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ABSTRACT

In this paper is to introduce a new concept of [ aé‘—closed set in intuitionistic topological spaces and investigate some of
their basic properties and give characterizations for these spaces. We also study the relationship between Iaj-closed
sets and the other intuitionistic closed sets are also discussed.
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1 INTRODUCTION

The concept of intuitionistic sets in topological spaces was first introduced by Coker[2] in 1996. He also introduced the
concept of intuitionistic points and investigated some fundamental properties of closed sets in intuitionistic topological
spaces. In 2009 J .Younis Yaseen and G.Asmaa Raouf [5] has given some results in intuitionistic generalized closed sets
in intuitionistic topological spaces. K.Meena and V.P.Anuja,[7] was introduced the concept of alpha ” generalized closed
sets in topological spaces. The purpose of this paper is to develop alpha ~ generalized closed sets in intuitionistic
topological spaces and discuss some properties related to Iaé‘-closed set in intuitionistic topological spaces.

2 PRELIMINARIES

Definition 2.1 [2]. Let H be a non-empty set. An intuitionistic set (IS for short) A is an object having the form A
=<H, A, A,>Where , A, are subsets of H satisfying A, N A, = ¢. The set A, is called the set of members of A,
while A, is called set of non members of A.

Definition 2.2 [2]: Let 7 be a non-empty set and A and B are intuitionistic set inthe form A =< H, A, A, >, B =<
I, B4, B, > respectively. Then

a) A c Biff A, € B,and A, 2 B,

b) A=Biff ACBand B S A

c) A =< H, Ay, Ay >

d) A-B=ANB"

e) O=<H,pH>H =<H,H,p >
f) AUB=<H,A, UB;, A, NB, >
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g) ANB=<H,A, NB;, A, UB, >.

Furthermore, let {cA,/ ae J} be an arbitrary family of intuitionistic sets in ', where A, =< H, cﬁlfxl), cflff) >. Then
()N A=< H,NAP VAP >

()UAg =< HUALP N AP >,

Definition 2.3 [2]: An intuitionistic topology is (for short IT) on a non-empty set H is a family It of IS’s in I
satisfying following axioms.

1) o,Helr
2) G, NG, e lt, forany Gy, Gyel T

U G, € It for any arbitrary family {G; : G,/ae ]} where (3, It) is called an intuitionistic topological space (for short
ITS(H)) and any intuitionistic set is called an intuitionistic open set (for short IOS) in 7. The complement A€ of an IOS
of A is called an intuitionistic closed set (for short ICS) in H'.

Definition 2.4 [2]: Let (¢, IT) be an intuitionistic topological space (for short ITS(H)) and A =< H, A4, A, > be an
IS in 7. Then the interior and closure of A are defined by

1) Icl(A) =N {K:K isan ICSin H and A € K}
2) Iint(A) =U{G: G isan IOSin H and G S A}.

It can be shown that Icl(A) isan ICS and Iint (A) isan 10S in H and A isan ICS in I iff Icl(A) = A and
A isan I, 0S in H iff Iint(A) = A.

Definition 2.5 [2]: Let (H, IT) be an ITS(H). An intuitionistic set A of 7 is said to be

(i) Intuitionistic semi-open if A < Icl(Iint (A)).

(ii) Intuitionistic pre-open if A < Iint(Icl (A)).

(iii) Intuitionistic a-open if A S lint ( Icl(lint (cﬂ))).
(iv) Intuitionistic B-open if A < Icl (Iint(Icl (A))).
(v) Intuitionistic regular-open if A = Iint(Icl (A)).

The family of all intuitionistic semi-open, intuitionistic pre-open, intuitionistic a-open, intuitionistic -open and
intuitionistic regular-open sets of (3, IT) are denoted by IS-OS, IP-OS, 1a-0S, If3-0OS and Ir-OS respectively.

Lemma 2.6[2] Let (,I7) be an ITS and A and B be an intuitionistic subset of H . Then the following hold.
(i) Icl(@) = @ and Icl(H) = H.

(ii) A s ICS if and only iff A = Icl(A).

(iii) Icl(Icl(A)) = Icl(A).

(iv) A < B implies that Icl(A) < Icl(B)

(V) Icl(A NB) = Icl(A) N Icl(B).

(vi) Icl(A UB) = Icl(A) U Icl(B)

3189



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3188-3196
https://publishoa.com

ISSN: 1309-3452

Lemma 2.7[2] Let (A, It) be an ITS and A and B be an intuitionistic subset of # . Then the following hold.
(i) Iint(®) = @ and lint(H) = K.

(ii) A is10 setif and only iff A = Iint(A).

(iii) Iint(lint(A)) = Iint(A).

(iv) A < B implies that Iint(A) S Iint(B)

(v) Iint(A N B) = lint(A) N [int(B).

(vi) Iint(A U B) = lint(A) U Iint(B)

Definition 2.8 [5]: A subset A of ITS (7, 1) is called an intuitionistic semi-generalized closed set (briefly Isg-C) if
Iscl (A) & F whenever A € F and F is Is-O in H..

Definition 2.9 [5]: A subset A of ITS(H, It) is called an intuitionistic generalized semi-closed set (briefly Igs -C) if
Iscl (A) & F whenever A € Fand F is [-O in H..

Definition 2.10 [5]: A subset A of ITS (#, 1) is called an intuitionistic generalized-CS (briefly Ig-C) if Icl (A) € F
whenever A € F and F isI-O in K.

Definition 2.11 [4]: A subset A of ITS (7, It) is called an intuitionistic generalized star-CS (briefly 1 g*-C) if Icl (A)
C F whenever A € F and F isIg-O in H.

Definition 2.12 [3]: Let (H,It) bean ITS and A =< X, A, A, > bean IS in H. Then the semi interior and semi
closure of A are defined by

1) Iscl (A) =N {K:K isan ISC in H and A S K}
2) Isint (A) =U {G:G isan ISOin K and G < A}.

It can be established that Iscl (A) is the smallest an ISC set contained in all ISC sets containing A and Isint (A) is the
largest 1SO set contained in A, A is an ISC set in H iff Iscl (A) = A and A isan ISO in F iff Isint (A) = A.

Definition 2.13 [4]: Asubset A of ITS (H,I7) is called an intuitionistic w-closed set (briefly Iw-C) if Icl (A) € F
whenever A € F and F is Is-open in .

Definition 2.14 [4]: A subset A of ITS (#,It) is called an intuitionistic generalized a-closed set (briefly Iga-C) if Iacl
(A) € F whenever A € F and F is I-open in H.

3. INTUITIONISTIC a/g\-CLOSED SETS

Definition 3.1: A subset A of (#, I7) is called an intuitionistic alpha ~ generalized closed (briefly Ia}-CS) if
Igcl(A) € F, whenever A € F and F is [a-O in H'. We denote the family of all Iaé‘-CS in space H by Iaé‘-CS
(7, I7).

Example 3.2: Let 2 ={s,t} and the family It = {@, H, A;, A,} wWhere A, =< I, @, {t} >, A, =< H,{s}, ¢ >. Then
intuitionistic generalized closed set (briefly 1gCS) = < 3, {t}, ¢ >,< I, ¢,{s} > < H,{t},{s} >. Then Ia}-CS
(H, ID)=<H {t}, ¢ ><H,p, {s}><H,{t} {s}>.

Theorem 3.3: Every ICS of an ITS (¥, I7) is Ioc’g\-CS, but not conversely.
Proof: Let A € H be an ICS and A < F where F is Ia-0. Since A is ICS and every ICS is Ig- CS, Igcl(A) < Icl(A)

3190



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3188-3196
https://publishoa.com

ISSN: 1309-3452

= A S F.Hence A isan la}- CS.

Example 3.4: Let H ={p,q} and the family It = {¢, H, A4, A,} where A, =< H,{q}, ¢ >, A, =<H, @, ¢ >. Then
intuitionistic subset {< 7, {p}, {q} >} isan Iaé‘-CS but it is not an ICS.

Theorem 3.5: Every IocQ—CS is Iga —CS, but not conversely.

Proof: Let A be Ia}-C. LetA S F and F is I-O. Since every I0S is [a-OS and A is Iay-CS, Tacl(A) S F, Hence
A is Iga-CS.

Example 3.6: Let X = {[,m, n} and the family It = {¢@, }, Ay, A, A3, Ay, As, Ag} Where A, =< H,{l,n}, ¢ >,
A, =< H, {1}, ¢ > Az =< H,{l},{m} > A, =< H,p,{m} > As =< H,p,p > As =< H,{n}, p >. Here
intuitionistic subset {< 3, ¢, ¢ >, < H,¢,{l, m} > is Iga- CS but it is not an /a}-CS.

Theorem 3.7: Every Ir-CS is Ia}- CS, but not conversely.

Proof: Let A be Ir-C in (#,1). Let A € F where F is an [a-O. Since A is Ir-C, Ircl(A)= A S F. Every Ir-CS is [-C
and Every ICS is Ig-C, then Igcl(cA) < Ircl(A) € F. Therefore Igcl(A) € F and hence A is IaQ-CS.

Example 3.8: Let 7€ = {3,4} and the family It = {@, H, A, A,, A3, A,} Where A, =< I, @, {4} >, A, =<
H,{3},{4}, >, Az = < H,{3}, ¢ > A, =< H, @, >. Then intuitionistic subset {< 7, ¢, {4} >} are an Iay-closed
set but it is not a Ir-CS

Theorem 3.9: Every I1g*-CS is IaQ-C, but not conversely.

Proof: Let A be Ig*-C in (H,1). Let A S F where F is [a-O. Since every 1a-OS is Ig-O and A is Ig*-C, Icl(A) S F.
Every I-CS is Ig-C, then Igcl(-A) € Icl(A) € F. Hence A is a}-C.

Example 3.10: Let H = {f,g} and the family It = {p, H, A, A,} where A; =< H, @, {f} >, A, =< H,{g},{f},>.
Then intuitionistic subsets {< H, ¢,{g} >} isan IaQ-CS but it is not a Ig*-CS.

Theorem 3.11: Every Iw-CS is IaQ-C, but not conversely.

Proof: Let A be a Iw-CS. Let A S F where F is Ia-O. Since every [a-OS is ISC and A is Iw-C, Icl(A)S F. Every
I-CS is Ig-C. Therefore I-gcl(A) € I-cl(A) € F. Hence A is lay-C.

Example 3.12: Let H = {e, i,j} and the family It = {@, H, A, A,, A3, A4, As, Ag} Where A; =<
H,{e,j}, o > A, =<H,{e},p >A; =<K, {e},{i} > A, =<H,p,{i} > As =<H, 0,0 > As =< H,{j}, 0 >.
Here intuitionistic subset {< 71, {e, i}, {j} >} is Ia}- CS but it is not an Iw-CS.

Remark 3.13: Iaj,‘—CS and Is-CS are independent as shown by the following examples.

Example 3.14: Let 7 ={a,b} and the family It = {@, H, A, A,} where A, =< H, @, {b} >, A, =< H,{a}, ¢ >.
Here I subset {< #{, ¢, {b} >} is an Is-CS but not an Ia-CS.

Example 3.15: Let 7 ={14,15} and the family It = {@, i, A;, A,} where A; =< X, ¢, {14} >, A, =<
X, {15},{14}, >. Then intuitionistic subset {< #{, {15}, ¢ >} isan Ia,-CS but not an Is-CS.

Remark 3.16: Iaé\-CS and Ip-CS are independent as shown by the following examples.

Example 3.17: Let H = {d, r, c} and the family It = {@, H,A;, A,, A3} where A, =< H,p,{d,c} >, A, =<
H,{d,r}, ¢ > A; =< H,{d},{c} >. Here intuitionistic subset {< #{, ¢, {r} >} is an Ip-C but not an Ia}-CS.

Example 3.18: Let H ={w,b} and the family It = {¢, H, A4, A,} Where A; =< H, @, {w} >, A, =<
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3,{b},{w},>. Then I subset {< #{,{b}, >}isan Ia}- CS butnotan Ip- CS.
Remark 3.19: Iag\-CS and Ia-CS are independent as shown by the following examples.

Example 3.20: Let 7 = {u, v, h} and the family It = {@, {, Ay, A,, A3, A} where A; =< H,{u,h}, ¢ >, A, =<
H,{u} ¢ > A; =< H,{u}, {v} > A, =< H, @, {v} >. Here intuitionistic subset {< #, ¢, {u, v} >} isan Ia-C but
not an Ia}- CS.

Example 3.21: Let H ={1,2} and the family It = {¢, H, A4, A, } where A, =< H, p,{2} >, A, =<H,{1},¢ >.
Then intuitionistic subsets {< #, {2}, {1} >} isan Ia}-CS but not an lac set.

Remark 3.22: Iag\— CS and IB- CS are independent as shown by the following examples.

Example 3.23: Let H = {6,7,8} and the family t = {¢, H, A, A,, A3, AL} where A, =< H,{6,8},p >, A, =<
{6}, 0 > A; =< H,{6},{7} >, A, =< H, @, {7} >. Here intuitionistic subset {< I, ¢, {7,8}} isan IB-C but not
an Ia)-CS.

g

Example 3.24: Let 7 ={x, ¢, z} and the family It = {@, I, A, A, A3} Where A, =< I, {x, 4}, {3} >, A, =<
M, {x}, {y, 3} >, As =< H,{x,z}, {y} >. Then intuitionistic subset {< #{,{x},p >}isan Iaj- CS but not an IB- CS.

Remark 3.25: Iag\— CS and Isg- CS are independent as shown by the following examples.

Example 3.26: Let i = {#, ¢, m} and the family It = {p, H, Ay, A,, A3, Ay, As, Ag} Where A; =<
H {k,m} @ >, Ay =<H,{#}, ¢ > A3 =<H,{£}{{} > Ay =<H,p, {{} > As =<H,9,¢ > As =<
3, {m}, p >. Here intuitionistic subset {< %, ¢, {¢, m} >} isan Isg- CS but not an /a)- CS.

Example 3.27: Let X = {$, #, @} and the family It = {@, , A, Ay, Az, Ay, Ag, A} Where A, =< H,{$, @}, ¢ >,
A, =< H,{$}, 90 > Az =<H,{$},{#} > Ay =< H, @, {#} > As =<, 0,0 > A; =< H,{@}, ¢ >. Then
intuitionistic subset {< #(,{@}, {#} >} is an Ia)- CS but notan Isg- CS.

Remark 3.28: Iaj,\— CS and Igs- CS are independent as shown by the following examples.

Example 3.29: Let % = {3,4,5} and the family It = {@, H, A;, A,} where A, =< H,{3,5}, ¢ >, A, =<
H, ¢,{4,5} >. Here intuitionistic subset {< #, {3,5}, 9, >} is an Igs-C, but not an Ia-CS. Here intuitionistic subset
{< H,{4}, ¢ >}isan Ia)- CS but notan Igs-C.

Theorem 3.30: Let A be an [a)- CSinaITS of . Then Igcl(A)- A contains no non-empty fa- CS in 3.

Proof: Let F be a Ia- CS such that F< Igcl(A)- A. Then FE H - A implies A € H -F. Since A is Iaé\— CSand H -F
is [a-OS, then Igcl(A) € H — F. That is F€ H - Igcl(A). Hence FS( Igcl(A)-A) N H - Igcl(A)= ¢. Thus F= ¢.

Remark 3.31: The converse of the above theorem need not be true, that means if Igcl(-A)- A contains no non-empty
Ia-CS.

Example 3.32: Let ' ={8,9,10} and the family It = {@, H, A, A,, A3} where A; =< H,{8,9}, {10} >, A, =<
H,{8},{9,10} >, A; =< H,{8,10},{9} >. Let A = <H, {10}, {9}> then Igcl(A)- A = <, ¢,{10}>, it does not
contains non-empty Ia- CS in H. But A =< H ,{10},{9}> is not an Iaé\- CS.

Corollary 3.33: Let A be an Iaj- CS. Then A is Ia-C if and only if Igcl(A)- A is I-C.

Proof: Let A be Ia)- CS. If A is Ia-C, then we have Igcl(A)- A = ¢ which is I CS. Conversely, let Igcl(A)- A is IC.
Then, by theorem 3.30, Igcl(A)- A does not contain any non-empty I-C subset and since Igcl(cA)- A is I-C subset of
itself, then Igcl(cA)- A = ¢. This implies that Igcl(A) = A and so A is Ia- CS.
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Remark 3.34: Union of any two Ia)- CSis Ia}-C.

Proof: Let A and B are any two Iaé‘- CS.LetA UB < F where Fisla-O. Then A € Fand B < F. Since A and
Bare laj- CS, Igcl(A) € F and Igel(B) < F. Then Igel(A U B)=Igcl(A) U Igcl(B) S F. Hence A U Bis la)-
CsS.

Example 3.35: Let ' ={12,13} and the family It = {@, H, A, A,, Az, A} where Ay =< H, @, @ >, A, =<
H,{12},{13} >, A3 =< H,{12}, p >, Ay, =< H, ¢, {13} >. Then intuitionistic subsets < 7, ¢, {12} > and <
3,{13},{12} > are Ia}-C and their union is also /a}-C.

Remark 3.36: Intersection of any two Iag\-CS is Iag\- CS which is seen from the following example.

Example3.37: : Let 3 ={p,q,c} and the family It = {p, H, A, A;, A3} Where Ay =< H, ¢, {p,c} >, A, =<
I, {p},{c} >, A; =< H,{p, q}, ¢ >. Then the intuitionistic subsets < H, @, {p, q} > and < H,{p,c}, ¢ > are Iaj,‘—C
and their intersection is also Ia;\—C.

Remark 3.38: Inan ITS (3, I7) if Igcl(A)= A then A is a)-C.
Theorem 3.39: Let A be an [a}-CS of an ITS (3, I7) and A S B < Igcl(A), then B is Ia)-Cin H.

Proof: Let A bean Iag\— cSofan ITS(H,t)and A € B c Igcl(A). Let B € F where F be an Ia-O. Then A € B
implies A € F and since A is an Ia}-C, we have Igcl(A) € F. Now B < Igcl(A) which implies Igcl(B) < Igcl(
Igcl(A))= Igcl(A) € F. Hence B is laj-Cin H.

Inter-Relationship 3.40:

Igs-C
Isg-C Is-C

15-C

Ip-C 4—’—> la}-C 4/_‘_/’ la-C

Relationship 3.41: The above theorems, we have the following diagram.
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4. INTUITIONISTIC aQ-OPEN SETS

Definition 4.1: A subset A of (X, It) is called an intuitionistic alpha ~ generalized open set (briefly IaQ-OS) if H
\A is Iaj-C. The collection of all Iaj-OS in (3£, It) is denoted by Ia)O(%, I7).

Theorem 4.2: Every [-OS of an ITS (H, I1) is IaQ-OS.
Theorem 4.3: Every Ia4-OS is Iga-O.

Theorem 4.4: Every Ig*-0S is Iaj}-O.

Theorem 4.5: Every Iw-OS is Jo}-O.

Theorem 4.6: Every Ir-OS is Io-O.

Remark 4.7: Iaé\-OS and Is-OP are independent.
Remark 4.8: Ia}-OS and Ip-OS are independent.
Remark 4.9: Iag\-OS and Ia-0S are independent.
Remark 4.10: Iag\-OS and IB3-0S are independent.
Remark 4.11: Ia}-OS and Isg-OS are independent.
Remark 4.12: IaQ-OS and /gs-OS are independent.

Proof: The proof follows from theorem 3.2 to 3.29

Theorem 4.13: Let A be an intuitionistic subset of an ITS (H, It) then A is lag-o if and only if F < Igint(A)
whenever F is[-Cand F S A.

Proof: Necessity: Let A be an Iaé\-o in I and F be I-C in H such that F < A, then F€ is an I-O in H such that A€ <
F€, A isan Iaé\—C so Igcl(A°€) € F€ but Igcl(A€) = (Igint(A))€ € F€ implies F < Igint(A).

Sufficiency: Let F be an I-O in H such that A CF. Then F€isI-Cin H and F¢ < A. To
Prove: A€ is an Ja)-C.
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Now F¢ < Igint(cA) which implies Igcl(A€)= (Igint(A))¢ SF. Hence A€ is an Ia{,‘-C which implies A isan Iaé‘-O in
.

5. Iary-closure and Iaj-interior

Definition 5.1: Let A be a subset of an ITS of . Then Iag—closure of A is defined as the intersection of all Iaé’)-CS
of H containing A. It is denoted by Iag\cl(c/l).

Theorem 5.2: If A is any subset of ¢, Iaj'cl(A) is Ia-C. In fact Iajcl(A) is the smallest Ia}-CS in # Containing
A

Proof: Follows from Definition 5.1 and Theorem 3.3 .
Theorem 5.3: A subset A of 3 is Ia)-C iff Iajcl(A)= A.

Proof: Suppose A is Ia-C implies laj'cl(A)= A is obvious. Conversely, suppose lajcl(A)=A. By Theorem5.2,
lajcl(A) is Ia)-C and hence A is Ia}-C.

Theorem 5.4: If A and B be subsets of an ITS (#,I7), then the following results hold:
(i) Iajcl(p)= o.

(i)  lapcl(F)=1.

(i) A S lajcl(A).

(iv) ACSB= la)cl(A) S la)cl(B).

v)  lapcl(lapcl(A))= Taycl(A).

(vi)  lapcl(A UB) 2 lajcl(A) U lalcl(B).

(vii) lalcl(A NB)S Ta)cl(A) N Ta)cl(B).

Proof: (i), (ii), (iii) and (iv) follows from Definition 5.1. (v) Follows from Theorem 5.2 and Theorem 5.3 (vi) from (iv)
TIagcl (A) € Togel(A UB) and Tagel (B) S Tagcl (A UB) which implies Tagcl (A UB) 2 Tagcl (A)U Tagel (B).
(vii) Again, from (iv) Iagcl (A) 2 Tajcl (A N B) and lagcl (B) 2 Tagel (A NB) = lagel (A NB) S Togcel

(A) N Taiel (B).

Definition 5.5: Let A be a subset of an ITS of 7. Then Iag-interior of A is defined as the union of all Iag\—OS of H
contained in A. It is denoted by Ia}int(A).

Theorem 5.6: If A is any subset of 2, Ia}int(A) is Ia}-O. Infact Ia) int(A) is the largest Ia/-OS contained in A.
Proof: Follows from Definition 5.5 and Theorem 4.2.
Theorem 5.7: Let A be subset A of . Then A is Ia)-O if and only if Ia}int(A) = A.

Proof: A is Iaj-O implies [a}int(A)= A is obvious. Conversely, let a}int(A)=A. By Theorem 5.6, IaZint(A) is
Iar}}-O and hence A is Ia)-O.

Theorem 5.8: If A and B are subsets of an ITS (#, It), then the following results hold:

0] Iaé\int((p): ®.
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(i) Ialint(FH)=H.

(iii) Tarfint(A)S A.

(iv)If A € B, then Iajint (A) S la)int(B).

(v) Ialint(Ialint(A))= lapint(A).

(vi) Ialint(A U B) 2 lafint(A)U Ia)int(B).

(vii) Iaint(A N B) S laint(A) N lapint(B).

Proof: (i), (ii), (iii) and (iv) follows from Definition 5.5 (v) follows from Theorem 5.6 and Theorem 5.7 (vi) from (iv)
Ialint (A) S Ialint(A U B) and Ia)int(B) S Ialint(A U B) which implies [a}int(A U B) 2

Ialint(A)U Iapint(B). Again, from (iv) Ialint (A) 2 Lyyalint(A n B) and Ia)int(B) 2 lajint(A N B) =
laint(A N B) € lalint(A) N layint(B).
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