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Abstract. A graph G = (V(G), E(G)) is observed to admit prime labeling when the vertices of the graph are labeled with
unique integral values from [1,|V]] in a way that for every edge uv the labels designated to u and v share no common
positive factors except 1. In this research manuscript we examine and manifest that the m-shadow graph of some star
related graphs such as K; ,, , B(n,n) and Spl(Ky ,) admits prime labeling.
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1L.INTRODUCTION

In this research manuscript we deal with graphs that are finite, connected, not directed, with no loops and multiple edges.
We indicate the set of vertices by V(G) and the set of edges by E(G). The cardinality of the vertex set is denoted by
|[V(G)|. Labeling of graphs has significant applications in various fields like the study of the physical universe,
telecommunication network, circuit design, manage data in a database and much more. The concept of Prime labeling
was established by R. Entringer. A graph G = (V(G), E(G)) is observed to admit prime labeling when the vertices of the
graph are labeled with unique integral values from [1, |V/|] in a way that for every edge uv the labels designated to u and
v share no common positive factors except 1[4]. A prime graph is the one that accepts a prime labeling. In our previous
works we have investigated the prime labeling of 2-shadow and 3-shadow graphs. In this research article we generalize
the result and we prove that the m-Shadow graphs of some star related graphs such as star graph K; ,,, Bistar graph
B(n,n) and Splitting star graph Spl (K ,,) admits Prime labeling.

2.PRELIMINARIES
Definition 2.1.

Consider a bipartite graph with partitions V; = {u} and V, = {uy, u,, us, ..., Uy, } such that the vertex u of V; is
adjacent to every vertex of the partition V,. Such a graph is known as the star graph K ,, [2].

Definition 2.2.

Consider a star graph K;, with partitions V; = {u} and V, = {uy,u,,us, ..., u,,} and its facsimile copy with
partitions U; = {v} and U, = {v,,v,, V3, ..., vy, }. A bistar graph is attained by joining the vertex u of V/; with the
vertex v of U; by an edge [3].

Definition 2.3.

Consider a graph G. The splitting graph Spl(G) of the graph G is established by affixing a new vertex wv;
corresponding to each vertex u; of G in a way that the vertices adjacent to u; are now adjacentto v; in Spl(G) [1].

Definition 2.4.
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The m-shadow graph D, (G) of a connected graph G is constructed by taking m facsimile copies of G, say G,, G,
Gs, ..., Gy and then joining each vertex u in G; to the neighbours of the corresponding vertex v in G;, 1 < i,j <m

[5].

3.RESULTS

3.1. m-Shadow Graph D,, (K ,) of Star Graph K,

Theorem 3.1.

m- Shadow graph D, (K; ,,) of star graph K ,, admits prime labeling for n > m and m > 2.
Proof:

Let G denote a Star graph K ,,.

Let G,, G,, Gs,..., G, denote m- facsimile copies of G.

In general, { G, / 1 < k < mj} denote kth- facsimile copy of G.

LetV(Gy) = {ur,vi/1< k <m, (k—1)n+1< i < kn} constitute the vertex set of G,
Let E(Gy) = {wv;/1< k <m, (k—1)n+1< i < kn} constitute the edge set of G,
Let D,,(G) be the m- Shadow graph of G.

V[Dpm(G)] ={up,vi/1 < k < m1<1i < kn} isthe vertex set of D,,(G).

E[D,, ()] ={uv;/1< k < m,1< i < kn} isthe edge set of D, (G).

V[Dm(®]l = mn+1).

We define a bijective function,

f:VID,L(G)] - {1,2,3,...,m(n+ 1)} given by,

fFw)=1f @) =p,for2< k <m

wherein p, is the highest prime less than the number m(n + 1)

p, is the second highest prime less than the number m(n + 1) and p, < p;.

ps is the third highest prime less than the number m(n + 1) and p; < p, < p;.

Pr_1 IS the (k-1) th highest prime less than the number m(n + 1) and

Pr-1 <Pr-2 <Pr-3 < <p3<p2<p:1.

Forall 1<i<m(n+1),wheref (v;) #p;forl1< j < m—1, we define
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Figure 2. Prime Labeling of 7- Shadow graph D, (K; ;) of star graph K ,

3.2. m-Shadow Graph D,,(B(n, n)) of Bistar Graph B(n,n)

Theorem 3.2.

m-Shadow graph D,, (B (n,n)) of bistar graph B(n,n) is a prime graph for n = m and m > 2.

Proof:

3274



JOURNAL OF ALGEBRAIC STATISTICS

Volume 13, No. 2, 2022, p. 3272-3278

https://publishoa.com

ISSN: 1309-3452

Let G denote Bistar graph B(n,n),n = 2.

Let G,, G,, Gs,..., G, denote m- facsimile copies of G.

In general, { G, / 1 < k < mj} denote kth- facsimile copy of G.

LetV(Gy) = {up, vy upvy/ 1< k <m, (k—1)n+1< i < kn} constitute the vertex set of G.
LetE(Gy) = {upwi/1<k <m, (k—1n+1<i < kn}u

/1< k<m (k—Dn+1<i < knjuf{yv,/1< k <m, (k—1n+1< i < kn} constitute the edge
set of Gy,.

Let D,,(G) be the m- Shadow graph of G.

V[Dm(G)] = {up, v, up,v; /1< k < m,1< i < kn} isthe vertex set of D,,,(G).
ED,,()] ={upu/1<k <ml<i<kn}uUu{wyr/1<k<ml<i<hkn}U
{fupvi/1< k < m,1< i < kn}isthe edge setof D,,,(G).

VI[D,,(O]] = 2m(n + 1) .

We define a bijective function,

VD, ()] = {1,2,3,....2m(n + 1)} given by,

f)=1,f) =p_1for2<k <m

Wherein, p; is the highest prime less than the number m(n + 1)

p, is the second highest prime less than the number m(n + 1) and p, < p;.

ps is the third highest prime less than the number m(n + 1) and p; < p, < p;.

Dr—1 is the (k-1) th highest prime less than the number m(n + 1) and
Pr—1 <Pr-2 <Pg-3 < <p3 <P <p;.
fW)=2,1<i<m

2042, 2271 —j+1<i<2/—j—1 wherej=234,..m
2i+2m, 271 —j+1<i<mn form=>=2andn>m

fw) = {
fw)=2j+1,wherej=123..and2j+1#p,_V2<k<m
(i.e., f(v;) maps all odd numbers from 3 to 2m(n+1)-1 except for p;_,V2 <k <m)
We observe that,
Fori<i<mn,1<k<m

For the edges u;, u;, ged(f (uy ), f (w;))=1

For the edges vy v;, ged(f (vy ), f(v;))=1
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For the edges uy vy, ged(f (uy, ), f(v;))=1
Therefore, the Shadow graph D,,, (B (n,n)) of bistar graph B(n, n) is a prime graph forn > mand m > 2

Illustration 3.2.1.
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Figure 5. 3-Shadow graph D5(B(9,9)) of bistar graph B(9,9)
3.3. m-Shadow graph D,, (Spl(K; ,)) of Splitting Star Graph Spl(K, ,,)
Theorem 3.3.
m-Shadow graph D,,, (Spl(K; ,)) of splitting star graph Spl(Kj ,,) admits prime labeling for n > m and m > 2.
Proof:
Let G denote a splitting star graph Spl(K; ,,)-
Let G;, G,, G5, ..., G, denote m- facsimile copies of G.
In general, { G, / 1 < k < mj} denote kth- facsimile copy of G.
LetV(Gy) = {up, vy upvi/ 1< k <m, (k—1)n+1< i < kn} constitute the vertex set of G,
LetE(Gy) = {upw;/1<k <m, (k—1n+1<1i < kn}u
fuvi/1<k <m (k—1)n+1<i < kn}u
v /1< k <m, (k—1Dn+1< i < kn} constitute the edge set of Gy.
Let D,,(G) be the m- Shadow graph of G.
V[Dm(G)] = {up, vy, up,v; /1< k < m,1< i < kn} isthe vertex set of D,,,(G).
E[D,(®)] ={uuw;/1 <k <m1<i<kn}u
fuvi/1<k <ml1<i < kn}u

{vivi/ 1< k < m,1< i < kn} isthe edge set of D,,, (G).
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[V[Dm ()]l = 2m(n+1).

We define a bijective function,

f:V[D,,(G)] - {1,2,3,..,2m(n + 1)} given by,
fW)=1,fw) =p_for2< k <m

Wherein, p; is the highest prime less than the number m(n + 1)

p, 1s the second highest prime less than the number m(n + 1) and p, < p;.

ps is the third highest prime less than the number m(n + 1) and p; < p, < p;.

Dr—1 is the (k-1) th highest prime less than the number m(n + 1) and
Pr-1 <Dk-2 < DPr-3 <" <P3 <P <pp.
f)=2,1<i<m

204 2j, 2771 —j+1<i<2/—j—1 wherej=234,..m
204+2m, 271 —j+1<i<mn form=2andn=>m

fw) = {
fw)=2j+1,wherej=123..and2j+1#p,_V2<k<m

(i.e., f(v;) maps all odd numbers from 3 to 2m(n + 1) — 1 exceptfor p,_,V2 <k <m)

We observe that,

Fori<i<mn,1<k<m

For the edges uju;, ged(f (up ), f(u))=1

For the edges uj, v;, ged(f (uy,), f(v))=1

For the edges vy v;, ged(f (vg ), f(v,))=1

Therefore, the Shadow graph D,, (Spl(K; ,,)) of splitting star graph Spi(K; ;) is a prime graph forn > mand m > 2.

Ilustration 3.3.1

Figure 7. 4-Shadow graph D, (Spl(K,,)) of splitting star graph Spl(K; ,)
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Conclusion

In this research article we conclude that the m-Shadow graph of some star related graphs such as Star graph K ,,, Bistar
graph B(n,n) and Splitting star graph Spl(K; ,,) admit Prime Labeling for n = m and m > 2. For n < m, these graphs
admit prime labeling for lesser values of m and as the value of m increases they do not admit prime labeling. For instance,
D3 (K;5), D4(B(2,2)), Dy(Spl(K;,)) are prime graphs but D, (K »), Ds(B(2,2)), Ds(Spl(Ky3)) are not prime graphs.
Hence in general we conclude that Star graph K, ,,, Bistar graph B(n,n) and Splitting star graph Spl(K; ,) admit Prime
Labeling for n > m and m > 2. The study of m-shadow graph of Star graph, Bistar graph andsplitting star graph which can
be used for future study and research work as it is very gripping for inspection and exploration in the field of graph theory.
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