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Abstract 

In 1967, Rosa [7] was introduced by the concept of graph labeling. A graph labeling is an assignment of integers to the 

vertices (or) edges (or) both to certain conditions. If the domain of the mapping is the set of vertices (or edges), then the 

labeling is called a vertex labeling (or an edge labeling). In this paper we investigate the existence of Z3 magic labeling, 

odd mean labeling, and signed product cordial labeling for the Cayley Digraph of 2-generated 2-groups. 

Keywords: Cayley digraph, Graph labeling 

1. Introduction 

Cayley Digraph for the 2-generated 2-group: 

In 2011, Bala et.al., introduced the concept of Cayley Digraph for the 2-generated  2-group and proved the existence of 

some graph labeling. 

The Cayley digraph for the 2-generated 2-group Cay(G,(α,β)) has n vertices and 2n arcs. Let us denote the vertex set of 

Cay(G,(α,β)) as V={v1, v2, v3,...,vn). Define the arc set of Cay(G,(α,β)) as E(Eα,Eβ) where Eα={(v,αv)|vϵV} and 

Eβ={(v,βv|vϵV}. Denote the arcs in Eα as {gα(vi)|viϵV} and Eβ as {gβ(vi)|viϵV}. Clearly each vertex in Cay(G,(α,β)) has 

exactly two out going arcs out of which one arc is from the set Eα and another is from the set Eβ.A group G is said to be 

a p-group if o(G)=pm, m 1. It is said to be 2-generated if the minimal generating set of G has exactly two elements. It 

is said to be a 2-group if p=2. We consider the groups of order 2m=n.  

Cordial Labeling: 

The concept of Cordial labeling was introduced by Cahit in 1967 [5]. 

A function ɸ: V→ {0, 1} is said to be a cordial labeling if each edge uv has the label | ɸ(u) −ɸ(v) | such that the number 

of vertices labeled 0 and the number of vertices labeled 1 differ by at most one and the number of edges labeled 0 and 

the number of edges labeled 1 differ by at most one.  

Z3-magic labeling: 

The concept of  Z3 -magic labeling was introduced by Baskar Babujee et.al [3]. 

A graph G(V,E) is said to admit Z3-magic labeling if there exists a function f from E onto the set { 1,2} such that the 

induced map f* on V defined by f*(vi) = ∑ f(e) (mod 3 ) = k, a constant, where e = (vivj) ∈ E. A graph which admits Z3-

magic labeling is called Z3-magic graph. 

Odd mean labeling: 

 K. Manickam and M. Marudai [6] introduced by the concept of odd mean labeling 
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 A function ∅ is called an Odd mean labeling of a graph G with p vertices and q edges. If f is an injection from the 

vertices of G to the set{1,3,5,.., .2q-1} such that when each edge uv is assigned the label [(∅ (u)+ ∅ (v))/2], then the 

resulting edge labels are distinct.   

Signed Product Cordial Labeling: 

The concept of signed product cordial labeling was introduced by Baskar Babujee etal., [4]  

A vertex labeling of graph G, f:V(G) →{-1,1} with induced edge labeling  f*: E(G)→{-1,1} defined by f*(uv) = f(u) × 

f(v) is called a signed product cordial labeling if |vf(-1) – vf(1)|≤1and |ef(-1) – ef(1)|≤1, where vf  (-1) is the number of 

vertices labeled with `-1', vf (1) is the number of vertices labeled with 1, ef (-1) is the number of edges labeled with '-1' 

and ef(1) is the number of edges labeled with1. 

 

Main Result 

2.  Z3 -magic labeling: 

In this section, we prove the existence of Z3-magic labeling for Cayley digraph of 2-generated 2-groups by presenting 

algorithm. 

Algorithm 2.1 

Input: Cayley digraph for the 2-generated 2-groups 

Procedure Z3-magic labeling for Cayley digraph of 2-generated 2-groups 

V {v1, v2, v3, …, vn} 

E (Eα ,Eβ){ e1, e2, e3, …, e2n} 

Eαis the set of all outgoing edges generated by α through each vertex of Cay(G,(α,β)) 

Eβ is the set of all outgoing edges generated by β through each vertex of Cay(G,(α,β)) 

for i=1 to n do 

 gα(vi)1 

gβ(vi)2 

end for 

end procedure 

Theorem 2.1 The Cayley digraph associated with 2-generated 2-groups admits Z3-magic labeling. 

Proof  

 We know that, Cayley digraph for the 2-generated 2-groups has n vertices and 2n edges. Denote the edges set E= {e1, 

e2, e3,…,e2n} and vertices set V={v1,v2,…,vn}. The edges are labeled by defining a function ∅:E→{1, 2} as given 

algorithm 2.1. 

Clearly the number of edges labeled with ‘1’ and ‘2’ are as follows: 

The number of edges labeled ‘1’ is n and the number of edges labeled ‘2’ is n. 

Thus the number of edges labeled ‘1’ and the number of edges labeled ‘2’ different at most one. 
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In order to obtain the labels for the vertices, define the induced map ∅ * :V→{0,1,2}defined on 

∅*(vi)={∅(gα(vi))+∅(gβ(vi))} (mod 3) =0 for all i, where ∅(gα(vi)) and ∅(gβ(vi)) are incoming edges.  

For 1≤i≤n 

∅(vi)= k= 0, a constant 

Hence, the Cayley digraph associated with 2-generated 2-groups admits Z3-magic labeling. 

Illustration: 2.1 Cayley digraph for the 2-generated 2-groups with its Z3-magic labeling is given in figure. 

 

Fig 2.1: Z3 -magic labeling 

3. Odd mean labeling 

In this section, we prove the existence of odd mean labeling for Cayley digraph of 2-generated 2-groups by presenting 

algorithm. 

Algorithm 3.1 

Input: Cayley digraph for the 2-generated 2-groups 

Procedure Odd mean labeling for Cayley digraph of 2-generated 2-groups 

V {v1, v2, v3, …, vn} 

E (Eα ,Eβ){ e1, e2, e3, …, e2n} 

Eα is the set of all outgoing edges generated by α through each vertex of Cay(G,(α,β)) 

Eβ is the set of all outgoing edges generated by β through each vertex of Cay(G,(α,β)) 

for i=1 to 
n

4
 do 

 gα(vi)2(1+i) 

end for 

for i=
n

4
+ 1to 

n

2
 do 

 gα(vi)n-3-i 
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end for 

for i=
n

2
+ 1to 

n

2
+ 2 do 

 gα(vi)3n+1-2i 

           gβ(vi)2n-3i+2 

end for 

for i=
n

2
+ 3 to n do 

 gα(vi)2i-n+3 

           gβ(vi)3n-2i-3 

end for 

for i=1 to n/2 do 

          gβ(vi)n+2i-2 

end for 

end procedure 

Theorem 3.1The Cayley digraph associated with 2-generated 2-groups admits odd mean labeling. 

Proof  We know that, Cayley digraph for the 2-generated 2-groups has n vertices and 2n edges. Denote the edges set E= 

{e1, e2, e3,…,e2n} and vertices set V={v1,v2,…,vn}. The edges are labeled by defining a function ∅:E→{0, 1, 2, …,2n-1} 

as given algorithm 3.1. 

In order to obtain the labels for the vertices, define the induced map ∅*:V→{1, 3, …,2n-1}such that for each vertices 

labeled by 

∅(vi)=
∅∗(gα(vi))+∅∗(gβ(vi))

2
if ∅*(gα(vi))+∅*(gβ(vi)) is even 

∅(vi)=
∅∗(gα(vi))+∅∗(gβ(vi))+1

2
 if ∅*(gα(vi))+∅*(gβ(vi)) is odd. 

where ∅(gα(vi)) and ∅(gβ(vi)) are incoming edges.  

For 1≤i≤n 

∅ (vi)= 2i-1 for all n. 

Therefore the vertices are distinct. 

Hence, the Cayley digraph associated with 2-generated 2-groups admits odd mean labeling. 

Illustration 3.1 Cayley digraph for the 2-generated 2-groups with its odd mean labeling is given in figure. 
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Fig 3.1 Odd mean labeling 

4. Signed product cordial labeling 

In this section, we prove the existence of signed product cordial labeling for Cayley digraph of 2-generated 2-groups by 

presenting algorithm. 

Algorithm 4.1 

Input: Cayley digraph for the 2-generated 2-groups 

Procedure Signed product cordial labeling for Cayley digraph of 2-generated 2-groups 

V {v1, v2, v3, …, vn} 

E (Eα ,Eβ){ e1, e2, e3, …, e2n} 

Eα is the set of all outgoing edges generated by α through each vertex of Cay(G,(α,β)) 

Eβ is the set of all outgoing edges generated by β through each vertex of Cay(G,(α,β)) 

for i=1to
n

4
 do 

 gα(vi){
−1 , i ≡ 1 (mod 2)

1    , i ≡ 0 (mod 2)
 

gβ(vi){
1    , i ≡ 1 (mod 2)

−1 , i ≡ 0 (mod 2)
 

end for 

for i=
n

4
+ 1 to 

n

2
 do 

  gα(vi)1 

 gβ(vi){
−1 , i ≡ 1 (mod 2)

1    , i ≡ 0 (mod 2)
 

end for 

for i=
n

2
+ 1 to 

n

2
+ 2  do 



JOURNAL OF ALGEBRAIC STATISTICS 
Volume 13, No. 2, 2022, p. 3279-3285 
https://publishoa.com 
ISSN: 1309-3452 
 

3284 

  gα(vi)-1 

    gβ(vi){
−1 , i ≡ 1 (mod 2)

1    , i ≡ 0 (mod 2)
 

end for 

for i=
n

2
+ 3 to n  do 

 gα(vi)1 

    gβ(vi)-1 

end for 

end procedure 

Theorem 4.1The Cayley digraph associated with 2-generated 2-groups admits signed product cordial labeling. 

Proof  

 We know that, Cayley digraph for the 2-generated 2-groups has n vertices and 2n edges. Denote the edges set E= {e1, 

e2, e3,…,e2n} and vertices set V={v1,v2,…,vn}. The edges are labeled by defining a function ∅:E→{-1, 1} as given 

algorithm 4.1. 

Clearly the number of edges labeled with ‘-1’ and ‘1’ are as follows: 

The number of edges labeled ‘-1’ is n and the number of edges labeled ‘1’ is n. 

Thus the number of edges labeled ‘-1’ and the number of edges labeled ‘1’ different at most one. 

In order to obtain the labels for the vertices, define the induced map∅*:V→{-1,1} defined on ∅(vi)=∏∅*(gα(vi)) is 

bijective. where ∅(gα(vi)) and ∅(gβ(vi)) are incoming edges.  

For 1≤i≤n 

∅(vi)={
1    , i ≡ 1 (mod 2)

−1 , i ≡ 0 (mod 2)
 

Clearly the number of vertices labeled with ‘-1’ and ‘1’ are as follows: 

Vertex label -1 1  

 For all ‘n’ n

2
 

n

2
 

 

Thus the number of vertices labeled ‘-1’and the number of vertices labeled ‘1’ different at most one. 

Hence, the Cayley digraph associated with 2-generated 2-groups admits signed product cordial labeling. 

Illustration 4.1: Cayley digraph for the 2-generated 2-groups with its signed product cordial labeling is given in figure. 
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Fig 4.1 Signed product cordial labeling 

Conclusion 

In this paper, we proved existence of Z3 magic labeling, odd mean labeling, and signed product cordial labeling for the 

Cayley Digraph of 2-generated 2-groups. 
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