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Abstract: Groundwater pollutes by leachate is the most harming ecological effect over the whole
existence of a hazardous waste landfill (HWL). To date, the percolation of bacteria and viruses
through landfill leachate into the groundwater table poses a potential risk and potential hazards
towards the public health and the ecosystem, remains an aesthetic concern. In this paper, we
developed a mathematical model to study the mean concentration of contaminants (bacteria and
viruses) by leachate, employing generalized-dispersion technique. Solute transport in porous
media is discussed by means of advection - dispersion equation. The dispersion and mean
concentration are obtained by Generalized-Dispersion method . Results are obtained analytically
and the numerical values are computed graphically.

Keywords: Landfill, Generalized-Dispersion model, Groundwater, Contaminants, Porous
medium.

1. INTRODUCTION loads from the past[14]. The transport of
dissolved contaminants or suspended
contaminants (bacteria and virus) by flowing

water is of great significance to study the

Groundwater contamination is a
problem which affects every individual [1].

Groundwater flow and transport analysis
have been an important research topic in the
last three decades. Micro-organic (MO)
contaminants in groundwater can have
adverse effects on both the environment and
on human health. They enter the natural
environment as a result of various processes,
their presence in groundwater is the result of
current anthropogenic activity and pollution
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relation between environmental protection
and resource utilization[13].

Municipal solid waste (MSW) has
become one of the main factors, which
adversely influence the environment. With
the MSW problems being increased, the
occurrence of groundwater contamination is
also increasing accordingly. Hence the study
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of groundwater contamination resulting
from MSW landfill leachate has become a
focused issue nowadays [12].

The extent of contamination depends
on the nature of the contaminant and
hydrogeology of the area. Most of the
contaminants occur in nature as either point
sources or distributed sources. Examples of
point source contamination are municipal
waste sites (landfill), industrial discharges,
leaks and spills etc. Distributed sources
occur as a result of effluent from leaking
sewers and septic tanks, oil and chemical
pipelines.

Landfilling has long been the major
disposal method for both domestic and
industrial wastes. Bacteria and virus from
sewage sludges, waste water, septic tanks
and other sources can be transported from
groundwater to drinking water wells. During
this transport, bacteria and virus can be
either irreversibly or reversibly stored on
surface material [5]. Valsamy and Nirmala
P.Ratchagar[11] developed a mathematical
model to study the unsteady transport of
bacteria and virus in groundwater.

This paper deals with the study of a
viscous , incompressible, contaminated fluid
(bacteria and virus) flowing between two
parallel plates.The particles are assumed to
be spherical in shape and uniform in
size.The number density of the contaminated
particles is taken constant.

The main objective of this paper is to
study the concentration of contaminants
following the generalized dispersion
model[2] .They showed that an exact
solution of the unsteady convection
diffusion equation valid for all time can be
developed by using the series expansion
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originally proposed by Gill [1].The
generalized dispersion theory developed can
be extended to consider the dispersion
phenomena for a wide variety of flows
which are too complex to solve analytically
[4,6,8,9].

2. MATHEMATICAL
FORMULATION
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Figurel: Physical configuration

2.1 Dispersion

The concentration of
contaminants(bacteria and virus) in the
groundwater which diffuse in a fully
developed flow, is given by

2 2
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with the initial and boundary conditions,

Coulx< 22
@  COxy)=

0, x>

2
(ii) %(t,x,O) =%(t,x,h) ~0
(i) C(tooy) =S (t,o0,y) =0
OX
)

where, C, is the concentration of the initial
slug input of length X,
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where u =
Sinh[vx(y -1)]- Slnh[\/_y]
X[ Sinhv/x] }
+
2 %t
0Z—Sln(2n+1)7zy (1+GX1)29
T m2n+l X, (1+Gx,)" +SG
. (1+Gx,)%e™
X,(1+Gx,)* +SG

Introducing non-dimensionless variables,
o= x=2X. x DX s
C, hea h“o h

The equation (1) becomes,

2 2
0,,00_ 1 &0 0 4
or X, Pe?ox.} oY

2

where, — = Hig? andu” —%
U- SinhQ(y-1) - Slnth
Q S SinhQ

Axial coordinate moving with the average
velocity of flow is defined as x, = X —Ut
which in dimensionless form is by
X, =X —z,where, X, _Dx

Chi
The non-dimensional initial and boundary
conditions of (3) takes the form

1,|x1|s%
@ 00xy)= x
0, |X1|>7S

(i) %(T,Xl,O)zg—f(r,Xl,l):O

oy
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(iii) 9(r,oo,y)=;‘(9 (£.00Y) =0

1
(4)

Following Gill and
Sankarasubramanian(1970), the solution to
equation (3) can be written as a series
expansion in the form

= 0“6
0(r, X.,Y) =6, (z, X))+ f (z.Y)—1
a1 oX

()

where, @, is the dimensionless cross
sectlonal average concentratlon given by

T Ljerruxl,v)”oer D’

(6)
Integrating equation (21) with respect to Y

in [0,1] and substituting for &, we get,

2
00, _ L 36, 2 juedY
or  Pe? aXZ oX,
()

The generalized dispersion model with time
dependent dispersion coefficient can be
written as

2 3
O k90, OO0

or ' oX, X2 P ox,
(@)
Introducing equations (5) and (8) in (7) and
making use of the boundary condition (ii) of
(4) gives
2 3
Kl%-i- K, 0 (92] +K3a 0;”
oX, OX; OX,

_ 1726, @ ju 0 (r,x)+ f,(z, ) +f(r )
Pe? X} oX, y y
(9)

Comparing the coefficient of

0“0

GXF (k=123,......), we get

1

2
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1
K, = - [udy
0
(10)
1 1
KZ@)=—gz—£Uh@nde

K,(7) :—jUfz(r, VAY, e

(12)
Substituting equation (5) in (3)

(0, (7, X,))
ot

+U
9(0, (7, X,))
ot

1 0°(0n(7. X))

Pe’ oX, hln y) T(T ey
+
w f,(z, y) '“(f X+ L@y =2
(13)

Following Gill and
Sankarasubramanian(1970) and noting

ak+10m _ o) ak-%—ie

ooX 2K0) Xk

we get,
2
@_8 le +U +k, (1) o6, af
or oY oX 81
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00,
+f,.(z,y) X, (z, X))+ f,(z, y)

m fork =1,2,3,

2

+1.(z, Y) O (T Xy)+ (7, y)

529m
(T X1)+('||') @( 0) 0
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ax2
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+ k+2 Y Tk+2
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=0 (14)
with f, =1. Equating the coefficients of
0"
™ = (k=123,........ ) to zeros, a set of
1

differential equations are obtained:
of, o’ f,

or  oY?
(15)

~U-K,(0)

1
Kl(f) fl - Kz(T) +P_e2

(16)
afk+2

(17)
4 evaluate K;'s we should know f, 's.

wek&tateMie-have o solve equation (14)
SUbject to the initial and boundary
conditions,

(i) 1, (0.y)=0(18)
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K (r)— _IUf dy g__ G 2— 2Cosh\/_+\/_S|nh\/_ 8¢, Z
xSinh/x Jx 1 (2n +1)

Let

fi=fo(y)+fu(y) ; 1 g Cosh/x -1 . 4c,

(23) o YTUBxsinx | Vx e

where, f,,(y) corresponds to an infinitely . A

wide slug which is independent of Z - 5

satisfies w1 (2n+1)

() f,=—"1,(Y) atz=0C=
1 c [1 Coshv/x 6155'““*/_} 4Cfi -1
T

(i) %:0 atY =0 B xSinh/x | xv/x ~(2n+1)*
I B L1 o [Coshvx-1)
(i) &y =0 atY=1 porenrayol [y
4c, & A
1 4 4
(iv) [ fudY =0 7" 23 (2n+])
(24)0 A =2l G [\/;(COShZ\/;-FSinh\/;—COSh\/;)_
Substituting (23) in (15) gives XSinhy/x X
2 .I: 2
d 102(Y_) =U(Y)and %:_8 fél is the
dy o oY —Cos(4,,) 1 c Jx(Coshy/x -1) | 4c, &
well-known heat conduction equation which —S | D
is solved by separation of variables. (4n) B | xSinhw/x X 7" =(

Hence the solution of f, is given by

1 Co Sinhv/xy Cosh\/_ Slnh\/—y
_B|:X3inh\/_{ < Co h\/_ Sin h\/_‘{ (F%ﬁlah/ggéhl/»)J 4COZ(A)(_1)2n+1}(E
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2 o

T I B ey, + 3 A Cos(a e
n=1 n+ m=1

1 c 1- Coshv/x < 1
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where, B{Xsinh\/;( X J O“Zﬂ:( )}((Em)AJ
~ (@+Gx)’e" . (1+Gx,)%e™ (26)
~ X (@1+6x)*+SG  x,(1+Gx,)*+SG and A, =mz .

Therefore substituting f, in equation (11)
gives the solution of K, .
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Similarly K,(z), K,(7),...are obtained and
we found that K, (z),i>2 are negligibly

small compared to K, (7).
The dispersion model (8) takes the form
o0, K 0%,

27
or 2 oX2 (27)

3.Mean Concentration
The solution to equation (27) can be

solved with the initial and boundary
conditions

1,|xl|sxs
0,(0.X,) = > (@9
0,|Xy[> =
2
can be obtained using Fourier
Transform[10] as
1 X25+ X, XZS—Xl
6.0,X,)==|erf| &=— |+erf| =—
0.%)=3 2T 2T
(29)
where,
T 2 X )
T=|K,(y)dy and erf(x)=——<=|e"dz
Jr i

4. RESULTS AND DISCUSSIONS

In this paper we have studied the
concentration of contaminants consisting a
mixture of solid phase (bacteria and virus)
and fluid phase. Results of dispersion
coefficient and mean concentration are
obtained analytically and the numerical
values have been computed using
MATHEMATICA 8.0.

Figure 2 shows that the dispersion
coefficient is greatest for bacteria(G>1)
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when compared with virus( G<1) and the
fluid (G=1).

Figure 3 shows the mean
concentration ¢, with axial distance X, for

the contaminated phase and fluid phase. It
depicts the  marked variation  of
concentration with the axial distance and the
dimensionless time. The curve is bell shaped
and perfectly symmetrical about the origin.
Also it is apparent from the figure the mean
concentration is greater for bacteria
compared with fluid and virus.

Figures 4 and 5 represents the graph
of mean concentration versus dimensionless
time = for contaminated phase and fluid

phase outside the slug ( X, =0.02) and ( X,
=0.1) and inside the slug ( X, = 0.02) and (
X,=0.05). In general for both the cases, we
observe a gradual decrease in @, ,for

increasing time z . Also for very smaller
values of 7, the concentration outside the
slug and inside the slug shows a rapid
decrease.

5. CONCLUSION

Groundwater  contamination by
pathogenic bacteria and viruses has long
been recognized as a serious hazard to
human health[3]. An analytical approach for
analyzing two dimensional contaminant
transport from a landfill has been described
in detail by advection - dispersion equation.
The behavior of dispersion coefficient K,

increases with increase in time. Regarding
the mean concentration, for smaller values

of time 7, concentration &, shows a rapid
decrease for both contaminated fluid phase.
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Figure 2:Dispersion coefficient varying with\Figure 3: Mean concentration varying along
axial
dimensionless time for contaminated phasedistance at different time for fluid and

and fluid phase Contaminatedphase

Figure 4: Mean concentration (outside the Figure 5: Mean concentration (inside
the slug)

slug) varying with dimensionless time for varying with dimensionless time for
contaminated

contaminated and fluid phase and fluid phase
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