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Abstract 

The power system monitoring problem demands that a minimum number of phase measurement units to be put in an 

electric power system. A set )(GVS   is a power dominating set of a graph ),,( EVG =  if every vertex and every 

edge in the graph is monitored by S. The power domination number )(Gp  
is the minimum cardinality of a power 

dominating set of G. In this paper, we investigate the power domination number of convex polytopes nnnn TUSD ,,,  

and .nR   
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1. Introduction    

A set )(GVS   is a dominating set of graph G, if )(][ GVSN = . The problem of finding minimum dominating set 

is an important problem that has been elaborately studied. The domination number )(G  is the minimum cardinality of 

a dominating set of G.  

Electric power companies are expected to continuously check the state of their system. A set of factors determine the 

status of an electrical power network. A phase measurement unit (PMU) is a measurement device installed on a node 

that can monitor the node's voltage and the current phase of the edge linked to the node, as well as provide system-wide 

failure warnings. Because PMUs are expensive, it is critical to keep the number of PMUs required to monitor the entire 

system to a minimum. Haynes et al. formulated this problem as a graph domination problem in [7]. An electric power 

system can be modelled as a graph ),,( EVG = where a vertex represents an electrical node and an edge represents a 

transmission line joining two electrical nodes. 

Definition 1[7]. Let ),( EVG =  be a graph, and let ).(GVS   We define the sets )(SM i
 of vertices monitored 

by S at level i, ,0i  inductively as follows: 

1. ][)(0 SNSM =  

2. }))(\)(()(),(:{)()(1 wSMGVvNSMvwSMSM iiii ==+
 

 If ),()( GVSM =
then the set S is called a power dominating set of G and the power domination number of G, 

denoted by )(Gp  is the minimum cardinality of a power dominating set of G.  

A convex polytope P is defined to be the convex hull of finite number of points in Ed . A 2-dimensional polytope is 

called a convex polygon. A 3-polytope is called a convex polyhedron. It  was introduced by Baca[1]. In [2] the classes 
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of convex polytopes nQ and nR  were introduced. In [4,5] it was shown that metric dimension of convex polytopes
,

nnnn URST ,,, are equal to 3. In this paper, we investigate the power domination number of convex polytopes 

,,, nnn SUD  nT  and nR  .   In the next section we determine the power domination number of convex polytopes Dn. 

2  Convex Polytope nD  

The graph of convex polytope nD  has vertex set }1,,1,0:,,,{)( −== njdcbaDV jjjjn   and edge set 

}.11,0:,,,,,{)( 111 −== +++ njcbdccbbaddaaDE jjjjjjjjjjjjn 
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                Fig-1.  Convex polytope 8D  

Theorem 2.1. If nDG =  then .2)( =Gp  

Proof. Let G be a convex polytope nD . Clearly a single vertex cannot monitor the entire graph  G. Hence 

.2)( Gp  Consider the set )(mod10,},{ 1 nnjcaS jj −= +  in V(G),  we claim that  S  is a power 

dominating set of G. 

 Thus },,,,,,,{][)( 112111

0

+++++−== jjjjjjjj dcbbbaaaSNSM  where )(mod10 nnj − . We observe 

that each of the vertices },{ 11 ++ jj ba  in )(0 SM  is adjacent to exactly one unmonitored vertex namely, },{ 2 jj ca +  

respectively and hence },{ 2 jj ca +  
is monitored. Thus 

},,,,,,,,,{)( 2112111

1

jjjjjjjjjj cadcbbbaaaSM ++++++−= )(mod10 nnj − .Proceeding inductively, for 
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each vertex )(SMx j  such that 1)(\][ SMxN j

 
at each inductive step j, ,2j   find that all the vertices of G 

are observed. Hence the proof. 

In the following section we compute the power domination number of convex polytope nU  

3  Convex Polytope nU  

The graph of convex polytope nU  has a vertex set }11,0:,,,,{ −== njedcbaV jjjjj 
 

and edge set
  

}.1,1,0:,,,,,,,{ 1111 −== ++++ njeeeddcdccbbabbaaE jjjjjjjjjjjjjjjj 
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Fig-2   Convex polytope 8U

 

Theorem 3.1. If nUG =  then .3)( =Gp  

Proof. Let G be a convex polytope nU . Consider the set )(mod10},,{ 21 nnjecaS jjj −= ++  in V(G),  we 

claim that  S is a power dominating set of G with .3=S  Thus 

},,,,,,,,,,,{][)( 312211111

0

+++++++−+== jjjjjjjjjjjj eedebddcbaaaSNSM .)(mod10 nnj −  

Observe that each of the  vertices },,,{ 111 +++ jjjj abdd  in )(0 SM
 
is adjacent to exactly one unmonitored vertex 

namely, },,,{ 222 +++ jjjj cbae  respectively and hence },,,{ 222 +++ jjjj cbae is monitored.  
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Thus },,,,,,,,,,,,,,,{)( 222312211111

1

++++++++++−+= jjjjjjjjjjjjjjjj cbaeeedebddcbaaaSM  Where

.)(mod10 nnj −
 
Proceeding inductively, for every vertex )(SMv j  such that 1)(\][ SMvN j

 at 

each inductive step j, ,2j  find that all the vertices of G are monitored. Further, observe that no set of two vertices 

will monitor the entire graph. Hence the proof. 

In the next section we determine the power domination number of convex polytopes.
 

.nS  

4  Convex Polytope nS  

The graph of convex polytope nS  has vertex set }1,1,0:,,,{)( −== njdcbaSV jjjjn   and the edge set

}.11,0:,,,,,,,{)( 11111 −== +++++ njccddbadccbbabbaaSE jjjjjjjjjjjjjjjjn 
 

Theorem 4.1. If nSG =  then .3)( =Gp  

Proof. Let G be a convex polytope nS . Consider the set )(mod10},,{ 21 nnjdcaS jjj −= ++  in V(G),  we 

claim that  S is a power dominating set of G with .3=S  Thus

},,,,,,,,,,{][)( 32211111

0

+++++−+−== jjjjjjjjjjj ddccdcbbaaaSNSM ).(mod10 nnj −   Observe 

that each of the vertices 11 , ++ jj da  in )(0 SM
 
is adjacent to exactly one unmonitored vertex jj da ,2+  respectively 

and hence jj da ,2+  is monitored. 

 Thus },,,,,,,,,,,,{)( 232211111

1

jjjjjjjjjjjjj daddccdcbbaaaSM ++++++−+−=
 

).(mod10 nnj −
 

Proceeding inductively, for every vertex )(SMv j  such that 1)(\][ SMvN j
 each inductive step j, 2j

 

find that all the vertices of G are monitored. Further, observe that no set of two vertices will monitor the entire graph. 

Hence the proof. 

       

a1
       

a2

       

a3

       

a4

       

b5

       

a5

       

a6

       

a7       

a0

       

b1

       

b2

       

b3

       

b4

       

b6
       

b7

       

b0

       

c1

       

c2

       

c3

       

c4

       

c5

       

c6       

c7

       

c0

       

d1

       

d2

       

d3

       

d4

       

d5

       

d6       

d7

       

d0

 

Fig-3   Convex polytope 8S
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In the next section we determine the power domination number of convex polytopes .nT  

5  Convex Polytope  nT
 

The graph of convex polytops nT  has vertex set }1,1,0:,,,{)( −== njdcbaTV jjjjn   and edge set

}.1,1,0:;;;;;;;;{)( 111111 −== ++++++ njdcccddbadccbbabbaaTE jjjjjjjjjjjjjjjjjjn    

Theorem 5.1. If nTG =  then .2)( =Gp  

Proof.  Let G be a convex polytope
 nT . Clearly a single vertex cannot monitor the entire graph G. Hence .2)( Gp  

Consider the set )(mod10,},{ 1 nnjcaS jj −= +  in V(G),  we claim that  S  is a power dominating 

set of G. 

 Thus },,,,,,,,,,{][)( 1211111

0

+++++−−== jjjjjjjjjjj bccddcaabbaSNSM  ).(mod10 nnj −  Observe 

that each of the vertices },,,{ 11 ++ jjjj ddba  in )(0 SM  is adjacent to exactly one unmonitored vertices namely, 

},,,{ 2121 +−+− jjjj abdd
 
are respectively, and hence },,,{ 2121 +−+− jjjj abdd  are monitored.  

Therefore the set },,,,,,,,,,,,,,{)( 21211211111

1

+−+−+++++−−= jjjjjjjjjjjjjjj abddbccddcaabbaSM
 

)(mod10 nnj − . Proceeding inductively, for every vertex )(SMu j  such that 1)(\)( SMuN j

 
at 

each inductive step j,  2j  find that all the vertices of G are monitored. 
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Fig-4   Convex polytope 8T
 

In the following section we determine the power domination number of convex polytopes .nR   

6  Convex Polytope  nR   

The graph of convex polytope nR   has a vertex set }11,0:,,,,,{ −== njfedcbaV jjjjjj 
 
and edge set

  

}.11,0:,,,,,,,,{ 1111 −== ++++ njfffeededdccbcbbaaaE jjjjjjjjjjjjjjjjjj 
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Theorem 6.1. If nRG =  then .3)( =Gp  

 
Proof. Let G be a convex Polytope nR  . Consider  the set )(mod10},,{ 31 nnjecaS jjj −= ++  in V(G),  we 

claim that  S is a power dominating set of G with .3=S  Then 

},,,,,,,,,,,{][)( 2333211121

0

jjjjjjjjjjjj bddfebbdcaaaSNSM +++++++++−== ).(mod10 nnj −
 

Now 

each of the  vertices },{ 11 ++ jj ba  
 
in )(0 SM

 
is adjacent to exactly one unmonitored vertices namely, },{ 2+jj ac

 
are 

respectively, and hence },{ 2+jj ac
 
are monitored.  

Therefore the set },,,,,,,,,,,,,,{)( 22333211121

1

++++++++++−= jjjjjjjjjjjjjj acbddfebbdcaaaSM

)(mod10 nnj − . Proceeding inductively, for every vertex )(SMx j  such that 1)(\)( SMxN j

 
at 

each inductive step j, ,2j  find that all the vertices of G are monitored. Further, observe that no set of two vertices 

will monitor the entire graph. Hence the proof. 
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Fig-5   Convex polytope 8R 
 

.7.   Conclusion. The power domination number of G, denoted by )(Gp  is the minimum cardinality of a power 

dominating set of G. In this article, we computed the power domination number of Convex polytopes ,,, nnn USD  

nT  and nR  .    
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