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Abstract

In this paper, we defined Split Mersenne and Mersenne-Lucas hybrid octonions and we obtained generating functions for
these sequences. Further, we analyzed relations between Split Mersenne hybrid octonions and Split Mersenne-Lucas
hybrid octonions. Also, we gave the Binet’s formula for these two sequences and moreover, the well-known identities
like Catalan, Cassini and d’Ocagne for these hybrid octonions.
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Introduction

The split- octonions can be obtained from the Cayley-Dickson construction by defining a multiplication on pair of
quaternions.

(a + ¢b)(c + ¢d) = (ac + Adb) + ¢(ad + cb)
where 2 = £2, £ is the imaginary unit.
If A is chosen to be —1, we get the octonions. If it is taken to be +1 we get the split-octonions.

Let O be the split octonion algebra over the real number field R. A natural basis of this algebra as a space over R is
formed by the elements

eo=1e =le,=je;=ke,="¥e;="ie;, ="*¥je, ="tk
For the properties about octonions and split octonions one can refer [1, 4,5, 6]
The Mersenne sequence {M,,} are defined by the recurrence relation
M, = 3M,_; — 2M,,_,, n > 2, where My = 0, M, = 1.
The Mersenne- Lucas sequence {ML, } are defined recurrently by
ML, =3ML,_, —2ML,,_,, n = 2, where ML, = 2,ML, = 3.
The Binet’s formula for Mersenne and Mersenne-Lucas sequences are given by
M, =2"—1and ML, = 2™ + 1.
For detailed discussion of the Mersenne and Mersenne-Lucas numbers and their properties, see [2, 3]

The Mersenne octonions and Mersenne-Lucas octonions are defined by
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7
M, = Z M, e
i=0

= Mpeg + Myy1eq + My, + My yzes + Myses + My ses + My geq + My 7e;

7
Z MLy, e;

i=0

ML,

MLney + MLy 1€y + MLyype; + MLy 33 + Myyygeq + MLy ses + MLy e + MLy 7e;

where e, e;, e,, €3, €4, es, €5, e, are octonion basis.

The split Mersenne octonions and split Mersenne-Lucas octonions are defined as
SMy, = 37— Myse5 and SMLy,, = X7_o MLy, se;

The Binet’s formula for split Mersenne octonions and split Mersenne-Lucas octonions has the form
SM,, = 2"A* — B* and SML,, = 2"A* + B*

where A* = ¥.7_,2%¢,,B* = Y1 s e

The hybrid number is defined as H = a + bi + ce + dh, where a, b, c,d € R,
i?=-1,e2=0,h>=1,ih=—-hi=¢e+1i.

The Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers are defined as
MH, = My, + My i + M, + My, 5h

MLH, = ML, + MLy ,1i + ML, ,& + ML, 3h

where i, &, h are hybrid units.

Split Mersenne Hybrid Octonions and Split Mersenne-Lucas Hybrid Octonions
For n > 0, the nth split Mersenne hybrid octonion sequence {SMH,,} is defined by

7
SMH,, = Z M3, ses

5=0
= (Mp + iMpyq + eMyyy + hMpi3)eq + +(Mpyy + iMpyp + EMyyz + hMp i 4)e;
+(Mpyp + iMyy3 + eMyyg + hMp5)e; + (Mpys + iMyyy + €My + hMy )e;
+(Mpys + iMyys + My + hMyy7)es + (Mpys + iMyyg + eMpyy + hMy g)es
+(Mpi6 + iMyy7 + eMyig + hMyio)es + (Myyy + iMpyg + EMpyo + AMp 4 q0)e;
where i, &, h are hybrid units and e, ¢4, e,, €3, €4, €5, €6, €7 are split octonion basis.

= SM’H. + iSMn+1 + ESMn+2 + hSMn+3

In the same way, we define the nth split Mersenne-Lucas hybrid octonion sequence {SMLH,}
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7
SMLH, = Z MLH,,, se;

s=0
= (MLy, + iMLyyq + €MLy,, + hML,3)e,
+(MLyyq + iMLyyy + MLy 5 + ML, ,)e;
+(MLyyy + iMLy 3 + ML, 4 + hML, . 5)e,
+(MLyyz + iMLyyy + MLy s + hML,,¢)es
+(MLyyg + iMLy s + EMLy g + RML,,;)e,
+(MLyys + iMLy g + MLy 7 + hML, , g)es
+(MLyyg +IiMLy 7 + ML, g + hRML,  o)eq
+(MLypy7 + iMLyyg + EMLyo + RMLy 1 10)e;
= SML, + iSML, .1 + €SML,,, + hSML,, 5
Theorem 1
The generating functions for the split Mersenne hybrid octonions and the split Mersenne-Lucas hybrid octonions are

_ SMH,(1 - 3t) + SMH; t

f@® 1-—3t+2t?
and
SMLH,(1 — 3t) + SMLH;t
9@ = 1— 3¢t +2¢2
Proof

Let f(t) = Ypo SMH, t™
Multiplying this equation by 1, 3¢, 2t2 respectively and summing these equations, we obtain
(1 =3t +2t5)f ()

= SMH, + (SMH, — 3SMH, )t + (SMH, — 3SMH, + 2SMH,)t* + -+ (SMH, — 3SMH,,_, + 2SMH,,_,)t"

e

SMH, + (SMH, — 3SMH, )t + Z(sWn — 3SHH,_, + 2SMH,_,)t"

n=2

_ SMH,(1 — 3t) + SMH;t
B 1 — 3t + 2t2

~f(t) = W is the generating functions for the split Mersenne hybrid octonions.
And let g(t) = X%, SMLH,t™

Multiplying this equation by 1, 3t, 2t2 respectively and summing these equations, we obtain
(1-3t+2tHg@®)
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= SMLH, + (SMLH, — 3SMLH,)t + (SMLH, — 3SMLH, + 2SMLH,)t? + ---
+ (SMLH,, — 3SMLH,,_; + 2SMLH,,_,)t"

= SMLH, + (SMLH, — 3SMLH,)t + Z(SM‘LHn — 3SMLH,_, + 2SMLH,_,)t"

n=2

_ SMLF,(1 — 3t) + SMLH;t

1— 3t + 2t?
g = SM”["I(:Z);M”M is the generating functions for split Mersenne-Lucas hybrid octonions.

Theorem 2 (Binet’s formula)
For n = 0, the Binet’s formulas for the split Mersenne hybrid octonions and split Mersenne-Lucas hybrid octonions are
SMH, = 2"a*A* — f*B*and SMLH, = 2"a*A* + B*B*
where A* = ¥7_ 2%, ,B* =Y _oes,a* = (1 +2i + 2%+ 23h),p*=(1+i+e+h)
Proof
SMH,, = SM,, + iSM,,, + €SM,,,, + hSM, 5
= (2"A* —=B") + i(2n+1A* —-BY)+ E(2n+2A* —-B)+ h(2"+3A* - B
=2"(1+2i+2%+22MA*—(1+i+e+h)B*
= 2"q* A" — BB
SMLH, = SML,, + iSML,,., + eSML,,, + hSML,, 5
= (2"A* + B*) + i(2™*'A* + B*) + €(2"*24* + B*) + h(2""3A* + B")
=2"(1+2i+2%+23R)A*+(1+i+¢€+ h)B*
=2"a*A* + B*B*
Lemma
A*B* = 227 —81e; + 59¢, — 137e; — 193¢, + 115e5 — 25¢4 + 171e,
B*A* = 227 4+ 87e, + 79¢, + 155e; + 227¢, — 49es + 155¢4 + 87¢,

Proof From the definition of A* and B*, and using the multiplication table for the basis of split octonions, we computed
these results.

Main Results

Theorem 3

Let n be any positive integer then

2SMH,,_, + SMH,,., = 3SMH,

Proof

2SMH,_, + SMH,,,, = 22" 'a*A* — B*B*) + (2" 'a*A* — B*B)

3321



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3318-3325
https://publishoa.com
ISSN: 1309-3452
=3(2"a*A* — B*B")
= 3SMH,
Theorem 4
Let n be any positive integer then
i.SMH,” — SMLH," = —2"'[a*f*A*B" + f*a’B*A"]
ii.SMH,” + SMLH,” = 2[22"(a*A")? + (8*B*)?]
Proof
i.SMH,” — SMLH,’ = (2"a*A* — B*B*)? — (2"a*A* + *B*)?

= 2@ ) (A = 2B B A = 2N AT + (BB - 2P (@ (A~ (BOAB — 2B B AT
_ ZnQ*ﬁ*A*B*

= Mg BT AT BT — 2" B g BT A
— —2n+1[a*ﬁ*A*B* +ﬁ*a*B*A*]
ii.SMH,” + SMLH,” = (2"a*A* — f*B*)? + (2"a*A* + f*B*)?

= 22" (a")2(A")? = 2"B " B*A" — 2"a" B A'B” + (B)2(B*)? + 2™ (a")?(4)? + (B)2(B*)? + 2" a’B" A’
+2"a" B A'B"

= 2[2°"(a"A")* + (B"B)?]
Theorem 5
Let m, n be any positive integers then

i.SMH,,,, + 2"SMH,,_,, = ML,SMH,,
ii.SMLH . + 2"SMLH,,,_, = ML,SMLH,,
Proof

|SM}[m+n + anM}[m—n — (2m+na*A* _ ‘B*B*) + zn(zm—na*A* _ B*B*)
= 2mq*A*(1 + 2") — B*B*(1 + 2)
= ML,(2™a’A* — B*B")
= ML,SMH,,
iSMLH s + 2"SMLH,,_, = Q™" a*A* + B*) + 2"(2™ "a*A* + B*B¥)
=2Mg*A* + 2"B*B* + 2™a*A* + B*B*
= 2Ma*A*(1 + 2) + B*B* (1 + 2")
= ML,(2™a*A* + B*B")
= ML,SMLH,,
Theorem 6

Let n be any positive integer then
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i.2SMH,,SMLH,, + 2SMH,_,SMLH,_,
— 22n—1(a*)2(A*)2ML2 _ 4([3*)2(3*)2 + 3ML12n[a*ﬁ*A*B* _ ﬂ*a*B*A*]
ii.2SMH,SMLH,, — 2SMH,,_,SMLH,_,
- 22"_1(a*)2(A*)2M2 + anl [a*ﬁ’*A*B* _ *a*B*A*]

Proof

i.2SMH,, SMLH,, + 2SMH,,_SMLH,_,
— 2(2na*A* _ ﬂ*B*)(zna*A* + ﬁ*B*) + z(zn—la*A* _ ﬁ*B*)(Z"‘la*A* + ﬁ*B*)
= 2[22"(a")2(A")% — 2"B*a*B*A* + 2"a*B*A*B* — (B*)2(B*)? + 22" 2(a*)2(4")? — (B*)2(B*)? — 2" 1B*a*B*A*
+ Zn—la*B*A*B*]
= 227"1(g")2(A%)2ML, — 4(B*)2(B*)? + 3ML,2"[a* B*A*B* — B*a*B*A*]
ii.2SMH,SMLH,, — 2SMH,,_,SMLH,_,
— Z(Zna*A* _ ﬁ*B*)(Z"a*A* + ,B*B*) _ 2(2"'1a*A* _ B*B*)(Zn—la*A* + B*B*)
— 22n+1(a,*)2(A*)2 _ 2"+1B*a*B*A* + 2n+1a*B*A*B* _ 2(,8*)2(3*)2 _ 22n—1(a,*)2(A*)2 + 2('8*)2(3*)2
+ Znﬁ*a*B*A* _ Zna*B*A*B*

= 22" 1(a@*)2(A*)?M, + 2"M, [a*B*A*B* — B*a*B*A*]
Theorem 7
Let m, n, r be any positive integers then
SMH iy SMLH 1y 4y — SMH 1y SMLH 1y = =2 "M, [a*B*A*B* + B*a*B*A*]
Proof
SMH sy SMLH,, 1 — SMH 1 SMLIC,p, 1 1,
= (2™ q*A* — B*B)(2™ T a*A* + B*B*) — (2™ a*A* — B*BY) (2™ a*A* + B*B*)

— 22m+n+r(a*)2(A*)2 _ 2m+rﬁ*a*B*A* + 2m+"a*,8*A*B* _ (,8*)2(3*)2 _ 22m+n+r(a*)2(A*)2 _ (,[3*)2(3*)2
+ 2m+n,8*0(*B*A* _ 2m+ra*‘8*A*B*

— 2m+n(1 _ ZT_”)[(Z*[?*A*B* + ,B*a*B*A*]
— _2m+nMr—n [a*B*A*B* + B*a*B*A*]

Theorem 8

Let m, n be any positive integers such that m = n then

i.SMT,, SMLH, — SMLH,,SMH,, = 2"*1[2™"a*B*A*B* — B*a*B*A"]
ii.SM7,,, SMLH, + SMLH,,SMH, = 2[2™"(a*A%)? — (B*B*)?]

Proof

i.SMH,,, SMLH,, — SMLH,,SM,,
= @"a'A — B A+ fTB) — QM A+ BB (2 A~ BB)

= 2M(g")2(A")2 — 2"B*a’B* AT 4 2MaBTATB* — (B*)2(B*)? — 2™ (a*)?(A%)? — (B*)A(B)? + 2"B a’B* A’

— 2n+1[2m_"a*ﬂ*A*B* _ ﬂ*a*B*A*]
ii.SM7,, SMLH, + SMLH,,SM,,
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= (2M™a*A* — B*B)(2"a*A* + B*B*) + 2Ma*A* + B*BY)(2"a*A* — B*B*)
— 2m+n+1(a*A*)2 _ Z(B*B*)Z
— 2[2m+n(a*A*)2 _ (B*B*)Z]
Theorem 9
Let n,r,s be any positive integers then
SMF, 1 SMLH 1 — SMH o SMLH 4y = 2™ MLg_[a"B*A'B" — "B A"]
Proof
SMF 4 SMLH s — SMF o SMLH 4
— (2™ At AT — BB (2T at AT + BBY) — QM at AT + BPBY) (2™t A® — B*BY)

— 22n+r+5(a*)2(A*)2 _ 2n+sB*a*B*A* + 2n+ra*B*A*B* _ (B*)Z(B*)Z _ 22n+r+5(a*)2(A*)2 + ('B*)Z(B*)Z
+ 2n+‘rﬁ*a*B*A* _ 2n+sa*ﬁ*A*B*

= =2"TBR*a*B*A (1 + 25") + 2" a* B A*B (1 + 2577)
=2""ML,_, [a*B*A*B* — B*a*B*A*]
Theorem 10 (Catalan’s Identity)

Letn > 0,r = 0 be integers such that r < n then we have
SMT, . SMH,_, — SMH,’ = —2""M,[2"a*f*A*B* — B*a*B*A"]
SMLH,,,,SMLK,,_, — SMLH, = 2"""M,[2"a"B*A*B* — f*a’B*A*]
where A* = Y7_; 2%, ,B* = Y7_q e
Proof
—_— — — 2
SMH,,,,SMH,_, — SMH,
= (2n+‘r’a*A* — ﬂ*B*)(Zn—Ta*A* — ﬁ*B*) — (Zna*A* — B*B*)z

= 227(q*)2(4%)% — 2" T B*a*B* AT — 2™ B*A*B* + (B*)?(B*)? — 22" (a*)2(4%)? — (B*)?(B*)? + 2"B*a*B* A
+2"a*B*A*B*

= —2"@* B A"B*(2" — 1) + 2" T B*a’B AT (2" — 1)
= —2"TM,[2Ta* B A'B* — B*a’B A"]
JE— j—— —_ 2
SMLH,,,SMLT,_, — SMLH,
= (2" a*A" + B' B2V Ta* A" + B*BY) — (2"a A" + BB*)?

= 22 (a")2(A7)2 + 27T B BT A + 2@ BT AB + (B2 (BY)? — 22M(a")2(A)2 — (B*)2(B*)? — 2"B*a* B A"
— ZnQ*B*A*B*

= 2"@*B*A*B (2" — 1) — 2" TR a*B*A* (2" — 1)
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Theorem 11 (Cassini’s Identity)

For any integer n = 0, we have

SMT,,,SMH,_, — SMH," = 2"1(B*a*B*A" — 2a*f*A*B")

SMLH, ,,SMLK,_, — SMLH," = 2""1(2a*f*A*B* — B a*B"A")

Proof By substituting r = 1 in Catalan’s identity, we get these results.

Theorem 12 (d’Ocagne’s Identity)

Let m, n be any positive integers then

SMH,, SMT,y 41 — SMH 1 SMH, = 2™a*B*A*B* — 2"B*a*B*A*

SMLH,,SMLT,,, — SMLH,,,,SMLH, = 2"B*a’B*A* — 2™a*B*A*B*

Proof

SMH,, SMH,,,, — SMF py,, SMH,

— (Zma*A* _ B*B*)(2n+1a*A* _ ﬁ*B*) _ (2m+1a*A* _ ﬁ*B*)(Zna*A* _ B*B*)

— 2m+n+1(a*)2(A*)2 _ 2"+1B*a*B*A* _ Zma*ﬁ*A*B* + (B*)Z(B*)Z _ 2m+n+1(a*)2(A*)2 _ (‘B*)Z(B*)Z

+2"B*a’B A" + 2™ BT A°B

= 2Ma*B*A'B* (2 — 1) + 2"B*a’B*A"(1 - 2)

— 2ma*ﬁ*A*B* _Znﬁ*a*B*A*

SMLH,,SMLH, 4, — SMLT,p,,, SMLH,,

= (2Ma*A* + B*B*) (2" a*A* + B*B*) — (2™ 1a*A* + B*B*)(2"a*A* + B*B*)

— 2m+n+1(a*)2(A*)2 + 2n+1ﬁ*a*B*A* + Zma*ﬁ*A*B* + (,3*)2(3*)2 _ 2m+n+1(a*)2(A*)2 _ (,8*)2(3*)2

— 2"B*a’B*A* — 2™t 1q*B*A*B*

= 2Mmq*B*A*B* (1 - 2) + 2"B*a*B*A*(2 — 1)

— Znﬂ*a*B*A* _ 2ma*ﬁ*A*B*
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