JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 3433-3438
https://publishoa.com

ISSN: 1309-3452

Total Chromatic Number of Some Classes of Graphs

L. Sathish Kumar! and M.K. Vediappan?

'Research Scholar, “*Department of Mathematics

L2vels Institute of Science, Technology and Advanced Studies, Tamil Nadu, India.

Received: 2022 March 15; Revised: 2022 April 20; Accepted: 2022 May 10.

ABSTRACT

A total coloring of a graph is a coloring to the elements (vertices and edges) of thegraph G, for

which any adjacent vertices or edges and incident elements are colored differently. The total

chromatic number of G is the minimum number of colors that needed in a total coloring. In this

paper, we have determined the total chromatic number for pan graph, double wheel graph and

double crown graph.

1. INTRODUCTION

In this paper, we have chosen finite, simple
and undirected graphs. Let G = (V (G),
E(G)) be a graph with the vertex set V(G)
and the edge set E(G)respectively. In 1965,
the concept of total coloring was introduced
by Behzad [l]and Vizing [8]. Also he
conjecture that for any simple graph G can
be total colored with

A(G) +1< y (G) < A(G) +2,where A(G) is
the maximum degreeof the graph G.This
conjecture is called as the Total Coloring
Conjecture(TCC).Let f:V(G)UE(G)—>C
be a total coloring of G, where C is set of
colors and satisfies the given conditions:

(@ f(a)= f(b), Va,beV(G) are any two
adjacent vertices
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(b) f(e)=f(e,), Ve,e, € E(G)are two any
adjacent edges and

(c) f(a)= f(e), vee E(G)is incident with
any vertex aeV (G)

The minimum number of colors needed in a
total coloring of G is called the total
chromatic number of G, and it is denoted by
2 (G) . Rosenfeld [6] and Vijayaditya [7]
verified the total coloring conjecture, for any
graph G with A<3. In Borodin [2] verified
the total coloring conjecture(TCC)for the
maximaum degree A>9in planar graphs. In
recent  era, total coloring have
beenextensively studied in different families
of graph. Muthuramakrishnanand Jayaraman
[4] have prove that the total chromatic
number ofmiddle, total graph of star, square
graph of bistar graph and line graphof bistar.
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Jayaraman and Muthuramakrishnan [5] have
prove thatthe total chromatic number of twig
graph, splitting and shadow graphof comb
graph. Jayaraman and Muthuramakrishnan
[3] prove thatthe total chromatic number of
line, middle, total and splitting graph of
double star graph.

2. PRELIMINARIES

Definition 2.1. The n- Pan graph P, is the
graph obtained by joining a cycle graph C,
to a singleton graph K, with a bridge.

Definition 2.2. The double wheel graph,
denoted by DW, is the graph obtained by
joining all vertices of a disjoint union of two
cyclesC to an external vertex. That is,
2C, +K,.

Definition 2.3. The double Crown graph
C./*is the graph obtained from the cycle C,

by attaching two pendent edges at each
vertex of C, .

In this paper, we have discussed the total
coloring of pan graph, double wheel graph
and double crown graphand also obtained
the total chromatic number of pan
graph,double wheel graph and double crown
graph.

3. MAIN RESULTS
Theorem 3.1. Let P, be the n-pan graph of
order n>3. Then its total chromatic number

is (P)=4.
Proof. V(P,)={u}U{u,:1<i<n} and
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E(P,)={e}U{e :1<i<n},  where
{e,:1<i<n} is an edge {vv,,:1<i<n} and
the edge {e} is an edge {uu,} respectively.

Define the total coloring
c:V(P)UE(PR) >4, 2,3, 4}as follows.
We assign the total coloring to all the

vertices and edges as given below. We
consider the following two cases.

Case(i): When n is odd

c(u)=2

For 1<i<n-1
o) = {1, if i is odd

2, if i iseven
c(v,)=3
c(e) = 3, |f| _is odd
4, if i is even

ce,)=2,c(e)=4

Case(ii): When n is even
c(u)=4

For 1<i<n

1, ifiisodd
c(u;) = e
2, if i iseven

3,ifiisodd
ce)=+, ...
4 ifiiseven

ce,)=2,c(e)=4

By applying the above method of coloring
pattern, the pan graph is properly total
colored with 4 colors. Hence the total
chromatic number of pan graph is 4.
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Example 1: Consider the pan graph with 5

vertices

U,
pan graph

Ug

Figure 1. Total coloring of

Example 2: Consider the pan graph with 6

vertices

Us

pan graph

Ug

Figure 2: Total coloring of

Theorem 3.2. Let C," be the double crown

graph. Then its total chromatic number is
7 (C,")=5.

Proof. Let C,” be double crown graph with
3n vertices and 3n edges. The vertex set

and

V(C)={v, . 1<i<npH{v ;:1<i<nand j=12}

and

edge
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set

are

given

by

E(C,")={8 =vV,,:1<i<n;i+1 taken

modulo n}
Ue,; =(v,v;):1<i<nand j=12}.

Now we construct the total coloring
c:V(CHUE(IC) >4, 2,3,4,5F. We
assign the colors to these vertices and edges

as follows. We consider the following two
cases.

Case(i): When n is even, For1<i<n,

_ |1 ifi=1(mod?2)
cw)= {2, if i =0(mod 2)

For 1<i<nandj=12,
c(v,v;)=3
For 1<i<n, i+1 taken modulo n,
c(e) = {3, |f| =1(mod 2)
4, if i=0(mod 2)
For 1<i<nandj=1,
c(e,;)=5
Forl<i<nand j=2,
_ |2, ifi=1(mod 2)
ce;) = {1, if i = 0(mod 2)
Therefore, the double crown graph is total

colored with 5 colors. Hence the total
chromatic number of double crown graph is
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Figure 3: Total coloring of double crown

graph C;”
Case(ii): When n is odd

For this case, the vertices and edges are
colored as in case(i), except these vertices
and edges

c(v,) =3, c(vi,j) =3, c(v,,)=4

c(V,.) =4, c(e,) =4, c(e,,) =1

The verticesv,, v, , and v, , are colored
with the colors 3, 4 and 4. The edgese, , e, ,
and e , are assigned with the colors 5, 4

and 1.

By applying the above method of coloring
pattern, the graph double crown graph is
properly total colored with 5 colors.
Therefore the double crown graph is total
colored with 5 colors. Hence the total
chromatic number of double crown graph is
5.

Figure 4. Total coloring of double crown
graph C.;*

3436

Theorem 3.3: Let DW, be the double
wheel graph. Then its total chromatic
number is  (DW.)=2n+1, n>4,

Proof. Let DW, be the double wheel graph
with 2n+1 vertices and 2n edges. Let v, be
the apex vertex and let {u,u,,..,u .} and
{v,,v,,...,v,} be the rim vertices of DW, . In
DW,, the vertex set and the edge set is
given by

V(DW, ) ={,JU{v; :1<i<njU{y :1<i<n
and

E(DW,)={e :1<i<nfU{e :1<i<nfU{e :1<i<n}Ufe :1<i

\wheree, (1<i<n) is an edge
vV (L<i<n), e(@<i<n)is an edge
V,V,(1<i<n), e (l<i<n-1) is an edge
Vv, (I<i<nji+1, taken modulo n),
e, (L<i<n) is an edge vv,,(1<i<n, i+l

taken modulo n).
Now we construct a total coloring

c:V(DW,)UE(DW)) 4L, 2,3,......., 2n+1}
. The total coloring is obtained by coloring
these vertices and edges as follows.

For 1<i<n,
c(vp)=2n+1, c(v)= i,
c(e)=i
(v)= {i +1, if (i+1) #0mod(2n +1)
' 2n+1, otherwise
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. _ |n+i, if (n+i) #0mod(2n +1)
°®)= 10 +1, otherwise

e _ | N1, if (n+i) £0mod(2n +1)
c)= 2n+1, otherwise
For 1<i<n-1,

o |[1+2, if (i+2) #0mod(2n+1)
SR P +1, otherwise
ce)=2
By applying the above method of coloring
pattern, the graph double wheel is properly
total colored with 2n+1 colors. Therefore
the double wheel graph is total colored with

2n+1 colors. Hence the total chromatic
number of double wheel graph is 2n+1.

Example 3: Consider the double wheel
graph with 7 vertices

Figure 5: Total coloring of double wheel
graph DW,
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