JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3333-3337
https://publishoa.com

ISSN: 1309-3452

Steiner certified domination in fuzzy middle and splitting graphs

Priscilla Pacifica. G?, JenitAjitha. J?

Assistant Professor, Department of Mathematics, St.Marys’ College (Autonomous),

Thoothukudi, Tamilnadu, India

2Research Scholar (Reg no 19222212092011), Department of Mathematics, St. Marys’ College (Autonomous),
Thoothukudi, (Affiliated to Manonmaniam Sundaranar University, Tirunelveli), Tamilnadu, India

Received 2022 March 25; Revised 2022 April 28; Accepted 2022 May 15.

Abstract

In this article some new results on fuzzy steiner certified domination are established. Bounds on fuzzy steiner certified
domination number of fuzzy middle graphs and fuzzy splitting graphs of some standard fuzzy graphs are acquired.
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1. Introduction

In crisp graphs, the study of certified domination has been instigated by M.Dettlaff et.al in 2018 [3]. The concept of
steiner domination in crisp graphs was studied from [2],[4],[5] and [7]. Domination in fuzzy graphs has been studied
from [1] and the notion of fuzzy graph theory has been studied from [6].Fuzzy steiner domination number of a fuzzy
graph G is the fuzzy cardinality of a minimum steiner certified dominating set of G. For a connected fuzzy graphG(V,
o, K, a subset of nodes C of V(QG) is said to be steiner certified dominating set if it it is both steiner set as well as
certified dominating set. The fuzzy Steiner interval, FI(S) of a non empty subset of nodes S is defined as the set of all
nodes which lie in some steiner tree of S. If FI(S)=V(G) then S is called a fuzzy Steiner set of G.A set of nodes C is
said to be certified if each node in the set has either zero or two neighbours in V(G) — C. A non-empty subset S of V is
called a fuzzy Steiner dominating set if S is a fuzzy dominating set and a fuzzy Steiner set of G. The minimum fuzzy
cardinality of a minimal steiner certified dominating set is called fuzzy steiner certified dominating number denoted by
ysfm(G) and the corresponding set of nodes is called ys’;er-set. The maximum fuzzy cardinality of a minimal steiner

certified dominating set is called upper fuzzy steiner certified dominating number denoted by stcer(G).

2. Steiner Certified Domination in fuzzy middle graphs
2.1 Definition

Let G(V, o, 1) be a fuzzy graph with node set V and arc set E. The fuzzy middle graph of G denoted by M” (G)(V', p, 1)
is defined as follows. It has node set V' = V, UV, and arc set E' = E; U E, where V;, =V and V, = E and

E, = {e,e,/e,&e, are adjacent arcs in G}
E, ={ue/u €V,e € E and e is incident with u}. Also p and A are defined as

_(o(z) ifzeV () Apy) ife=xy €E;
PO =10 i1 e v MO =1 Any) if o =y € B

2.2 Theorem

For a fuzzy path graph P,{, the steiner certified domination number of the fuzzy middle graph is ys’;er(Mf(P,{)) =p
where p is the order of M/ (P/).
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Proof :

A fuzzy path graph Pnf with ‘n’ nodes has n-1 arcs. Let uy, u,, .... u,, be the nodes and ey, e,, ....e,_, be the arcs of P,f.
Then the fuzzy middle graph Mf(Pnf) has 2n-1 nodes. Now the nodes u,, u,, ....u,, are all extreme nodes in Mf(Pnf).
Since any steiner set must contain all the extreme nodes, these nodes must be in any steiner set of M/ (Pnf ). Also any
spanning tree of C = {uy, u,, ....u,} must contain the nodes e, e,, ....e,_,. Hence C is a steiner dominating set. But C
is not certified because the each of the leaves has only one neighbour in V(Mf(Pnf)) — C and also all the supports must
lie in any certified dominating set. If these two end nodes are included in C, then the resulting set is certified but not a
steiner set. Hence only V(Mf(Pnf)) is the only steiner certified dominating set. Thus if p is the order of Mf(Pnf), then

Vicer(M/ (B])) = p.

2.3 Theorem

Veeer (M7 (C)) < BifC] is a cycle fuzzy graph with n nodes and p is the order of the fuzzy middle graph.
Proof :

The fuzzy middle graph Mf(C,{) has 2n nodes. Let uy, u,, .... u, be the nodes and ey, e,, .... e, be the arcs of CT{. Any
steiner certified dominating set contains the nodes u4, u,, .... u, because these nodes are extreme nodes. Now each node
ej, 1 < j < n lies in some spanning tree of the nodes C = {u, u,, .... u,}. Hence these set of nodes forms a steiner set.
Each u; is adjacent to two of the nodes in ey, e,, ... e,. Thus the set C is a steiner certified dominating set. Since each
node in C is an extreme node C is the minimal such set with n nodes. If p is the order of Mf(C,’:) then C has order
atmostg. Hence the result.

2.4 Theorem
Vder (M7 (K])) = p'wherep' is the order of the complete fuzzy graph with n nodes K.} and v/, (M’ (K])) < 2.
Proof :

n(n-1)

There are n nodes and —,—arcs in K,{. The fuzzy middle graph Mf(K,{) has

nn+1)

- nodes. Let u,,u,, ....u, be the

nodes and e, e, ... e, Where k = @ be the arcs of K,{. Now each u; is an extreme node in Mf(K,{).

Consider the set of nodes C = {u,, u,, ....u,}. Since each v, is incident with n-1 arcs in K,{, in Mf(K,{), u; is adjacent
to n-1 nodes in the set of nodes ey, e,,....e,. Also C is a steiner dominating set. Hence C is a steiner certified
dominating set. Since all the nodes in C are extreme nodes, removal of any node results in a set of nodes which does not

form a steiner set and hence C is the minimum such set with n nodes which are the nodes of K. . Therefore if p’ is the
order of K/, then v/, (M (K])) = p".

For n=2, u; and u, are adjacent to exactly one node each. Therefore there is only one steiner certified dominating set
which is V(M/ (K)])). Thus yL..(M (K])) < 2.

2.5 Theorem
If K,{m is the complete bipartite fuzzy graph, then ySCeT(Mf(K,{l_n)) = p’ where p' is the order of K,’:l,n.
Proof :

Let uy, Uy, oo - Uy 4 Vy, Uy, ... U, are the nodes and ey, e, .... ey, are the arcs of K,’;_n. Any complete bipartite fuzzy
graph has with m+n nodes has mn arcs. For m > 2,n > 2 each u; is adjacent to n nodes in the set e, e,, .... e, and
each v; is adjacent to m nodes in the above set.
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As in the proof of previous theorems, all the nodes of K,{lyn are extreme nodes in M/ (K,’,:_n) and by similar argument
these nodes forms the minimum steiner certified dominating set. Hence the theorem.

3. Steiner Certified Domination in fuzzy splitting graphs
3.1 Definition

If G(V,a,u) is a connected fuzzy graph with node set V and arc set E, then the fuzzy splitting graph of G is denoted by
S/(G) is attained by introducing for each node “u’ ,a node u’ such that N/ (u) = N/ (u’) where N/ (u) is the fuzzy
neighbourhood of u. Also o(u') = o(w)and u(u'v) = a(u') A c(V)Vv € N/ (u).

3.2 Theorem

If Pnf is the fuzzy path with n nodes, the steiner certified domination number of the fuzzy splitting graph is
Veer (ST(P])) = p where p is the order of S/(P/), n = 2 or n > 3. For n=3, yL,.(S" (P])) < 4.

Proof :

Let u,, u,, ... u, be the nodes of the fuzzy path and wu,’,u,’, ....u," be the corresponding new nodes of the splitting

graph of Pnf . For n=2, there are four nodes of which two are leaves and other two are their supports. Hence any steiner
certified dominating set must contain all the nodes. For n=3, the set of nodes C = {uj, uj, us, u,} is a steiner certified

dominating set and this set is the minimum. Hence ysfcer(sf(P{)) <4

For n > 3, Anysteiner set must contain the nodes u,’,u,’, .... u,,". But the end nodes u," and u," has only one neighbour
among the remaining nodes and hence this set is not certified. Now if these two nodes are included then the resulting set
does not form a steiner set. Also if any one of the remaining nodes is included in this set, then the set is not certified.
Hence there is no non-trivial steiner certified dominating set. Therefore the only steiner certified dominating set is

V(ST (P)). Hence the theorem.

3.3 Theorem

Veer (ST(CD)) < “wheres/ (€l is the fuzzy splitting graph of the cycle fuzzy graph ¢/ and p is the order of the fuzzy
splitting graph with n > 3.

Proof :

Let uy, Uy, ....u, and u;’,u,’,....u," be the nodes of S/(C]) such that u,,u,,...u, are the nodes of C; and
Uy, u,’, ... u," are the new nodes respectively. Let C = u;’,u,’, ....u,". This set is certified because each node u;’ is
adjacent to two of the nodes in V(S/ (C,’:)) — C. Any spanning tree of C must contain some nodes from the set
{uy,uy, ....u,} and any node w; must be in some spanning tree of C. Hence C is a steiner certified dominating set with
nodes.

Claim 1: C is minimal

Consider C — {u;}where 1 < i < n. Since no two nodes in C are adjacent and each u; can be reached from any node u;
by one or two arcs, each spanning tree of C — {u;} does not traverse through u;. Hence C — {u;} is not a steiner set.
Hence claim 1.

Claim 2 : C is minimum

Suppose there exists a set of nodes S such that S has less number of nodes than C. Since C is minimal, it is clear that
SZC.If Sc{u,u,,...u,} then any spanning tree of S does not traverse through the nodes of C which gives a
contradiction to S is a steiner set. Therefore S must contain atleast one node from C and atleast one node from the set
{uq, Uy, ... u,}. Since S has less number of nodes than C, there exist a node u;" for some i where 1 < i < n such that
u;' ¢ S. It can be observed that for any two nodes sayu;" and w;" there are either two three arcs in the shortest path
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connecting u;'and w;’. But there are either one or two arcs in the shortest path connecting any node u;" and any node wu;.
Thus ;" will not be in any spanning tree of S. This shows that S cannot be a steiner set which is a contradiction. Hence
any steiner set must include all the nodes in C. Hence claim 2.

Therefore C is the minimum steiner certified set with n nodes. Since Sf(C,{) has 2n nodes, if p is the order of
sf(clythen vl (s7(cH) <&

3.4 Theorem

If G is either a complete fuzzy graph or a complete bipartite fuzzy graph then the steiner certified domination number of
splitting graph of G is ys’;er $7(6)) < g where p is the order of the splitting graph.

Proof :

Assume that G is a complete fuzzy graph with n nodes. Let uy, uy, ....u, and u,’,u,’, ....u," be the nodes of S/ (G).
Here the nodes C = u,’,u,’, ....u,," are extreme nodes and so any steiner certified dominating set must contain these
nodes. Also since any node v; is in some spanning tree of C, C is a steiner dominating set. Any node w;’ is adjacent to

atleast two nodes in the set {u,, u,, ....u, }. Thus C is a steiner certified dominating set. Since each node in C is extreme,
C is the minimum such set with n nodes. Hence the result holds for G.

Now let us assume that G is a complete bipartite fuzzy graph. There are no extreme nodes in the splitting graph of G.
SUPPOSE Uy, Uy, ... . Upy, Vg, Vg, oo Uy ANA UL, U, oo Uby, V1, V5, ... 1, are the nodes of S7(G).

Let C = {u3, uy, ... Uy, V1, V3, .... Up }. AS in the proof of theorem 3.3, the nodes of C must be in any steiner set and C is
the minimum steiner certified dominating set with n nodes. Hence the theorem holds for G.

35 Theorem
Vecer (ST (E])) < % where p is the order of S/ (£]), F] is the friendship fuzzy graph.

Proof :

It is known that the friendship fuzzy graph is created by connecting ‘n’ duplicates of cycle fuzzy graph with 3 nodes
with single node. anhas 2n+1 nodes and the fuzzy splitting graph of an has 4n+2 nodes. Let u be the common node of
F/. Assume that v,,v,,...v,, are the other nodes of F/and u/,v,,v,’,...v,," are the new nodes. Since
v, v, , ... vy, are extreme nodes any steiner set contains all these nodes. Now consider the set € = {vq, v3, ... v3,, u'}.

C is certified because every v] is adjacent to two nodes in V (S' (an )) — C and v’ is adjacent to atleast two of the nodes
V4, V3, ... Uay. ANy spanning tree of C traverse through u and since u' is not adjacent to any of the nodes in C it traverse
through atleast one node from v,, v,, ....v,, . S0 C is a steiner set. Hence C is a steiner certified dominating. Since all
the nodes in C are extreme, C is the minimum set. Hence the result.

3.6 Theorem
It w;/ is the wheel fuzzy graph, yoce, (S/ (W) < £ where p is the order of S*(W,)).
Proof :

In a wheel fuzzy graph W;lf, there are n+1 nodes and in its splitting fuzzy graph there are 2n+2 nodes. Assume that u is
the apex node v,, v, .... v, of W/ are the rim nodes of F/and ', v,’, v, ....v;," are the corresponding new nodes. Here
u', v, v, ..., are not extreme nodes. By similar argument as in proof of theorem 3.3, all these nodes are essential
for any steiner set. Also as in the proof of previous theorem, the set C = {u', v, vy, ....v;} is a steiner certified
dominating set. Since u' is adjacent to only the nodes vy, v,, .... v, any spanning tree of C — {u'} does not contain u'.
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C — {v{}is not a steiner set for any i, because any spanning tree of C — {v;} does not contain v;. Therefore C is the
minimum steiner certified dominating set with n+1 nodes. Hence the theorem.

4,

Conclusion

This article acquires the bounds on fuzzy steiner certified domination numbers of fuzzy middle graphs of path, cycle,
complete, complete bipartite fuzzy graphs and fuzzy splitting graphs of path, cycle, complete, complete bipartite, wheel
graph and friendship graphs.
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