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Abstract 

In this paper, we defined Split Mersenne and Mersenne-Lucas hybrid octonions and we obtained generating functions for 

these sequences. Further, we analyzed relations between Split Mersenne hybrid octonions and Split Mersenne-Lucas 

hybrid octonions. Also, we gave the Binet’s formula for these two sequences and moreover, the well-known identities 

like Catalan, Cassini and d’Ocagne for these hybrid octonions. 

Keywords: Cayley-Dickson Algebra, Octonions, Hybrid numbers, Mersenne sequence, Mersenne-Lucas sequence 

MSC: 11B99 

Introduction 

The split- octonions can be obtained from the Cayley-Dickson construction by defining a multiplication on pair of 

quaternions. 

(𝑎 + ℓ𝑏)(𝑐 + ℓ𝑑) = (𝑎𝑐 + 𝜆𝑑𝑏̅) + ℓ(𝑎̅𝑑 + 𝑐𝑏) 

where 𝜆 = ℓ2, ℓ is the imaginary unit. 

If 𝜆 is chosen to be −1, we get the octonions. If it is taken to be +1 we get the split-octonions. 

Let 𝒪̆ be the split octonion algebra over the real number field ℝ. A natural basis of this algebra as a space over ℝ is 

formed by the elements   

ℯ0 = 1, ℯ1 = 𝑖, ℯ2 = 𝑗, ℯ3 = 𝑘, ℯ4 = ℓ, ℯ5 = ℓ𝑖, ℯ6 = ℓ𝑗, ℯ7 = ℓ𝑘. 

For the properties about octonions and split octonions one can refer [1, 4, 5, 6] 

The Mersenne sequence {𝑀𝑛} are defined by the recurrence relation 

 𝑀𝑛 = 3𝑀𝑛−1 − 2𝑀𝑛−2 , 𝑛 ≥ 2, where 𝑀0 = 0, 𝑀1 = 1. 

The Mersenne- Lucas sequence {𝑀𝐿𝑛} are defined recurrently by 

𝑀𝐿𝑛 = 3𝑀𝐿𝑛−1 − 2𝑀𝐿𝑛−2 , 𝑛 ≥ 2, where 𝑀𝐿0 = 2, 𝑀𝐿1 = 3. 

The Binet’s formula for Mersenne and Mersenne-Lucas sequences are given by 

𝑀𝑛 = 2𝑛 − 1 and 𝑀𝐿𝑛 = 2𝑛 + 1. 

For detailed discussion of the Mersenne and Mersenne-Lucas numbers and their properties, see [2, 3] 

The Mersenne octonions and Mersenne-Lucas octonions are defined by 
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𝑀𝑛̆ = ∑ 𝑀𝑛+𝑖𝑒𝑖

7

𝑖=0

 

       = 𝑀𝑛𝑒0 + 𝑀𝑛+1𝑒1 + 𝑀𝑛+2𝑒2 + 𝑀𝑛+3𝑒3 + 𝑀𝑛+4𝑒4 + 𝑀𝑛+5𝑒5 + 𝑀𝑛+6𝑒6 + 𝑀𝑛+7𝑒7 

𝑀𝐿𝑛̆ = ∑ 𝑀𝐿𝑛+𝑖𝑒𝑖

7

𝑖=0

 

         = 𝑀𝐿𝑛𝑒0 + 𝑀𝐿𝑛+1𝑒1 + 𝑀𝐿𝑛+2𝑒2 + 𝑀𝐿𝑛+3𝑒3 + 𝑀𝐿𝑛+4𝑒4 + 𝑀𝐿𝑛+5𝑒5 + 𝑀𝐿𝑛+6𝑒6 +            𝑀𝐿𝑛+7𝑒7 

where 𝑒0, 𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5, 𝑒6, 𝑒7 are octonion basis. 

The split Mersenne octonions and split Mersenne-Lucas octonions are defined as 

𝑆𝑀𝑛̌ = ∑ 𝑀𝑛+𝑠ℯ𝑠
7
𝑠=0  and 𝑆𝑀𝐿𝑛̌ = ∑ 𝑀𝐿𝑛+𝑠ℯ𝑠

7
𝑠=0  

The Binet’s formula for split Mersenne octonions and split Mersenne-Lucas octonions has the form 

𝑆𝑀𝑛̌ = 2𝑛𝐴∗ − 𝐵∗ and 𝑆𝑀𝐿𝑛̌ = 2𝑛𝐴∗ + 𝐵∗ 

where 𝐴∗ = ∑ 2𝑠ℯ𝑠
7
𝑠=0 , 𝐵∗ = ∑ ℯ𝑠

7
𝑠=0  

The hybrid number is defined as ℋ = 𝑎 + 𝑏𝑖 + 𝑐𝜀 + 𝑑ℎ, where 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ, 

 𝑖2 = −1, 𝜀2 = 0, ℎ2 = 1, 𝑖ℎ = −ℎ𝑖 = 𝜀 + 𝑖 .  

The Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers are defined as 

𝑀ℋ𝑛 = 𝑀𝑛 + 𝑀𝑛+1𝑖 + 𝑀𝑛+2𝜀 + 𝑀𝑛+3ℎ 

𝑀𝐿ℋ𝑛 = 𝑀𝐿𝑛 + 𝑀𝐿𝑛+1𝑖 + 𝑀𝐿𝑛+2𝜀 + 𝑀𝐿𝑛+3ℎ 

where 𝑖, 𝜀, ℎ are hybrid units. 

Split Mersenne Hybrid Octonions and Split Mersenne-Lucas Hybrid Octonions 

For 𝑛 ≥ 0, the 𝑛th split Mersenne hybrid octonion sequence {𝑆𝑀ℋ𝑛
̌ }  is defined by 

𝑆𝑀ℋ𝑛
̌ = ∑ 𝑀ℋ𝑛+𝑠ℯ𝑠

7

𝑠=0

 

            = (𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝜀𝑀𝑛+2 + ℎ𝑀𝑛+3)ℯ0 + +(𝑀𝑛+1 + 𝑖𝑀𝑛+2 + 𝜀𝑀𝑛+3 + ℎ𝑀𝑛+4)ℯ1 

                +(𝑀𝑛+2 + 𝑖𝑀𝑛+3 + 𝜀𝑀𝑛+4 + ℎ𝑀𝑛+5)ℯ2 + (𝑀𝑛+3 + 𝑖𝑀𝑛+4 + 𝜀𝑀𝑛+5 + ℎ𝑀𝑛+6)ℯ3 

                 +(𝑀𝑛+4 + 𝑖𝑀𝑛+5 + 𝜀𝑀𝑛+6 + ℎ𝑀𝑛+7)ℯ4 + (𝑀𝑛+5 + 𝑖𝑀𝑛+6 + 𝜀𝑀𝑛+7 + ℎ𝑀𝑛+8)ℯ5 

                 +(𝑀𝑛+6 + 𝑖𝑀𝑛+7 + 𝜀𝑀𝑛+8 + ℎ𝑀𝑛+9)ℯ6 + (𝑀𝑛+7 + 𝑖𝑀𝑛+8 + 𝜀𝑀𝑛+9 + ℎ𝑀𝑛+10)ℯ7 

where 𝑖, 𝜀, ℎ are hybrid units and ℯ0, ℯ1, ℯ2, ℯ3, ℯ4, ℯ5, ℯ6, ℯ7 are split octonion basis. 

           = 𝑆𝑀𝑛̌ + 𝑖𝑆𝑀𝑛+1
̌ +  𝜀𝑆𝑀𝑛+2

̌ + ℎ𝑆𝑀𝑛+3
̌  

In the same way, we define the 𝑛th split Mersenne-Lucas hybrid octonion sequence {𝑆𝑀𝐿ℋ𝑛
̌ } by  
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𝑆𝑀𝐿ℋ𝑛
̌ = ∑ 𝑀𝐿ℋ𝑛+𝑠ℯ𝑠

7

𝑠=0

 

                = (𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝜀𝑀𝐿𝑛+2 + ℎ𝑀𝐿𝑛+3)ℯ0 

                    +(𝑀𝐿𝑛+1 + 𝑖𝑀𝐿𝑛+2 + 𝜀𝑀𝐿𝑛+3 + ℎ𝑀𝐿𝑛+4)ℯ1 

                    +(𝑀𝐿𝑛+2 + 𝑖𝑀𝐿𝑛+3 + 𝜀𝑀𝐿𝑛+4 + ℎ𝑀𝐿𝑛+5)ℯ2 

                    +(𝑀𝐿𝑛+3 + 𝑖𝑀𝐿𝑛+4 + 𝜀𝑀𝐿𝑛+5 + ℎ𝑀𝐿𝑛+6)ℯ3 

                    +(𝑀𝐿𝑛+4 + 𝑖𝑀𝐿𝑛+5 + 𝜀𝑀𝐿𝑛+6 + ℎ𝑀𝐿𝑛+7)ℯ4 

                    +(𝑀𝐿𝑛+5 + 𝑖𝑀𝐿𝑛+6 + 𝜀𝑀𝐿𝑛+7 + ℎ𝑀𝐿𝑛+8)ℯ5 

                    +(𝑀𝐿𝑛+6 + 𝑖𝑀𝐿𝑛+7 + 𝜀𝑀𝐿𝑛+8 + ℎ𝑀𝐿𝑛+9)ℯ6 

                    +(𝑀𝐿𝑛+7 + 𝑖𝑀𝐿𝑛+8 + 𝜀𝑀𝐿𝑛+9 + ℎ𝑀𝐿𝑛+10)ℯ7 

             = 𝑆𝑀𝐿𝑛̌ + 𝑖𝑆𝑀𝐿𝑛+1
̌ +  𝜀𝑆𝑀𝐿𝑛+2

̌ + ℎ𝑆𝑀𝐿𝑛+3
̌  

Theorem 1 

 The generating functions for the split Mersenne hybrid octonions and the split Mersenne-Lucas hybrid octonions are 

𝑓(𝑡) =
𝑆𝑀ℋ0
̌ (1 − 3𝑡) + 𝑆𝑀ℋ1

̌ 𝑡

1 − 3𝑡 + 2𝑡2
 

and 

𝑔(𝑡) =
𝑆𝑀𝐿ℋ0

̌ (1 − 3𝑡) + 𝑆𝑀𝐿ℋ1
̌ 𝑡

1 − 3𝑡 + 2𝑡2
 

Proof 

Let  𝑓(𝑡) = ∑ 𝑆𝑀𝐻𝑛̆𝑡𝑛∞
𝑛=0  

Multiplying this equation by 1, 3𝑡, 2𝑡2 respectively and summing these equations, we obtain 

(1 − 3𝑡 + 2𝑡2)𝑓(𝑡) 

= 𝑆𝑀𝐻0̆ + (𝑆𝑀𝐻1̆ − 3𝑆𝑀𝐻0̆)𝑡 + (𝑆𝑀𝐻2̆ − 3𝑆𝑀𝐻1̆ + 2𝑆𝑀𝐻0̆)𝑡2  + ⋯ + (𝑆𝑀𝐻𝑛̆ − 3𝑆𝑀𝐻𝑛−1
̆ + 2𝑆𝑀𝐻𝑛−2

̆ )𝑡𝑛 

= 𝑆𝑀𝐻0̆ + (𝑆𝑀𝐻1̆ − 3𝑆𝑀𝐻0̆)𝑡 + ∑(𝑆𝑀𝐻𝑛̆ − 3𝑆𝑀𝐻𝑛−1
̆ + 2𝑆𝑀𝐻𝑛−2

̆ )𝑡𝑛

∞

𝑛=2

 

=
𝑆𝑀ℋ0

̌ (1 − 3𝑡) + 𝑆𝑀ℋ1
̌ 𝑡

1 − 3𝑡 + 2𝑡2
 

∴ 𝑓(𝑡) =
𝑆𝑀ℋ0̌ (1−3𝑡)+𝑆𝑀ℋ1̌ 𝑡

1−3𝑡+2𝑡2  is the generating functions for the split Mersenne hybrid octonions. 

And let 𝑔(𝑡) = ∑ 𝑆𝑀𝐿𝐻𝑛
̆ 𝑡𝑛∞

𝑛=0  

Multiplying this equation by 1, 3𝑡, 2𝑡2 respectively and summing these equations, we obtain 

(1 − 3𝑡 + 2𝑡2)𝑔(𝑡) 
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= 𝑆𝑀𝐿𝐻0
̆ + (𝑆𝑀𝐿𝐻1

̆ − 3𝑆𝑀𝐿𝐻0
̆ )𝑡 + (𝑆𝑀𝐿𝐻2

̆ − 3𝑆𝑀𝐿𝐻1
̆ + 2𝑆𝑀𝐿𝐻0

̆ )𝑡2 + ⋯

+ (𝑆𝑀𝐿𝐻𝑛
̆ − 3𝑆𝑀𝐿𝐻𝑛−1

̆ + 2𝑆𝑀𝐿𝐻𝑛−2
̆ )𝑡𝑛 

= 𝑆𝑀𝐿𝐻0
̆ + (𝑆𝑀𝐿𝐻1

̆ − 3𝑆𝑀𝐿𝐻0
̆ )𝑡 + ∑(𝑆𝑀𝐿𝐻𝑛

̆ − 3𝑆𝑀𝐿𝐻𝑛−1
̆ + 2𝑆𝑀𝐿𝐻𝑛−2

̆ )𝑡𝑛

∞

𝑛=2

 

=
𝑆𝑀𝐿ℋ0

̌ (1 − 3𝑡) + 𝑆𝑀𝐿ℋ1
̌ 𝑡

1 − 3𝑡 + 2𝑡2
 

∴ 𝑔(𝑡) =
𝑆𝑀𝐿ℋ0̌ (1−3𝑡)+𝑆𝑀𝐿ℋ1̌ 𝑡

1−3𝑡+2𝑡2  is the generating functions for split Mersenne-Lucas hybrid octonions. 

Theorem 2 (Binet’s formula) 

For 𝑛 ≥ 0, the Binet’s formulas for the split Mersenne hybrid octonions and split Mersenne-Lucas hybrid octonions are 

𝑆𝑀ℋ𝑛
̌ = 2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗ and     𝑆𝑀𝐿ℋ𝑛

̌ = 2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗ 

where 𝐴∗ = ∑ 2𝑠ℯ𝑠
7
𝑠=0 , 𝐵∗ = ∑ ℯ𝑠

7
𝑠=0 , 𝛼∗ = (1 + 2𝑖 + 22𝜖 + 23ℎ), 𝛽∗ = (1 + 𝑖 + 𝜖 + ℎ) 

Proof 

𝑆𝑀𝐻𝑛̆ = 𝑆𝑀𝑛̌ + 𝑖𝑆𝑀𝑛+1
̌ +  𝜀𝑆𝑀𝑛+2

̌ + ℎ𝑆𝑀𝑛+3
̌  

            = (2𝑛𝐴∗ − 𝐵∗) + 𝑖(2𝑛+1𝐴∗ − 𝐵∗) + 𝜖(2𝑛+2𝐴∗ − 𝐵∗) + ℎ(2𝑛+3𝐴∗ − 𝐵∗) 

            = 2𝑛(1 + 2𝑖 + 22𝜖 + 23ℎ)𝐴∗ − (1 + 𝑖 + 𝜖 + ℎ)𝐵∗ 

            = 2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗ 

 𝑆𝑀𝐿𝐻𝑛
̆ = 𝑆𝑀𝐿𝑛̌ + 𝑖𝑆𝑀𝐿𝑛+1

̌ +  𝜀𝑆𝑀𝐿𝑛+2
̌ + ℎ𝑆𝑀𝐿𝑛+3

̌  

               = (2𝑛𝐴∗ + 𝐵∗) + 𝑖(2𝑛+1𝐴∗ + 𝐵∗) + 𝜖(2𝑛+2𝐴∗ + 𝐵∗) + ℎ(2𝑛+3𝐴∗ + 𝐵∗) 

               = 2𝑛(1 + 2𝑖 + 22𝜖 + 23ℎ)𝐴∗ + (1 + 𝑖 + 𝜖 + ℎ)𝐵∗ 

               = 2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗ 

Lemma  

𝐴∗𝐵∗ = 227 − 81ℯ1 + 59ℯ2 − 137ℯ3 − 193ℯ4 + 115ℯ5 − 25ℯ6 + 171ℯ7 

𝐵∗𝐴∗ = 227 + 87ℯ1 + 79ℯ2 + 155ℯ3 + 227ℯ4 − 49ℯ5 + 155ℯ6 + 87ℯ7 

Proof   From the definition of 𝐴∗ and 𝐵∗, and using the multiplication table for the basis of split octonions, we computed 

these results. 

Main Results 

Theorem 3 

 Let 𝑛 be any positive integer then 

2𝑆𝑀ℋ𝑛−1
̌ + 𝑆𝑀ℋ𝑛+1

̌ = 3𝑆𝑀ℋ𝑛
̌  

Proof 

2𝑆𝑀ℋ𝑛−1
̌ + 𝑆𝑀ℋ𝑛+1

̌ = 2(2𝑛−1𝛼∗𝐴∗ − 𝛽∗𝐵∗) + (2𝑛+1𝛼∗𝐴∗ − 𝛽∗𝐵∗) 
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                                      = 3(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

                                      = 3𝑆𝑀ℋ𝑛
̌  

Theorem 4  

Let 𝑛 be any positive integer then 

i.𝑆𝑀ℋ𝑛
̌ 2

− 𝑆𝑀𝐿ℋ𝑛
̌ 2

= −2𝑛+1[𝛼∗𝛽∗𝐴∗𝐵∗ + 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.𝑆𝑀ℋ𝑛
̌ 2

+ 𝑆𝑀𝐿ℋ𝑛
̌ 2

= 2[22𝑛(𝛼∗𝐴∗)2 + (𝛽∗𝐵∗)2] 

Proof 

i.𝑆𝑀ℋ𝑛
̌ 2

− 𝑆𝑀𝐿ℋ𝑛
̌ 2

= (2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)2 − (2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗)2 

= 22𝑛(𝛼∗)2(𝐴∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 − 22𝑛(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗

− 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ 

= −2𝑛+1𝛼∗𝛽∗𝐴∗𝐵∗ − 2𝑛+1𝛽∗𝛼∗𝐵∗𝐴∗ 

= −2𝑛+1[𝛼∗𝛽∗𝐴∗𝐵∗ + 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.𝑆𝑀ℋ𝑛
̌ 2

+ 𝑆𝑀𝐿ℋ𝑛
̌ 2

= (2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)2 + (2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗)2 

= 22𝑛(𝛼∗)2(𝐴∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 + 22𝑛(𝛼∗)2(𝐴∗)2 + (𝛽∗)2(𝐵∗)2 + 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗

+ 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2[22𝑛(𝛼∗𝐴∗)2 + (𝛽∗𝐵∗)2] 

Theorem 5 

 Let 𝑚, 𝑛 be any positive integers then 

i.𝑆𝑀ℋ𝑚+𝑛
̌ + 2𝑛𝑆𝑀ℋ𝑚−𝑛

̌ = 𝑀𝐿𝑛𝑆𝑀ℋ𝑚̌ 

ii.𝑆𝑀𝐿ℋ𝑚+𝑛
̌ + 2𝑛𝑆𝑀𝐿ℋ𝑚−𝑛

̌ = 𝑀𝐿𝑛𝑆𝑀𝐿ℋ𝑚
̌  

Proof 

i.𝑆𝑀ℋ𝑚+𝑛
̌ + 2𝑛𝑆𝑀ℋ𝑚−𝑛

̌ = (2𝑚+𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) + 2𝑛(2𝑚−𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

                                          = 2𝑚+𝑛𝛼∗𝐴∗ − 2𝑛𝛽∗𝐵∗ + 2𝑚𝛼∗𝐴∗ − 𝛽∗𝐵∗ 

                                          = 2𝑚𝛼∗𝐴∗(1 + 2𝑛) − 𝛽∗𝐵∗(1 + 2𝑛) 

                                          = 𝑀𝐿𝑛(2𝑚𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

                              = 𝑀𝐿𝑛𝑆𝑀ℋ𝑚̌ 

ii.𝑆𝑀𝐿ℋ𝑚+𝑛
̌ + 2𝑛𝑆𝑀𝐿ℋ𝑚−𝑛

̌ = (2𝑚+𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) + 2𝑛(2𝑚−𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

                                                   = 2𝑚+𝑛𝛼∗𝐴∗ + 2𝑛𝛽∗𝐵∗ + 2𝑚𝛼∗𝐴∗ + 𝛽∗𝐵∗ 

                                              = 2𝑚𝛼∗𝐴∗(1 + 2𝑛) + 𝛽∗𝐵∗(1 + 2𝑛) 

                                              = 𝑀𝐿𝑛(2𝑚𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

                                  = 𝑀𝐿𝑛𝑆𝑀𝐿ℋ𝑚
̌  

Theorem 6 

 Let 𝑛 be any positive integer then 
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i.2𝑆𝑀ℋ𝑛
̌ 𝑆𝑀𝐿ℋ𝑛

̌ + 2𝑆𝑀ℋ𝑛−1
̌ 𝑆𝑀𝐿ℋ𝑛−1

̌  

= 22𝑛−1(𝛼∗)2(𝐴∗)2𝑀𝐿2 − 4(𝛽∗)2(𝐵∗)2 + 3𝑀𝐿12𝑛[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.2𝑆𝑀ℋ𝑛
̌ 𝑆𝑀𝐿ℋ𝑛

̌ − 2𝑆𝑀ℋ𝑛−1
̌ 𝑆𝑀𝐿ℋ𝑛−1

̌  

= 22𝑛−1(𝛼∗)2(𝐴∗)2𝑀2 + 2𝑛𝑀1[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

Proof 

i.2𝑆𝑀ℋ𝑛
̌ 𝑆𝑀𝐿ℋ𝑛

̌ + 2𝑆𝑀ℋ𝑛−1
̌ 𝑆𝑀𝐿ℋ𝑛−1

̌  

= 2(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) + 2(2𝑛−1𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛−1𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

= 2[22𝑛(𝛼∗)2(𝐴∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ − (𝛽∗)2(𝐵∗)2 + 22𝑛−2(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2 − 2𝑛−1𝛽∗𝛼∗𝐵∗𝐴∗

+ 2𝑛−1𝛼∗𝛽∗𝐴∗𝐵∗] 

= 22𝑛−1(𝛼∗)2(𝐴∗)2𝑀𝐿2 − 4(𝛽∗)2(𝐵∗)2 + 3𝑀𝐿12𝑛[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.2𝑆𝑀ℋ𝑛
̌ 𝑆𝑀𝐿ℋ𝑛

̌ − 2𝑆𝑀ℋ𝑛−1
̌ 𝑆𝑀𝐿ℋ𝑛−1

̌  

= 2(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) − 2(2𝑛−1𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛−1𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

= 22𝑛+1(𝛼∗)2(𝐴∗)2 − 2𝑛+1𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑛+1𝛼∗𝛽∗𝐴∗𝐵∗ − 2(𝛽∗)2(𝐵∗)2 − 22𝑛−1(𝛼∗)2(𝐴∗)2 + 2(𝛽∗)2(𝐵∗)2

+ 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ 

= 22𝑛−1(𝛼∗)2(𝐴∗)2𝑀2 + 2𝑛𝑀1[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

Theorem 7 

 Let 𝑚, 𝑛, 𝑟 be any positive integers then 

𝑆𝑀ℋ𝑚+𝑛
̌ 𝑆𝑀𝐿ℋ𝑚+𝑟

̌ − 𝑆𝑀ℋ𝑚+𝑟
̌ 𝑆𝑀𝐿ℋ𝑚+𝑛

̌ = −2𝑚+𝑛𝑀𝑟−𝑛[𝛼∗𝛽∗𝐴∗𝐵∗ + 𝛽∗𝛼∗𝐵∗𝐴∗] 

Proof 

𝑆𝑀ℋ𝑚+𝑛
̌ 𝑆𝑀𝐿ℋ𝑚+𝑟

̌ − 𝑆𝑀ℋ𝑚+𝑟
̌ 𝑆𝑀𝐿ℋ𝑚+𝑛

̌  

= (2𝑚+𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑚+𝑟𝛼∗𝐴∗ + 𝛽∗𝐵∗) − (2𝑚+𝑟𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑚+𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

= 22𝑚+𝑛+𝑟(𝛼∗)2(𝐴∗)2 − 2𝑚+𝑟𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑚+𝑛𝛼∗𝛽∗𝐴∗𝐵∗ − (𝛽∗)2(𝐵∗)2 − 22𝑚+𝑛+𝑟(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2

+ 2𝑚+𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑚+𝑟𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2𝑚+𝑛(1 − 2𝑟−𝑛)[𝛼∗𝛽∗𝐴∗𝐵∗ + 𝛽∗𝛼∗𝐵∗𝐴∗] 

= −2𝑚+𝑛𝑀𝑟−𝑛[𝛼∗𝛽∗𝐴∗𝐵∗ + 𝛽∗𝛼∗𝐵∗𝐴∗] 

Theorem 8 

 Let 𝑚, 𝑛 be any positive integers such that 𝑚 ≥ 𝑛 then 

i.𝑆𝑀ℋ𝑚̌𝑆𝑀𝐿ℋ𝑛
̌ − 𝑆𝑀𝐿ℋ𝑚

̌ 𝑆𝑀ℋ𝑛
̌ = 2𝑛+1[2𝑚−𝑛𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.𝑆𝑀ℋ𝑚̌𝑆𝑀𝐿ℋ𝑛
̌ + 𝑆𝑀𝐿ℋ𝑚

̌ 𝑆𝑀ℋ𝑛
̌ = 2[2𝑚+𝑛(𝛼∗𝐴∗)2 − (𝛽∗𝐵∗)2] 

Proof 

i.𝑆𝑀ℋ𝑚̌𝑆𝑀𝐿ℋ𝑛
̌ − 𝑆𝑀𝐿ℋ𝑚

̌ 𝑆𝑀ℋ𝑛
̌  

= (2𝑚𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) − (2𝑚𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

= 2𝑚+𝑛(𝛼∗)2(𝐴∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ − (𝛽∗)2(𝐵∗)2 − 2𝑚+𝑛(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2 + 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗

− 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2𝑛+1[2𝑚−𝑛𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

ii.𝑆𝑀ℋ𝑚̌𝑆𝑀𝐿ℋ𝑛
̌ + 𝑆𝑀𝐿ℋ𝑚

̌ 𝑆𝑀ℋ𝑛
̌  
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= (2𝑚𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) + (2𝑚𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

= 2𝑚+𝑛+1(𝛼∗𝐴∗)2 − 2(𝛽∗𝐵∗)2 

= 2[2𝑚+𝑛(𝛼∗𝐴∗)2 − (𝛽∗𝐵∗)2] 

Theorem 9 

 Let  𝑛, 𝑟, 𝑠 be any positive integers then 

𝑆𝑀ℋ𝑛+𝑟
̌ 𝑆𝑀𝐿ℋ𝑛+𝑠

̌ − 𝑆𝑀ℋ𝑛+𝑠
̌ 𝑆𝑀𝐿ℋ𝑛+𝑟

̌ = 2𝑛+𝑟𝑀𝐿𝑠−𝑟[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

Proof 

𝑆𝑀ℋ𝑛+𝑟
̌ 𝑆𝑀𝐿ℋ𝑛+𝑠

̌ − 𝑆𝑀ℋ𝑛+𝑠
̌ 𝑆𝑀𝐿ℋ𝑛+𝑟

̌  

= (2𝑛+𝑟𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛+𝑠𝛼∗𝐴∗ + 𝛽∗𝐵∗) − (2𝑛+𝑠𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛+𝑟𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

= 22𝑛+𝑟+𝑠(𝛼∗)2(𝐴∗)2 − 2𝑛+𝑠𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑛+𝑟𝛼∗𝛽∗𝐴∗𝐵∗ − (𝛽∗)2(𝐵∗)2 − 22𝑛+𝑟+𝑠(𝛼∗)2(𝐴∗)2 + (𝛽∗)2(𝐵∗)2

+ 2𝑛+𝑟𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑛+𝑠𝛼∗𝛽∗𝐴∗𝐵∗ 

= −2𝑛+𝑟𝛽∗𝛼∗𝐵∗𝐴∗(1 + 2𝑠−𝑟) + 2𝑛+𝑟𝛼∗𝛽∗𝐴∗𝐵∗(1 + 2𝑠−𝑟) 

= 2𝑛+𝑟𝑀𝐿𝑠−𝑟[𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

Theorem 10 (Catalan’s Identity) 

 Let 𝑛 ≥ 0, 𝑟 ≥ 0 be integers such that 𝑟 ≤ 𝑛 then we have 

𝑆𝑀ℋ𝑛+𝑟
̌ 𝑆𝑀ℋ𝑛−𝑟

̌ − 𝑆𝑀ℋ𝑛
̌ 2

= −2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

𝑆𝑀𝐿ℋ𝑛+𝑟
̌ 𝑆𝑀𝐿ℋ𝑛−𝑟

̌ − 𝑆𝑀𝐿ℋ𝑛
̌ 2

= 2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

where 𝐴∗ = ∑ 2𝑠𝑒𝑠
7
𝑠=0 , 𝐵∗ = ∑ 𝑒𝑠

7
𝑠=0  

Proof 

𝑆𝑀ℋ𝑛+𝑟
̌ 𝑆𝑀ℋ𝑛−𝑟

̌ − 𝑆𝑀ℋ𝑛
̌ 2

 

= (2𝑛+𝑟𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛−𝑟𝛼∗𝐴∗ − 𝛽∗𝐵∗) − (2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗)2 

= 22𝑛(𝛼∗)2(𝐴∗)2 − 2𝑛−𝑟𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑛+𝑟𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 − 22𝑛(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2 + 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗

+ 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ 

= −2𝑛𝛼∗𝛽∗𝐴∗𝐵∗(2𝑟 − 1) + 2𝑛−𝑟𝛽∗𝛼∗𝐵∗𝐴∗(2𝑟 − 1) 

= −2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 

𝑆𝑀𝐿ℋ𝑛+𝑟
̌ 𝑆𝑀𝐿ℋ𝑛−𝑟

̌ − 𝑆𝑀𝐿ℋ𝑛
̌ 2

 

= (2𝑛+𝑟𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛−𝑟𝛼∗𝐴∗ + 𝛽∗𝐵∗) − (2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗)2 

= 22𝑛(𝛼∗)2(𝐴∗)2 + 2𝑛−𝑟𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑛+𝑟𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 − 22𝑛(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2 − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗

− 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2𝑛𝛼∗𝛽∗𝐴∗𝐵∗(2𝑟 − 1) − 2𝑛−𝑟𝛽∗𝛼∗𝐵∗𝐴∗(2𝑟 − 1) 

= 2𝑛−𝑟𝑀𝑟[2𝑟𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗] 
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Theorem 11 (Cassini’s Identity)  

For any integer  𝑛 ≥ 0, we have 

𝑆𝑀ℋ𝑛+1
̌ 𝑆𝑀ℋ𝑛−1

̌ − 𝑆𝑀ℋ𝑛
̌ 2

= 2𝑛−1(𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝛼∗𝛽∗𝐴∗𝐵∗) 

𝑆𝑀𝐿ℋ𝑛+1
̌ 𝑆𝑀𝐿ℋ𝑛−1

̌ − 𝑆𝑀𝐿ℋ𝑛
̌ 2

= 2𝑛−1(2𝛼∗𝛽∗𝐴∗𝐵∗ − 𝛽∗𝛼∗𝐵∗𝐴∗) 

Proof   By substituting 𝑟 = 1 in Catalan’s identity, we get these results. 

Theorem 12 (d’Ocagne’s Identity) 

 Let 𝑚, 𝑛 be any positive integers then 

𝑆𝑀ℋ𝑚̌𝑆𝑀ℋ𝑛+1
̌ − 𝑆𝑀ℋ𝑚+1

̌ 𝑆𝑀ℋ𝑛
̌ = 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ 

𝑆𝑀𝐿ℋ𝑚
̌ 𝑆𝑀𝐿ℋ𝑛+1

̌ − 𝑆𝑀𝐿ℋ𝑚+1
̌ 𝑆𝑀𝐿ℋ𝑛

̌ = 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ 

Proof 

𝑆𝑀ℋ𝑚̌𝑆𝑀ℋ𝑛+1
̌ − 𝑆𝑀ℋ𝑚+1

̌ 𝑆𝑀ℋ𝑛
̌  

= (2𝑚𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛+1𝛼∗𝐴∗ − 𝛽∗𝐵∗) − (2𝑚+1𝛼∗𝐴∗ − 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ − 𝛽∗𝐵∗) 

= 2𝑚+𝑛+1(𝛼∗)2(𝐴∗)2 − 2𝑛+1𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 − 2𝑚+𝑛+1(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2

+ 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑚+1𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗(2 − 1) + 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗(1 − 2) 

= 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ − 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ 

𝑆𝑀𝐿ℋ𝑚
̌ 𝑆𝑀𝐿ℋ𝑛+1

̌ − 𝑆𝑀𝐿ℋ𝑚+1
̌ 𝑆𝑀𝐿ℋ𝑛

̌  

= (2𝑚𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛+1𝛼∗𝐴∗ + 𝛽∗𝐵∗) − (2𝑚+1𝛼∗𝐴∗ + 𝛽∗𝐵∗)(2𝑛𝛼∗𝐴∗ + 𝛽∗𝐵∗) 

= 2𝑚+𝑛+1(𝛼∗)2(𝐴∗)2 + 2𝑛+1𝛽∗𝛼∗𝐵∗𝐴∗ + 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ + (𝛽∗)2(𝐵∗)2 − 2𝑚+𝑛+1(𝛼∗)2(𝐴∗)2 − (𝛽∗)2(𝐵∗)2

− 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑚+1𝛼∗𝛽∗𝐴∗𝐵∗ 

= 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗(1 − 2) + 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗(2 − 1) 

= 2𝑛𝛽∗𝛼∗𝐵∗𝐴∗ − 2𝑚𝛼∗𝛽∗𝐴∗𝐵∗ 
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