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Abstract: A dominating set D < P(G) in a fuzzy graph G(z,v) is said to be a g-eccentric dominating set if for each
vertex b in P — D, 3 at least one g-eccentric vertex a of b in D. A g-eccentric dominating set D of G is said to be
connected g-eccentric dominating set if the induced sub graph < D > is connected. This study proposes the
connected g-eccentric point set and connected g-eccentric dominating set. Some standard fuzzy graphs have a
connected g-eccentric domination number associated with them, which must be established. The connected g-
eccentric domination number and its bounds are studied.
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| Introduction

The concept of fuzzy graphs proposed by Rosenfeld [6], in 1975. The g-node and related concepts were first
described by Linda and Sunitha in 2010 [4]. The eccentric domination in graph was first introduced in 2010 by
Janakiraman et al., [3]. The connected eccentric domination in graphs were the first to introduced by Jahir Hussain
and Fathima Begam [2] in 2015. g-Eccentric domination in fuzzy graphs (Simply,FG) was pioneered by Mohamed
Ismayil and Muthupandiyan [5] in 2020.

This article presents the connected g-eccentric dominating set and its number in FG. Bounds on the connected g-
eccentric domination number for several standard FG were also obtained, as well as some theorems on connected g-
eccentric domination in FG that were stated and proved.

Harary [1] and A. Rosenfeld[6], S. Somasundaram and A. Somasundaram [7] are referred to by the names graph and
FG theoretic terminology

Definition 1.1[5,7]: AFG G = (t,v) defined on G(P, Q) is characterizd with two functions T on P and v on Q <
P x P,where t: P - [0,1] and v: Q — [0,1] such that v(a,b) < t(a) A t(b),Va,b € P. We indicate the

crisp grpah G* = (7%, v*) of the fuzzy graph G(r,v) where 7+*= {a € P: t(a) > 0} and v* = {(a,b) € Q:
v(a,b) > 0}. The order and size of a FG G(t,v) are defined byp = Y.,cp T(a) and q = ¥4 p)eq v(a, b) respectively.

Definition 1.2 [4, 5]: An edge v(a,b)is said to strong (or strong arc) if v(a,b)= voo(a,b) =
CONNg_(gp)(a,b),a # b. A path P in a FG of length n is a sequence of distinct nodes ay, ay,...,a, such that
v(a;_1,a;) > 0,i = 1,2,..,n and the strength of the path P is s(P) = min{v(a;_,a;),i = 1,2,,...n}. Apathis
strong path if v(a;_,, a;), Vi is strong arc.
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Definition 1.3 [5]:Let G(t,v) be a FG. If (a, b) is strong then b is called strong neighbors of a. The set of all strong
neighbors of a is called the strong neighborhood of a and represented byN,(a). The closed strong neighborhood
Ng[a] = Ng(a) U {a}. The strong degree of a vertex a € t* is defined as the sum of membership values of all
strong arcs incident at a and it is denoted and defined by dg(a) = Ypen o) v(a, b) where Ng(a) denotes the set of
all strong neighbors of a. The lowest strong degree of a fuzzy graph G(z,v) is 8,(G) =A{ds(b): b € t*}and
highest strong degree of G is A;(G) = V{d;(b) : b € "}

Definition 1.4 [3]: If v(a, b) is strong arc then the geodesic distance(g-distance) of a and b is 1. The g-distance from
a to b is defined by dy(a,b) = min{Pi|Piare different strong paths fromatob}. The geodesic
eccentricity(g-eccentricity) e;(a) of a node a € P in a connected FG G = (t,v) is characterized by e;(a) =
max{dy(a,b),b € P}.1,(G) = min{es(a),a € P}isg-radius and d,(G) = max{eys(a),a € P} is g-diameter .
A vertex b is said to be a g-central vertex if e, (b) = 7,(G). A vertex b is said to be a g-pheriperal vertex if e, (b) =
dg(G).

Definition 1.5[4]: Leta,b € V(G) be any two nodes in a FG G(z,v), a vertex a at a g-distance e, (b) from b is a g-
eccentric point of b. The g-eccentric set of a vertex b is defined and intended through E,(b) = {a/d4(a,b) =

eq(b)}.

Definition 1.6 [5]: A dominating set D € P(G) ina FG G = (z,v) is said to be a g-eccentric dominating set, for
each vertex b € D, 3 at least a g-eccentric vertex a € D of b. The lowest scalar cardinality taken on all g-eccentric
dominating set is called g-eccentric domination number and is denoted by y,.q(G).

Definition 1.7[5]: The set S € P ina FG G(z,v) is said to be a g-eccentric point set if for every a € P — S, there
exists at least one g-eccentric point b of a in S.

Unless otherwise mentioned, only connected FG’s are addressed in this study.
Il Connected g-Eccentric point set in Fuzzy Graphs

This section introduces the connected g-eccentric point set and its number of FG. Some observations and example
given at the end.

Definition 2.1 A set S € P(G) of a FG G(t,v) is said to be connected g-eccentric point set(CgEP-set) if S is g-
eccentric point set of a FG G(z,v) and also the induced subgraph < S > is connected. The connected g-eccentric
point set is a minimal connected g-eccentric point set if no proper subset S° of S is a connected g-eccentric point set.
A lowest connected g-eccentric point set is a minimal connected g-eccentric point set with a lowest cardinality. The
connected g-eccentric number(upper connected g-eccentric point number) is the cardinality of the smallest(highest)
connected g-eccentric point set and is represented by e. g, (G)(Egce (G)).

Example 2.1

b,(04) 03 b5(0.5)

b, (0.2)

Figure 1
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In the FG G(7,v) given in example 2.1, the set S; = {b, b,} is a g-eccentric point set, but not a connected g-
eccentric point se. Also, the set S, = {b,, by, bs} is a connected g-eccentric point set. Therefore the connected g-
eccentric point number of G(z,v) is ec4.(G) = 1.1.

Observation 2.1
(i) ege(G) < ecge(6)
(ii)  Only the connected FG have connected g-eccentric point set.
(iii) For a complete FG K;, ez (K;) = 7o, Where 7, = min{z(a),a € P(G)}.
111 Connected g-Eccentric Domination number of some standard Fuzzy Graphs

The connected g-eccentric dominating set and its number of FG are introduced in this section. For some standard
FG’s, some theorems on CgED numbers are stated and proven.

Definition 3.1 A set D € P(G) of a FG G(z,v) is a connected g-eccentric dominating set(CgED-set) if D is a g-
eccentric dominating set of G(z,v) and also the induced subgraph < D > is connected. The connected g-eccentric
dominating set is a minimal connected g-eccentric dominating set if no proper subset D° of D is a connected g-
eccentric dominating set. The minimal connected g-eccentric dominating set with lowest cardinality is known as a
minimum connected g-eccentric dominating set(y.q.q-Set). The lowest scalar cardinality taken on all g-eccentric
dominating sets is called the g-eccentric domination number and is denoted by y4.4 (G). The cardinality of highest

connected g-eccentric dominating set is known as the upper connected g-eccentric domination number and is denoted
by Itge (G).

Example 3.1 In the example 2.1 of FG G(t,v), D, = {b,,b,} is a g-ED- set, but not a CgED-set, the set D, =
{b,, b3} is connected dominating set but not g-eccentric point set. Therefore, the set D; = {by, by, b3} is @ ¥ geq- S€L.
Therefore the connected g-eccentric domination number is y.4.(G) = 1.1. And the set D, = {by, bs,bs} is a
maximum CgED- set. Hence, the upper connected geccentric domination number It;.(G) = 1.6.

Observations 3.1
(i) Itis easy to observe that only connected FG have CgED- set.

(ii) Every CgED-set is a g-ED set and every g-ED set is the dominating set. Therefore we have y(G) <
yged(G) < ycge(G)-

(iii) Every CgED-set is the CD-set and every CD-set is the D-set. Therefore, we have y(G) < ¥:(G) < Vg (G).

Observation 3.2 Let G(t,v) be a connected FG and H(z',v") be any connected spanning FSG of G. Then every
CgED-set of H is also a CgED-set of G and hence y.4.(G) < Vcge(H).

Theorem 3.1 Let K; be complete FG, then y,4.(K;) = 7o, Where 7, = min{z(a),a € P(G)}.

Proof: LetK; be complete FG. When ¢ = K, 7,(G) = p — d4 = 7,. Since, each vertex a € P(G) is adjacent to
remaining vertices of P(G) and also each vertex a € P(G) is a g-eccentric vertex of remaining vertices of P(G).
Hence, take a vertex a € P(G) with lowest cardinality dominates remaining vertices of P(G) and it is also g-
eccentric vertices and also it is evident that every trivial FG is connected. So D = {a} is a y.g4.-set of G. Therefore

G = K, Vege(Ky) = t9,where 1y = min{tr(a),a € P(G)}.

Theorem 3.2 Let K¢, 1), |71 = 1,|t3| = 2 be astar FG , then y.g. (K¢, 1,) < 2.
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Proof: Let KKy, 1,y Itil = 1,|t3] = 2 be a star FG. Then g-radius r, = 1 and g-diameter d;, = 2. Let D =
{a, b}, where b is a g-central vertex. The g-central vertex b dominates all other vertices in P — D and a is a g-
eccentric vertex of all the vertices in P — D. The induced subgraph D is connected. Therefore, y.g. (K7, 7,)) < 2.

Theorem 3.3 let K., ., be a complete bipartite FG, then

Liflril= Izl=1
<
YCQE( K(Tl'fz)) - { 2,if otherwise

Proof:let K., .,)be a complete bipartite FG.

Case(i): If |71 |7 75 |=1, obviously y(z,,7,) < 1.

Case(ii): If |TT = L1735 2 o Itj] = 2,|t3| = 1, then g-radius7, = 1, g-diameter d, = 2 and for |tj| =
2,|t;] = 2 we have g-radius 7, = g-diameter d,, 2. Take G(t,v) = K(t4,7,) where P(G) =P, UP,, |P,| =
|77l 1P| = |z5] and such that each element of P, is adjacent to every vertex of P, and vice versa. Let D =
{a,b},a € P, and b € P,,a dominates all the vertices of P, and it is an g-eccentric vertex of all vertices of P;
{a}. Similarly b dominates all the vertices of P; and it is an g-eccentric vertex of all vertices of P, — {b}. The
Lifltil= Ilrzl=1

2,if otherwise

induced subgraph < D > is connected. Therefore, ¥,ze( Kz, 2,)) < {

Corollary 3.1 letK, ,,(G), |t;| = 1 = |t3|issameas P, | t* | = 2 then ¥4 (K, 2,) = To.
Theorem 3.4 Let C; be a Cycle FG then y.4.(C;) < p — 2.

[7”|

Proof: Let G(t,v) = (,, g-radiusry < -

. *1-1 .
|t*|isevenand 1, < “12# |T*] is odd.

In C;,75(G) = dg4(G). Consider the cycle C; : b, by, bs,...bn, b1y = by. Since in C; every vertex is 2-regular,
each vertex of V(C,) dominates exactly 2 vertices. The vertex b; dominates b, and b,, Now include the vertex b, in
the set D. In order to form a CD-set D, we have to include next consecutive vertex either b, or b,, in D, otherwise we
can not form a CD-set. Suppose we select b, € D, then we have to choose next consecutive vertex b; in D. This
process is continued until we have (n — 2) vertices of C; in D. Therefore, D = {by, by, bs,... b _2}. The vertices

bn-1y € P — D is dominated by b(,_,) of D and the vertex b, in P — D is dominated by b; € D. Clearly D is the
Yca -Set of C;. We know that C; is a self-centered FG and g-radius= ;.

Case (i): When | T* | is even then g-eccentric vertex of

b = et
b(i—r) lf l

Ty
Ty

-~ the g-eccentric point set is equal to {b;, b,," - - brg} and connected dominating set is any of the consecutive n — 2
vertices. Hence ye4.(C;) < p — 2.

Case (ii): When | 7* | is odd then g-eccentric vertex of

by byour if 1 S 1
bi = b

i—rg+1rbi—rg+1 lfl 2 Ty

-~ the g-eccentric point set is equal to {by, b,," - - brg—1} and connected dominating set is any of the consecutive n —
2 vertices. Hence y4.(C;) < p — 2.
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1|t =4
Theorem 3.5 Let W, be a Wheel FG, Then y.4. (W) < {3’ '] > 5
Proof: Let G(z,v) = W,.
Case(i):Suppose | T* | = 4,take W; = K theny.o(W;) = 70 < 1.

Case(ii): Suppose, n = 5, consider D = {a, b, c}, where b is a g-central vertex and a, ¢ be any two adjacent non g-
central vertices. D is a connected dominating set and also g-eccentric set. Therefore, y.4.(W;) < 3.

Theorem 3.6 Let P,|t"| =nis a path FG. Then vy (P) =p —1,, Where 71, =
max {t(a) | a is a pendent vertex}.

Proof: Let P, |t*| = nis a path FG. Then there exists two pendent vertices say a, b in P,. Evidently, D = P(P,) —
(a, b) is the y.4-set. But the g-eccentric vertex of a € P(P,) — D isb € P(P,) — D and vice versa. Therefore, we
have to add either a or b in D to form the minimum g-ED-set. So that take D = P(P,) — {b}, then clearly D is the
Yegea —S€taNd [D| = p — 7., Where 7, is maximum of either a or b. = g (P) = p — Te.

IV Bounds on connected g-eccentric Domination in Fuzzy Graph
Bounds on connected g-eccentric dominating set in FG are discussed in this section.
Theorem 4.1 If G(z,v) isaFG with d,(G) = 2,then y.4.(G) < 65(G) + T,.

Proof: If G(z,v) is a FG with d,(G) = 2. Let ¢ € P(G) such that ds(c) = &,(G). Consider D = {c} U N(c).
This is a CgED-set of G (7, v). The induced subgraph < D > is connected. Therefore, y.4.(G) < 8:(G) + 7o

Theorem4.2 If the tree T; is of 7, = 2 with unique g-central vertex a and d;(b) < 2 for every b € N(a) then
Yege(G) < ds(a) + 2.

Proof: Let the tree T is of g-radius 2 with unique g- ccentral vertex a. Then N, [a] is a CD-set for G (7, v).

Case(i) If any vertex b € N,(a) is a pendent vertex then Ng[a] — {b}isa y.s — Set. Suppose if there are k pendent
vertex in Ng(a), put all that vertex in the set S. Then Ni[a] — {S } is the minimum connected dominating set for
G(t,v). Any vertex c in P — Ng[a] is an g-eccentric vertex for all other remaining vertices P — Ng[a] and also for
the vertices of S.

Therefore, N[a] — {s} + {c}isay,gea —SEL.
Yege(G) = [Ns[a] — {S} + {c}]
=da)+1—-k+1
= dy(a) + 2k
< dg(a) +2
Case(ii)

If no vertex of Ng(a) is a pendent vertex then N[a] is the y.4-Set. Any vertex w € P — Ng[a] is an g-eccentric
vertex for all other vertices of P — Ng[a]. Therefore, Ng[a] + {c} ISy geq — SEt fOr G(7,V).

ycge(G) = INs[a] + {c}|

=ds(a)+1+1
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= dy(a) + 2.

Hence, from case(i) and case(ii) y.4.(G) < ds(a) + 2., where a is a g-central vertex which is unique and of 7, = 2

Conclusion

The connected g-eccentric point set, the connected g-eccentric dominating set and its number, and bounds on the
connected g-eccentric dominating number for a few fundamental FG are all discussed in this article.
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