j 1
log =, -t | u'log=,
1 u
4
=O(—J+O {Iog Iog—}
log o
=0(1)+0(2)
:O(l) as y — 0.

Similarly, we have

M;,,= O(l) and

hence M, =0(1).

On the lines of M., , we obtain

M, =0 (1) )

We also observe that under the hypothesis of the theorem, we have

My, =O(1).

Therefore, we obtain

M, =0(1) (12)

Combining (8), (9), (10), (11) and (12),
we obtain (7).
This completes the proof of the theorem.
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