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Abstract   
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1. Introduction 

In crisp graphs, the study of certified domination has been instigated by M.Dettlaff et.al in 2018 [3]. The concept of 

steiner domination in crisp graphs was studied from [2],[4],[5] and [7]. Domination in fuzzy graphs has been studied 

from [1] and the notion of fuzzy graph theory has been studied from [6].Fuzzy steiner domination number of a fuzzy 

graph G is the fuzzy cardinality of a minimum steiner certified dominating set of G. For a connected fuzzy graphG(V, 

σ, µ), a subset of nodes C of V(G) is said to be steiner certified dominating set if it it is both steiner set as well as 

certified dominating set. The fuzzy Steiner interval, FI(S) of a non empty subset of nodes S is defined as the set of all 

nodes which lie in some steiner tree of S. If  FI(S)=V(G) then S is called a fuzzy Steiner set of G.A set of nodes C is 

said to be certified if each node in the set has either zero or two neighbours in 𝑉(𝐺) − 𝐶. A non-empty subset S of V is 

called a fuzzy Steiner dominating set if S is a fuzzy dominating set and a fuzzy Steiner set of G. The minimum fuzzy 

cardinality of a minimal steiner certified dominating set is called fuzzy steiner certified dominating number denoted by 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝐺) and the corresponding set of nodes is called 𝛾𝑠𝑐𝑒𝑟
𝑓

-set. The maximum fuzzy cardinality of a minimal steiner 

certified dominating set is called upper fuzzy steiner certified dominating number denoted by Γ𝑠𝑐𝑒𝑟
𝑓

(𝐺). 

2. Steiner Certified Domination in fuzzy middle graphs 

2.1 Definition 

Let 𝐺(𝑉, 𝜎, 𝜇) be a fuzzy graph with node set V and arc set E. The fuzzy middle graph of G denoted by 𝑀𝑓(𝐺)(𝑉′, 𝜌, 𝜆) 

is defined as follows. It has node set 𝑉′ = 𝑉1⋃𝑉2 and arc set 𝐸′ = 𝐸1 ∪ 𝐸2 where 𝑉1 = 𝑉 and 𝑉2 = 𝐸 and 

𝐸1 = {𝑒1𝑒2/𝑒1&𝑒2 𝑎𝑟𝑒 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑎𝑟𝑐𝑠 𝑖𝑛 𝐺}  

𝐸2 = {𝑢𝑒/𝑢 ∈ 𝑉, 𝑒 ∈ 𝐸 𝑎𝑛𝑑 𝑒 𝑖𝑠 𝑖𝑛𝑐𝑖𝑑𝑒𝑛𝑡 𝑤𝑖𝑡ℎ 𝑢}. Also 𝜌 and 𝜆 are defined as 

𝜌(𝑧) = {
𝜎(𝑧)    𝑖𝑓 𝑧 ∈ 𝑉1

𝜇(𝑧)   𝑖𝑓 𝑧 ∈ 𝑉2
𝜆(𝑒) = {

𝜇(𝑥) ∧ 𝜇(𝑦)  𝑖𝑓 𝑒 = 𝑥𝑦 ∈ 𝐸1

𝜎(𝑢) ∧ 𝜇(𝑦)   𝑖𝑓 𝑒 = 𝑢𝑦 ∈ 𝐸2
 

2.2 Theorem 

For a fuzzy path graph 𝑃𝑛
𝑓
, the steiner certified domination number of the fuzzy middle graph is 𝛾𝑠𝑐𝑒𝑟

𝑓
(𝑀𝑓(𝑃𝑛

𝑓
)) = 𝑝 

where p is the order of 𝑀𝑓(𝑃𝑛
𝑓

). 
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Proof : 

A fuzzy path graph 𝑃𝑛
𝑓
 with ‘n’ nodes has n-1 arcs. Let 𝑢1, 𝑢2, … . 𝑢𝑛 be the nodes and  𝑒1, 𝑒2, … . 𝑒𝑛−1 be the arcs of 𝑃𝑛

𝑓
. 

Then the fuzzy middle graph 𝑀𝑓(𝑃𝑛
𝑓

) has 2n-1 nodes. Now the nodes 𝑢1, 𝑢2, … . 𝑢𝑛 are all extreme nodes in 𝑀𝑓(𝑃𝑛
𝑓

). 

Since any steiner set must contain all the extreme nodes, these nodes must be in any steiner set of 𝑀𝑓(𝑃𝑛
𝑓

). Also any 

spanning tree of 𝐶 = {𝑢1, 𝑢2, … . 𝑢𝑛} must contain the nodes 𝑒1, 𝑒2, … . 𝑒𝑛−1. Hence C is a steiner dominating set. But C 

is not certified because the each of the leaves has only one neighbour in 𝑉(𝑀𝑓(𝑃𝑛
𝑓

)) − 𝐶 and also all the supports must 

lie in any certified dominating set. If these two end nodes are included in C, then the resulting set is certified but not a 

steiner set.  Hence only 𝑉(𝑀𝑓(𝑃𝑛
𝑓

)) is the only steiner certified dominating set. Thus if p is the order of 𝑀𝑓(𝑃𝑛
𝑓

), then  

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑀𝑓(𝑃𝑛
𝑓

)) = 𝑝. 

2.3 Theorem 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑀𝑓(𝐶𝑛
𝑓

)) ≤
𝑝

2
if𝐶𝑛

𝑓
 is a cycle fuzzy graph with n nodes and p is the order of the fuzzy middle graph. 

Proof : 

The fuzzy middle graph 𝑀𝑓(𝐶𝑛
𝑓

) has 2n nodes. Let 𝑢1, 𝑢2, … . 𝑢𝑛 be the nodes and 𝑒1, 𝑒2, … . 𝑒𝑛 be the arcs of 𝐶𝑛
𝑓
. Any 

steiner certified dominating set contains the nodes 𝑢1, 𝑢2, … . 𝑢𝑛 because these nodes are extreme nodes. Now each node 

𝑒j, 1 ≤ 𝑗 ≤ 𝑛 lies in some spanning tree of the nodes 𝐶 = {𝑢1, 𝑢2, … . 𝑢𝑛}. Hence these set of nodes forms a steiner set. 

Each 𝑢𝑖 is adjacent to two of the nodes in 𝑒1, 𝑒2, … . 𝑒𝑛. Thus the set C is a steiner certified dominating set. Since each 

node in C is an extreme node C is the minimal such set with n nodes. If p is the order of 𝑀𝑓(𝐶𝑛
𝑓

) then C has order 

atmost
𝑝

2
. Hence the result. 

2.4 Theorem 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑀𝑓(𝐾𝑛
𝑓

)) = 𝑝′where𝑝′ is the order of the complete fuzzy graph with n nodes 𝐾𝑛
𝑓
 and 𝛾𝑠𝑐𝑒𝑟

𝑓
(𝑀𝑓(𝐾2

𝑓
)) ≤ 2. 

Proof : 

There are n nodes and 
𝑛(𝑛−1)

2
 arcs in 𝐾𝑛

𝑓
. The fuzzy middle graph 𝑀𝑓(𝐾𝑛

𝑓
) has 

𝑛(𝑛+1)

2
 nodes. Let 𝑢1, 𝑢2, … . 𝑢𝑛 be the 

nodes and 𝑒1, 𝑒2, … . 𝑒𝑘 where 𝑘 =
𝑛(𝑛−1)

2
 be the arcs of 𝐾𝑛

𝑓
. Now each 𝑢i is an extreme node in 𝑀𝑓(𝐾𝑛

𝑓
).  

Consider the set of nodes 𝐶 = {𝑢1, 𝑢2, … . 𝑢𝑛}. Since each 𝑢i is incident with n-1 arcs in 𝐾𝑛
𝑓
, in 𝑀𝑓(𝐾𝑛

𝑓
), 𝑢i is adjacent 

to n-1 nodes in the set of nodes 𝑒1, 𝑒2, … . 𝑒𝑘. Also C is a steiner dominating set. Hence C is a steiner certified 

dominating set. Since all the nodes in C are extreme nodes, removal of any node results in a set of nodes which does not 

form a steiner set and hence C is the minimum such set with n nodes which are the nodes of 𝐾𝑛
𝑓
. Therefore if 𝑝′ is the 

order of 𝐾𝑛
𝑓
, then 𝛾𝑠𝑐𝑒𝑟

𝑓
(𝑀𝑓(𝐾𝑛

𝑓
)) = 𝑝′. 

For n=2, 𝑢1 and 𝑢2 are adjacent to exactly one node each. Therefore there is only one steiner certified dominating set 

which is 𝑉(𝑀𝑓(𝐾2
𝑓

)). Thus 𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑀𝑓(𝐾2
𝑓

)) ≤ 2. 

2.5 Theorem 

If  𝐾𝑚,𝑛
𝑓

 is the complete bipartite fuzzy graph, then 𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑀𝑓(𝐾𝑚,𝑛
𝑓

)) = 𝑝′ where 𝑝′ is the order of 𝐾𝑚,𝑛
𝑓

. 

Proof : 

Let 𝑢1, 𝑢2, … . 𝑢𝑚 , 𝑣1, 𝑣2, … . 𝑣𝑛 are the nodes and 𝑒1, 𝑒2, … . 𝑒𝑚𝑛 are the arcs of 𝐾𝑚,𝑛
𝑓

. Any complete bipartite fuzzy 

graph has with m+n nodes has mn arcs. For 𝑚 ≥ 2, 𝑛 ≥ 2 each 𝑢i is adjacent to n nodes in the set 𝑒1, 𝑒2, … . 𝑒𝑚𝑛 and 

each 𝑣𝑗 is adjacent to m nodes in the above set. 
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As in the proof of previous theorems, all the nodes of 𝐾𝑚,𝑛
𝑓

 are extreme nodes in 𝑀𝑓(𝐾𝑚,𝑛
𝑓

) and by similar argument 

these nodes forms the minimum steiner certified dominating set. Hence the theorem. 

3. Steiner Certified Domination in fuzzy splitting graphs 

3.1 Definition 

If 𝐺(𝑉, 𝜎, 𝜇) is a connected fuzzy graph with node set V and arc set E, then the fuzzy splitting graph of G is denoted by 

𝑆𝑓(𝐺) is attained by introducing for each node ‘u’ ,a node 𝑢′ such that 𝑁𝑓(𝑢) = 𝑁𝑓(𝑢′) where 𝑁𝑓(𝑢) is the fuzzy 

neighbourhood of u. Also 𝜎(𝑢′) = 𝜎(𝑢)and 𝜇(𝑢′𝑣) = 𝜎(𝑢′) ∧ 𝜎(𝑣)∀𝑣 ∈ 𝑁𝑓(𝑢). 

3.2 Theorem 

If 𝑃𝑛
𝑓
 is the fuzzy path with n nodes, the steiner certified domination number of the fuzzy splitting graph is 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝑃𝑛
𝑓

)) = 𝑝 where p is the order of 𝑆𝑓(𝑃𝑛
𝑓

), 𝑛 = 2 𝑜𝑟 𝑛 > 3 . For n=3, 𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝑃3
𝑓

)) ≤ 4. 

Proof : 

Let 𝑢1, 𝑢2, … . 𝑢𝑛 be the nodes of the fuzzy path and 𝑢1′, 𝑢2′, … . 𝑢𝑛′ be the corresponding new nodes of the splitting 

graph of  𝑃𝑛
𝑓
. For n=2, there are four nodes of which two are leaves and other two are their supports. Hence any steiner 

certified dominating set must contain all the nodes. For n=3, the set of nodes 𝐶 = {𝑢1
′ , 𝑢2

′ , 𝑢3
′ , 𝑢2} is a steiner certified 

dominating set and this set is the minimum. Hence 𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝑃3
𝑓

)) ≤ 4. 

For 𝑛 > 3, Anysteiner set must contain the nodes 𝑢1′, 𝑢2′, … . 𝑢𝑛′. But the end nodes 𝑢1′ and 𝑢n′ has only one neighbour 

among the remaining nodes and hence this set is not certified. Now if these two nodes are included then the resulting set 

does not form a steiner set. Also if any one of the remaining nodes is included in this set, then the set is not certified. 

Hence there is no non-trivial steiner certified dominating set. Therefore the only steiner certified dominating set is 

𝑉(𝑆𝑓(𝑃𝑛
𝑓

)). Hence the theorem. 

3.3 Theorem 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝐶𝑛
𝑓

)) ≤
𝑝

2
where𝑆𝑓(𝐶𝑛

𝑓
) is the fuzzy splitting graph of the cycle fuzzy graph 𝐶𝑛

𝑓
  and p is the order of the fuzzy 

splitting graph with 𝑛 ≥ 3. 

Proof : 

Let 𝑢1, 𝑢2, … . 𝑢𝑛 and 𝑢1′, 𝑢2′, … . 𝑢𝑛′ be the nodes of 𝑆𝑓(𝐶𝑛
𝑓

) such that 𝑢1, 𝑢2, … . 𝑢𝑛 are the nodes of 𝐶𝑛
𝑓
 and 

𝑢1′, 𝑢2′, … . 𝑢𝑛′ are the new nodes respectively. Let  𝐶 = 𝑢1′, 𝑢2′, … . 𝑢𝑛′. This set is certified because each node 𝑢𝑖′ is 

adjacent to two of the nodes in 𝑉(𝑆𝑓(𝐶𝑛
𝑓

)) − 𝐶. Any spanning tree of C must contain some nodes from the set 

{𝑢1, 𝑢2, … . 𝑢𝑛} and any node 𝑢i must be in some spanning tree of C. Hence C is a steiner certified dominating set with 

nodes. 

Claim 1: C is minimal 

Consider 𝐶 − {𝑢𝑖
′}where 1 ≤ 𝑖 ≤ 𝑛. Since no two nodes in C are adjacent and each 𝑢𝑖

′ can be reached from any node 𝑢𝑗 

by one or two arcs, each spanning tree of 𝐶 − {𝑢𝑖
′} does not traverse through 𝑢𝑖

′. Hence 𝐶 − {𝑢𝑖
′} is not a steiner set. 

Hence claim 1. 

Claim 2 : C is minimum 

Suppose there exists a set of nodes S such that S has less number of nodes than C. Since C is minimal, it is clear that 

𝑆 ⊈ 𝐶. If 𝑆 ⊆ {𝑢1, 𝑢2, … . 𝑢𝑛} then any spanning tree of S does not traverse through the nodes of C which gives a 

contradiction to S is a steiner set. Therefore S must contain atleast one node from C and atleast one node from the set 

{𝑢1, 𝑢2, … . 𝑢𝑛}. Since S has less number of nodes than C, there exist a node 𝑢𝑖′ for some i where 1 ≤ 𝑖 ≤ 𝑛 such that 

𝑢𝑖′ ∉ 𝑆. It can be observed that for any two nodes say𝑢𝑖′ and 𝑢𝑗′ there are either two three arcs in the shortest path 
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connecting 𝑢𝑖′and 𝑢𝑗′. But there are either one or two arcs in the shortest path connecting any node 𝑢𝑖′ and any node 𝑢𝑗. 

Thus 𝑢𝑖′ will not be in any spanning tree of S. This shows that S cannot be a steiner set which is a contradiction. Hence 

any steiner set must include all the nodes in C. Hence claim 2. 

Therefore C is the minimum steiner certified set with n nodes. Since 𝑆𝑓(𝐶𝑛
𝑓

) has 2n nodes, if p is the order of 

𝑆𝑓(𝐶𝑛
𝑓

)then 𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝐶𝑛
𝑓

)) ≤
𝑝

2
. 

3.4 Theorem 

If G is either a complete fuzzy graph or a complete bipartite fuzzy graph then the steiner certified domination number of 

splitting graph of G is 𝛾𝑠𝑐𝑒𝑟
𝑓 (𝑆𝑓(𝐺)) ≤

𝑝

2
  where p is the order of the splitting graph. 

Proof : 

Assume that G is a complete fuzzy graph with n nodes. Let 𝑢1, 𝑢2, … . 𝑢𝑛 and 𝑢1′, 𝑢2′, … . 𝑢𝑛′ be the nodes of 𝑆𝑓(𝐺). 

Here the nodes 𝐶 = 𝑢1′, 𝑢2′, … . 𝑢𝑛′ are extreme nodes and so any steiner certified dominating set must contain these 

nodes. Also since any node 𝑢i is in some spanning tree of C, C is a steiner dominating set. Any node 𝑢𝑗′ is adjacent to 

atleast two nodes in the set {𝑢1, 𝑢2, … . 𝑢𝑛}. Thus C is a steiner certified dominating set. Since each node in C is extreme, 

C is the minimum such set with n nodes. Hence the result holds for G. 

Now let us assume that G is a complete bipartite fuzzy graph. There are no extreme nodes in the splitting graph of G. 

Suppose 𝑢1, 𝑢2, … . 𝑢𝑚, 𝑣1, 𝑣2, … . 𝑣𝑛 and 𝑢1
′ , 𝑢2

′ , … . 𝑢𝑚
′ , 𝑣1′, 𝑣2′, … . 𝑣𝑛′ are the nodes of 𝑆𝑓(𝐺).  

Let 𝐶 = {𝑢1
′ , 𝑢2

′ , … . 𝑢𝑚
′ , 𝑣1

′ , 𝑣2
′ , … . 𝑣𝑛

′ }. As in the proof of theorem 3.3, the nodes of C must be in any steiner set and C is 

the minimum steiner certified dominating set with n nodes. Hence the theorem holds for G. 

3.5 Theorem 

𝛾𝑠𝑐𝑒𝑟
𝑓

(𝑆𝑓(𝐹𝑛
𝑓

)) ≤
𝑝

2
 where p is the order of 𝑆𝑓(𝐹𝑛

𝑓
), 𝐹𝑛

𝑓
 is the friendship fuzzy graph. 

Proof : 

It is known that the friendship fuzzy graph is created by connecting ‘n’ duplicates of cycle fuzzy graph with 3 nodes 

with single node. 𝐹𝑛
𝑓
has 2n+1 nodes and the fuzzy splitting graph of 𝐹𝑛

𝑓
 has 4n+2 nodes. Let u be the common node of 

𝐹𝑛
𝑓
. Assume that 𝑣1, 𝑣2, … . 𝑣2𝑛 are the other nodes of 𝐹𝑛

𝑓
and 𝑢′, 𝑣1′, 𝑣2′, … . 𝑣2𝑛′ are the new nodes. Since 

𝑣1′, 𝑣2′, … . 𝑣2𝑛′ are extreme nodes any steiner set contains all these nodes. Now consider the set 𝐶 = {𝑣1
′ , 𝑣2

′ , … . 𝑣2𝑛
′ , 𝑢′}. 

C is certified because every 𝑣𝑖
′ is adjacent to two nodes in 𝑉(𝑆𝑓(𝐹𝑛

𝑓
)) − 𝐶 and 𝑢′ is adjacent to atleast two of the nodes 

𝑣1, 𝑣2, … . 𝑣2𝑛. Any spanning tree of C traverse through u and since 𝑢′ is not adjacent to any of the nodes in C it traverse 

through atleast one node from 𝑣1, 𝑣2, … . 𝑣2𝑛 . So C is a steiner set. Hence C is a steiner certified dominating. Since all 

the nodes in C are extreme, C is the minimum  set. Hence the result. 

3.6 Theorem 

If 𝑊𝑛
𝑓
 is the wheel fuzzy graph, 𝛾𝑠𝑐𝑒𝑟

𝑓
(𝑆𝑓(𝑊𝑛

𝑓
)) ≤

𝑝

2
 where p is the order of 𝑆𝑓(𝑊𝑛

𝑓
). 

Proof : 

In a wheel fuzzy graph 𝑊𝑛
𝑓
, there are n+1 nodes and in its splitting fuzzy graph there are 2n+2 nodes. Assume that u is 

the apex node 𝑣1, 𝑣2, … . 𝑣𝑛 of 𝑊𝑛
𝑓
 are the rim nodes of 𝐹𝑛

𝑓
and 𝑢′, 𝑣1′, 𝑣2′, … . 𝑣𝑛′ are the corresponding new nodes. Here 

𝑢′, 𝑣1′, 𝑣2′, … . 𝑣𝑛′ are not extreme nodes. By similar argument as in proof of theorem 3.3, all these nodes are essential 

for any steiner set. Also as in the proof of previous theorem, the set 𝐶 = {𝑢′, 𝑣1
′ , 𝑣2

′ , … . 𝑣𝑛
′ } is a steiner certified 

dominating set. Since 𝑢′ is adjacent to only the nodes 𝑣1, 𝑣2, … . 𝑣𝑛 any spanning tree of 𝐶 − {𝑢′} does not contain 𝑢′.  
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𝐶 − {𝑣i
′}is not a steiner set for any i, because any spanning tree of 𝐶 − {𝑣i

′} does not contain 𝑣i
′. Therefore C is the 

minimum steiner certified dominating set with n+1 nodes. Hence the theorem. 

4. Conclusion 

This article acquires the bounds on fuzzy steiner certified domination numbers of fuzzy middle graphs of path, cycle, 

complete, complete bipartite fuzzy graphs and fuzzy splitting graphs of path, cycle, complete, complete bipartite, wheel 

graph and friendship graphs. 
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