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ABSTRACT

In this research, a new inventory model is developed to show the best Sustainable Economic Production Quantity
value by considering product return policy with shortage. Sustainability is a multi-dimensional policy focusing on the
environment, economic, and social impact. We propose four different sustainable economic production quantity models
in this work, each of which takes into account distinct shortage scenarios. The product return are studied by considering
the amount of the return as a variable. We estimated each member's profit function using an extensive method of direct
accounting, determining the product's sustainability costs and return policy. Finally, the proposed models are described
through a number of examples, and the acquired findings are analyzed and discussed. These findings suggest that, when
compared to the three previous proposed models, the sustainable economic production quantity with partial backordering
model is a more generic and realistic model that can be applied in many real-world scenarios while yielding a respectable
profit.

KEYWORDS: Sustainable Economic Production Quantity Models, Shortage, Backordering, Lost sale, Return policy,
Inventory management.

1. INTRODUCTION

In the modern era, Sustainable development is the new global approach for industry and industrial growth. The
responsible production and consumption of commaodities, particularly energy-intensive ones, may help to limit or address
global warming, climate change, air pollution, water scarcity, and other related issues. Because of the importance of
environmental concerns and the interconnectedness of industrial growth and environmental management, sustainable
development and the principle of sustainability are receiving a lot of attention these days (Kannan[6], 2017). The present
growth in global warming has prompted both consumers and manufacturers to be more concerned about emissions
management social and environmental protection. In addition to cost and service, supply chains are focused on their
environmental performance (Khan et al.[15], 2012).

Harris established an Economic Order Quantity (EOQ) model for estimating order quantity based on fundamental
economic principles (including holding and ordering expenses) as early as 1913. Harris [9] in 1915 provided a comparable
approach for determining Economic Production Quantity (EPQ) two years later, and Taft [8] published a similar formula
for EPQ in 1918. Many models have been built over the years based on Harris' masterworks, but the majority of them
simply modified the original EOQ model by adding other economic aspects and did not address non-economic concerns.
Now, researcher are concerning on the sustainability issues in EOQ models. Bonney and Jaber [3], (2011) provide an
overview of some of the environmental costs and propose an EOQ model that is both responsible and cost-effective.
Wabhab et al.[11], (2011) concentrated on transportation emission costs, incorporating environmental concerns in order to
calculate fixed and variable carbon emission costs in order to determine the best strategy. Bouchery et al.[22], (2010)
developed a basic model for sustainable lot sizing. To establish a sustainable supply chain, supply chain stakeholders
must use sustainable EOQ/EPQ models to make inventory choices that are more in line with environmental concerns.

There are three basic components to the idea of sustainability: economic, environmental, and social (Lukman et
al.[13], 2016; Scheel 2016; Spaiser et al. 2016). Only a few earlier publications (e.g., Bouchery et al.[2], (2012), Battini
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etal.[1], (2017), and Jaber et al.[12], (2017)) address all three dimensions of sustainability. But in this research, we assume
a variety of different sustainability cost functions to build the problem’s total profit function. This research include the
basic model, in which shortages are not permitted, when shortage are allowed the lost sale, full backordering, and partial
backordering models, which can be chosen by operations managers based on the manufacturer's goal to enhance service
levels.

We can also include the unpredictable situation in the concept of “Deterioration of Stored grains”. Because of the
insufficient holding places, shortages, returning of goods and weathering condition the quality of grains will lost in a short
period. So, that in this case we can apply our proposed method of Sustainable Economic Production Quantity for product
return with shortage. Sustainability is a critical concern that has been ignored in earlier research on sustainable inventory
models. It may be decided which sustainable inventory model to use based on a company's shortage choices — whether
they are allowed or not. The issue of inventory shortages has never been explored in earlier studies on sustainable
inventory models. In order to fill a significant research need in this area, the current work focuses on constructing
sustainable EPQ models with a variety of shortage options.

The model becomes more realistic and relevant to real-world settings when shortage difficulties are included in a
sustainability EPQ problem. Any business that is challenged with a variety of shortages must have a strategy in place. For
businesses with both sustainable and non-sustainable inventory systems, delayed sales, complete backordering, or partial
backordering have effects. Turkay [21] in 2008, Bouchery et al.[22] in 2010, Bonney and Jaber[3] in 2011, Csutora et
al.[4] in 2012, Glock et al. [10] in 2012, Ozlu [16] in 2013, Digiesi et al.[7] in 2013, Digiesi et al researcher formulated
different EOQ/EPQ maodel in the recent studies. The direct accounting methodology has the higher accuracy, which is a
simple and exact way for converting all sorts of sustainability factors into cost functions (Bouchery et al. [2] in 2012),
may be used in additional studies. Only a few earlier efforts have been done in the context of a supply chain to answer
Sustainable EOQ/EPQ problems that take into account the chain members' interactions.

Other portions of this article are as follows: In Section 2 presents the notations used throughout the work,
summarizes the inventory models that have been built, and provides the best solution for each model. We formulated the
mathematical model for four different type of shortages in Section 3. To illustrate the theoretical results, numerical
examples are offered in Section 4. In the findings and discussion sections, the results of these cases are studied and
discussed (Section 5and 6). In Section 7 Sensitive analysis sensitivity analysis was used to explore the impact of
modifications in the parameters then in Section 8 concludes with our findings and recommendations for additional
investigation.

2. NOTATIONS

D, — Rate of annual demand (units per year)

P, — Maximum average production rate (units/year)

¢ — Unit price of the item ($/unit)

¢’ — Price per unit of waste ($/unit)

P. — Cost of production per unit ($/unit)

S, — Actual cost of setup ($/setup)

Cr, — In a time unit, the cost of holding a unit of inventory ($/unit)
B, — A cost of backordering an item unit in a time unit ($/unit)
G, — Unfulfilled demand goodwill deficit ($/unit)

d, — Dropped sale cost per unit (ds = (¢ — P.) +G,.) ($/unit)

y — Market index with backordered item (percent)
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T — Inventory deterioration rate (percent)

p — Each item per unit requires a certain amount of space (cubic meters per unit)

o — The weight of a supply that is no longer in use (ton per unit)

E.; — The average emission of carbon cost for holding inventory ($/m3)

0.; — For inventory obsolescence the waste collection, carbon emission cost and average disposal ($/ton)
E,. — The cost of carbon emissions for producing each unit ($/unit)

SC, — Return Social cost of an item ($/return)

t — Average duration of transshipment item ($/hour)

z — The coefficient of work stress of social cost (percent)

N — Number of due times in a year for returning returned quantities of an item (number of return time schedule/year)
M, — Return rate independent of an item (percent)

m,. — Return rate is determined by the refund amount (percent)

fa — Average capacity of transshipment for an item (tons/vehicle)

SS, — Setup social cost of production ($/setup)

SS, — Transshipment social cost of an item ($/hour)

SS,, — Sacial cost of inventory holding ($/hour)

Decision making Variables

IT — The period between two subsequent orders or the inventory cycle (time)
F — The rate of time that a period has a positive inventory level (percent)

Interdependent Variables

Q, — Quantity of production (units per year)

Inax — The maximum amount of inventory (units per year)

layg — Inventory levels on a yearly basis (units per year)

Smax — The maximum amount of Shortage (units per year)

Bpax — The maximum amount of Backorder (units per year)

Bgyg — The estimated annual amount of backordered items (units per year).

Pf(IT): Total profit function (denoted by Pfsgpq pasic(IT) for the basic Sustainable EPQ model, Pfpp, (IT, F) for the
Sustainable EPQ — PBO model and the Pf,s(IT, F) for the lost sale Sustainable EPQ model) ($/year)

FTP — Function of Total Profit ($/year)
FTC — Function of Total Cost ($/year)
PF, — Cost function of production ($/year)
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EF,. — Cost function of “carbon emission of production” ($/year)

SSF,, — Cost function of inventory holding for an item ($/year)

SF, — Function of Setup cost ($/year)

CF,, — Function of holding cost ($/year)

EF,; — Cost function of “carbon emission of holding inventory” ($/year)
OBF_; — The function of inventory obsolescence cost ($/year)

OF,; — Cost function of “carbon emission of obsolescence inventory” ($/year)
BF, — Cost function of Backordering ($/year)

GF, — Cost function of Goodwill loss ($/year)

SCF — Social cost function ($/year)

SCF,, — Social cost function of holding inventory ($/year)

SCF,, — Work stress of social cost function ($/period)

SCEF, — Social cost function of return item ($/period)

SCF, — Social cost function of transshipment ($/period)

SCE, — Social cost function of production setup of an item ($/period)

In the model development process, the basic principles are:

This model is single product, single period and single transshipment mode.

Yearly demand of a product is deterministic.

Production capacity is confined and the product maximum average production rate is P,

Cost of transshipment is included in the unit price of the item ¢

The supplier returns “returned products” to the retailer according to predetermined due dates and times throughout
the year, and all connected expenses are charged to his/her account.

For each returned product, the supplier must pay the unit sale price (c) to the retailer.

7. The scrap value ¢’ of all returned items will be sold by the supplier immediately.

8.  The supplier is expected to incur work stress as a societal cost

gk owpnpeE

IS

3. Sustainable EPQ model

Modelling the basic Sustainable EPQ model without shortage we define the Pfsgpg pasic (IT) are as follows

Pfsgpg UT) = FTP — PF, — EE,, — SF, — CFy, — EF,; — OBF,; — SSF,, — OF; — SCF, — SCF, — SCF;, — SCF,, —

SCE,. — SCF, ..(D

Sc ’

= CDa - DaPc - EpcDa 7 Chlavg - Eciplavg - T(C —C )Iavg - Talavgoci - (C -
’ _5e _ _ WP _ - Da - RrDa
¢RDy =2 = SSulayg = o = NSC, = 255;t ([fa] +1) - 255, (| - |+1)
from Pentico et al. (2009),
DgIT Dg

lavg =227 (1 _E) (2)
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We utilize three environmental characteristics to calculate the cost function of holding inventory(EF,;), inventory
obsolescence cost (OBF;), and emission of production (EF,.). The average carbon emission cost for these three
characteristics is carbon emission cost of carbon, average disposal, trash collection, and holding a unit of inventory (Cy,),
inventory obsolescence (O;), as well as the carbon emission cost for producing each unit (E,.). While the basic SEPQ
model's optimal inventory cycle may be calculated by optimizing the following yearly profit function:

Pfsspg(UT) = cDg = DoP. = EyDg — 3¢ = €, 27 (1 —i—:)—Ecipr;” (1—1’3—:)—r(c—c’)%(1—i—z) -
022t (1 - f,z) — (¢ — )R, D, — 22 — 55, 221 (1 - l;—:) - % — NSC, — 28S,t ([?—Z] + 1) — 28S,t ([%] +
1) ..3)
To make the notation easier to understand, we consider,
C'y = Cp (1 - i—:) ..(4)
E',=E, (1 - %) (5
=(c—c" (1_2_2) ...(6)
0% = (1-%) 0. e
$5'n = 55, fﬁ) (8

The return function, which indicates the percentage of items returned to the distribution center by users, may be defined
as follows:

R,:Mr+m,*§ ...(9)

R,D, is the total return amount of a product in a year, and is the total return quantity of a product in each of N equal
"return periods" is —= BrPa Asa result, the average quantity of product | returned in each period is —= rD“

So the profit function changes to,

PfsspqUT) = cDg — DoP. = EpcDg — 3¢ = €'y 228 — E'ip 227 — 1¢" 220 — 76 222 0'; — (¢ — )R, Dy — 2 —
S8’ 24T — 2 — NSC, — 285t ([ ]+1)—255t ([RTD“]+1) ..(10)

To find ITggpq, we must first show that the profit function is concave.
Theorem 1
The profit function from equation (10) is concave.

Proof. We take the first partial derivative of Pfszpo with regards to IT we have:

dPf _ S¢  Dgrny e " r 1 SSp ZP¢
= ma 5 [t Eqp+c +TUO”+SS“]+1T2+1TZD

..(11)

Where, the second partial derivative of Pfsgpo with regards to IT

d’pf _ -2
d2iT O IT3

ZP.

[ +55,+2] <0
The profit function is strictly concave because it is always negative.
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Taking the first derivative to zero produces the best period length as shown below, since the profit function is concave.

2(DgSc+DqSSp+zPc)
Dazz

ITsgpg = ...(12)

where, w =C', + E'jp + t¢”" + 100’ + SS'y, ...(13)

Maximizing the profit function, as shown in Equation (10), is the same as reducing the cost function. Production and
emission costs are not included in the following calculation since they are unrelated to the length of the period.

DaIT DaIT 11 DaIT

DgIT
+ 1 T+‘[O’ £

2

DgIT

+E'ip——

0’ +SS'y,

FTPszpq = —[Sc + S5, + ZP”] +C,
..(14)

Substituting equation (12) into equation (14) after a little more calculation, we've obtained to

FTPSEPQ = \/ZW(DaSC + DaSSp + ZPC) . .(15)

As a result, the maximum profit is

PfegpoUT) = (¢ — P, — Ep)Dy — JZW(DaSC + D,SS, + zP.) — (¢ — ¢")R,D, — NSC, — 255t ([%] + 1) -

25S,t ([RrD“] + 1) ...(16)

3.1. Sustainable EPQ model with lost sales

In this part, we look at the Sustainable EPQ model, which assumes that all sales are lost due to shortages. The profit
function in this case is as follows:

PfiostsaieIT, F) = FTP — PF, — EE,. — SF, — CF,, — EF,; — OBF,; — SSF,, — OF;; — SCF, — SCE, — SCF,, — SCF,, —

SCF. — SCF; — GF, ..(17)
Pfrostsate (T, F) =cD, — D F, — E Da Chlavg cip[avg —1(c— C,)Iavg - TUIangCi —(c—c")R.D, —
ss RyDa

2 — SShlavg = e — NSC, — 285t ([ ] + 1) — 285,t ([ ] +1) = DyG.(1 = F)

...(18)

from Pentico et al. (2009),

DgyITF? Dg
Iavg = 222 (1—P—a) ..(19)

Substituting I, into profit function equation (18) we have

S, Dy ITF? D DgITF? D DgITF?
PfLostsale(IT F)=CDa_DaPc_EcDa__C_ChaT (1_?:)_EcipaT (1_P_Z)_T(C ) (

fj—) — 10 D“’ZTF (1 - —) — (c = ¢")R,D, — S8, D“’” (1 - i—) - E — NSC, — 255,t ([f—] + 1) _
255t ([Rr"“] +1) = DoGe(1 = F) ...(20)

Substituting equation (4) to (8) and equation (13) into equation (20) we obtain

Pfostsate T, F) = (¢ = P. = Epc)DoF — =[S, + S5, + 2% V”Daf’”z — (c — ¢")R,D, — NSC, — 255,t ([%] +1) -
25S,t ([RTD“] +1) = DuG.(1— F) ...(21)

To find Pfiosesare UT, F),we must first show that the profit function is concave.
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The profit function from equation (21) is concave.

Proof : From equation (21) we know

_ WDgITF?

Pc
Pfuostsate (T, F) = (¢ = P = Ey)DoF — =[S, + 55, + 2| - 222

258,t ([

— (¢ — ¢")R,D, — NSC, — 2SSt ([1;—:] + 1) -

RyDg

| +1) = DaGe(1 - F)
Taking first partial derivative of Pfj,s;sq1e (IT, F) with respect to IT

Sl - ~ (s 55,42 +22) e

Taking first partial derivative of Pf,,s:saie UT, F) With respect to F
SPflostsale — (¢ — P, — Ep)Dg — WDGITF — DoGe .(23)
Taking second partial derivative of Pf, ,stsaie (IT, F) With respect to IT

62Pf ostsate
;27;1 = —wD,IT ...(24)

Taking second partial derivative of Profit function;,ssqie (IT, F) With respect to F

aZPfLostsale _ azprostsale —_
OFIIT - ITOF = —(WD,ITF) ...(25)

To demonstrate the mentioned profit function's concavity, we must show that
IT
[IT,F]H[F] <0

2 2
0°Pfrostsale 0”PfLostsale

a2IT 0ITOF
Where, H =
! azPfLostsale azprostsale
OFAIT a2F

Thus we have,

wD, F?

2 A ]
[T, F] (1T2 [S + 55, —a] + ) —wD,ITF [IT]
—wD,ITF —wD,IT |

2 1 wD,F? 5 1T
[ITZ[S +58, a]+ S —WDITF —2wDaIT_[F]

2 zP, 2
= —ﬁ[SC + 5SS, +D_a] —4wD,ITF* <0

Because of the concavity of the profit function stated in Equation (21), evaluating the partial derivative of the profit
function with respect to period length yields the following:

de
daiT

1T=L ’Z(DaSC+DaSSp+zPC) .“(27)
DgF w

Substituting IT into the profit function, from (21) we have

wDgF?

[5 +S8, +ch :

...(26)
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PfLostsale(F) = PfLostsale(T(F)'F) = (C - Pc - Epc)DaF - F\/ZW(DaSc + DaSSp + ZPC) - (C - C’)RrDa - NSCr -

25S,t ([%] +1) —255.¢ (|

RyDg
fa

] +1) = DoGe(1 - F)

Pfiostsate (F) = [(ds ~ Epc)Dg — J 2w(DyS. + DaSS, + ch)] F = (c=¢)RDy — NSC, — 285t (|2¢] + 1) -

RyDg
fa

255:t ([*222] + 1) = DoGe(1 = F) ...(28)

Linear function (Pf;,sesaie (F)) With respect to the variable F. The maximum profit is calculated by considering the
function's slope Pf ostsaie (F). We have:

Case 1:

If (ds — Epc)Dy = JZw(DaSC + D,SS, + zP.) when F = 1, then we obtain the maximum profit. This profit is taken by

Pf = Pfypstoate (F) = [(ds — Ep.)Dy — JZW(DaSC +D,SS, + zP.)|F — (c — ¢'")R,Dy — NSC, — 28S,¢ ([?—Z] +

1) - 255t ([%] +1) = DaG.(1 = F) ...(29)

The effective inventory cycle in this situation is

_ |2(DaSc+DaSSp+2Pc)
IT = ,—Dazw ...(30)

Case 2:

If (ds — EpC)Da < \/2w(DaSC + DoSS, + zPC) when F = 0, then we obtain the maximum profit and the effective

inventory cycle IT = oo it means there are no inventory on hand and sales are constantly lost.
3.2. Sustainable EPQ model with full backordering
From equation (1) the profit function changes as follows,

Pfso(T,F) = FTP — PF, — EE,, — SF, — CFy, — EF,; — OBF; — SSF,, — OF;; — SCF, — SCE, — SCF;, — SCF,, —
SCF, — SCF, — BF, ...(31)

S ! !
= CDa - Dapc - EpcDa - ﬁ - hlavg - Eciplavg - T(C -C )Iavg - Ta[avgoci - (C -C )Rr a

NSC, — 255, ([22] + 1) = 285, ([*24] + 1) = BeBag

_ S _
IT
WP,

SSplawg — ——

RyDg
ITDg

fa

Where, from Pentico et al. (2009),

DgyITF? Dg
lavg = (1 - P—a) ..(32)
__ DgIT(1-F?) Dg
Buvg = - (1 - a) ...(33)

Substituting equation (32) and (33) in equation (31). We have
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Pfso(T,F) = cDg — DoP; — EyeDy — £ = € Da’z”z (1-2) = Eap D“’TF (1- —a) —z(c—c )”“’TF (1-2)-

Pq

DaITF

100, 257 (138) = (e = )R, Dy = 72 = 55,257 (1-7) - i NSC, — 285t ([2] +1) -

Py ITD,
25S,t ([RrD“] + 1) BCM (1 - P—:) .(34)

From equation (13),

Pfso(T,F) = (¢ = P, — Ep.)Dy — (S +SS, + Z”C) WD“f’”z — (¢ = ¢")R,D, — NSC, — 2SSt ([?—Z] + 1) -
255t ([222] +1) - B, Zalr1-r) (1 - %) ..(35)

Minimizing the following function is equivalent to maximizing the objective function shown in Equation (35).
n(IT,F) = + (B,F? — 2B5F + B3) IT ...(36)

The new variables are,

B =S +58, +Z—”C>0 ..(37)
Br=w+(1-22)B>0 ..(38)
Bs=(1-2)B.>0 .(39)

Theorem 3
The cost function Equation (36) in convex.
Proof:

The cost function indicated in Equation (36) is similar to the functions proposed by Taleizadeh (2014a, 2014b), and the
convexity is unaffected by the notations modifications. As a result of these research, it is simple to demonstrate that the
objective function represented in Equation (35) is convex.

We acquire the optimal values of choosing variables after proving the cost function's convexity by setting the initial partial
derivatives of equation (36) with respect to F and IT equal to zero. As a result, we have:

67T(ITF) — (ZFﬁz _ 2,83) IT =0 (40)

Thus,

_Da
F=b_ M ...(41)
B2 w+(1—ﬁ)Bc

In addition, we have

on(IT,F) _

- ,Tz + (B2F? = 23F + f83) ..(42)

Hence the maximum length of period is,

_ B1
IT = /—32F2—2ﬁ31’+ﬁ3 ...(43)

Substituting the values for 8;, 8, , B5 after some algebra. We get
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..(44)

. Jz(w+(1_g_3)gc)(sc+ssp+§;;)

w(1—g—Z)BCDa
3.3. Sustainable EPQ model with partial backordering

Pfopo(IT,F) = FTP — PF, — EF,, — SF, — CFy, — EF,; — OBF,; — SSF,, — OF; — SCF, — SCF, — SCF;, — SCF,, —

SCE, — SCF, — GF, — BF, ...(45)
, Ss,
=cD, — DyP, — E,.D, — Cplapg = Eciplayg — (¢ = ¢lgpg — 1014450 — (¢ — ¢")R,Dy — 1_Tp -
WP, RyDg
SShlavg = 77— NSC, = 285, ([E] + 1) — 28S,t ([ | +1) = DaGe(1 = F) = B.Bayg
...(46)
Where, from Pentico et al. (2009),
DgyITF? Dg
Iavg = 222 (1 —P—a) ..(47)
DgIT(1-F)? Dq
oy =S (-2 <09
Substituting equation (47) and (48) in equation (46) we get
DaITF Dg DgITF? Dg DaITF Dq
Pfopo(IT,F) = <Dy — DgP, — EycDy — 32 — €, 222 (1—E)—Ea-pT (1—P—a)—r(c )2l (1 —P—a)—
DgITF? Dg ssp DaITF Dq a
e (1——) —(c—c)R,D, -2 55, (1_7,1)_@_’\’“ — 285,t ([E]+1)—
RyDq DaIT(l F)? Dq
258,t ([ ] + 1) DaGe(1 — F) — B, PPer=re (1 - VTa) ...(49)
For more simplification we have,
, D,
BC:BC(l—’;—a“) ...(50)

Substituting equation (50) and (4) to (8) into equation (49) we obtain

WDgITF?

Pfrso(T,F) = (¢ = P. — E,.)Da[(1 = F)y + F] — (s +SS, + Z”C) (c — ¢)R,D, —

— NSC, —

B1:yDgIT(1-F)?
2

25S,t ([?—Z] + 1) — 25S,t ([R*D“] + 1) —D,G.(1-F)1—7y)—
(51

The following step is to maximize function, to identify the optimal values for IT and F. We must first verify the concavity
of the profit function before obtaining the optimum values of decision variables.

Theorem 4
The function of profit shown in equation (51) is concave.
Proof:

The profit function illustrated in Equation (51) is identical to the function provided by Pentico et al. (2009), with minor
notational differences that have no effect on the convexity. As a result of this study, it is simple to demonstrate that the
objective function represented in Equation (51) is concave.

Equation (51)'s partial derivatives with respect to the decision variables may be obtained and utilized to identify the
optimal values due to its concavity. So far, we've got:
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%’;Ff = (c=P. = Ep¢ + G.)D,(1 —y) = WDLITF? + yD,ITB' (1 — F)? ...(52)
We have,
dy = (c—P)+G, ...(53)

Taking equation (51) equal to zero we get,

_ (1=y)(ds—Epc)+ YITB/¢
- IT(w+vB' ) ...(54)

F

Taking partial derivative with respect to IT

WDgF?  yDgBr:(1-F)?

OPf _ DaSc+DqSSp+zPc

T IT2D, + 2 2 -(35)
Equation (54) is reduced to

2PaSe 0 ) — WD, F? + YDgB'c(1 — F)? ...(56)

Ultimately we get

IT = \/ 2(DgSc+DaSSp+2Pc) ...(57)

WD ?F24Dy%yBr (1-F)?2

Substituting equation (54) into equation (57)

...(58)

zP
I 2Sc+SSpH5EPWHYE'D  (1-)2(dg-Epe)?
- wDg%YBI¢ WyBI,

Equation (58) might be used to calculate F value from equation (54). By putting the findings of Equations (58) and (54)
into Equation, the greatest profit Pfp5, (IT, F) may be found (51).

3.4. A partial backordering case solution technique for optimality

With slight adjustments in decision variable coefficients, the profit function illustrated in Equation (36) is
equivalent to the profit function of San José et al. (2009). They devised a method for determining the best inventory
policy, which we modified for our partial backordering model (proposed in section 3.4). The following solution algorithm,
based on San José et al. (2009), can be used to identify the independent and dependent decision variables:

Step 1
Calculate the values A= (1 —y)?(ds — E,,C)ZD(,L2 —2w(D,S; + D,SS, +zP.) and ¢ = yB',

If A> 0 the optimal strategy is F = 1 and IT = w the maximum profit is

a W

Pfrso(IT,F) = (¢ = P. — E,.)Dg — \/ZW(DaSC + D,SS, + zP.) — (¢ — ¢')R,Dg — NSC, — 255,t ([%] +1) -

RyDq

255t ([T

] + 1). Then move to step 4

If A=0 gotostep2
If A< 0 gotostep3

Step 2
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2(DgSc+DgSSp+zPc)
Da2 w

If £ > 0 the optimal strategy F = 1 and IT = the maximum profit is

Pfpso(T,F) = (¢ = P. — E,.)Dg — \/Zw(DaSC + D SS, + zP.) — (¢ — ¢")R,Dg — NSC, — 2SSt ([%] + 1) -

258,t ([

RyDg
fa

] + 1). Then move to step 4

If e=0 and y =0 and the maximum profit may be made at any stage in the inventory cycle by adding value
Pfopo(IT,F) = —D,G,(1 — F) — NSC, — 25S,t ([?—“] +1) - 285, ([Rfﬁ] + 1) then move to step 4

Step 3

If £ > 0 the optimal strategy (IT, F) is obtained from equation (54) and (58) and the maximum profit Pfpgo (IT, F) is
calculated from equation (51) then move to step 4

If e =0 and the optimal strategy F = 0, IT = o0 and Pfppo(IT,F) = —D,G.(1 — F) — NSC, — 255;t ([%] + 1) -
RyDg

258,t ([T

] + 1) no inventory is kept in this situation, and sales are always lost. Then move to step 4
Step 4

Finally, using D,IT and I,,, = FDaIT(l — [?D calculate total demand per cycle and maximum inventory level,

respectively. Furthermore, C = (1 — F )DaIT(l — [%D and By, =yC may be used to calculate the maximum values

of stock-out and backordered, respectively.
Finally, use Q, = D,IT [(1—F )+ F ] to calculate the production quantity
4. NUMERICAL EXAMPLES

We will use numerical examples to demonstrate how to implement the optimal policies for the SEPQ inventory
models (with shortage and return policy) and how the suggested solution technique works. This section's purpose is to
prove how the models described in this article may be used to solve various SEPQ situations (with shortages and return
policy). Each of these examples can assist readers understand how to choose and utilize any of the models we've provided.

Ex1
This is a manufacturing system with these factors:

Chn =250, =13,c' =5,c=10,1=01,p =17,y = 045,06 = 2,B. = 3,F, = 100,d; = 4,E,. = 0.0168, S, =
20,6, =1,P. = 7,55, = 0.003,v = 0.86,5C, = 0.14,5S,, = 0.17, M, = 1%, m, = 10%,N =12, f = 4,E,; =
0.55,B, =3,D, =40,z = 10%, SS; = 0.001, ¢t = 1.25 respectively.

So,dg=(c—P)+G. =4
From equation (4) to (8) as follow

C'w=Cy (1 - i—z) =25(1-22) =15

100

E'.=E (1 D“)—055(1 40)—033
A G 100/

40

c”:(c—c’)(1—%):(10—5)<1—m):3
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o' —(1 Da)o —13(1 40)—78
“ P T 100/

§"y = 5, (1—22) = 0.003 (1 - =) = 0.00018

a

Where, from Soleymanfar, Vahid Reza, et al. (2021),

A=Ch+Ey*p+SS, =25+0.55 1.7 + 0.0003 = 3.4353

N vM. A 10 0.86x1% 3.4353
r=i-Zr_ o 1 25 = 4.885
2 2my 4N 2 2x10% 4%12

From equation (9)

ro ., 4885 i
Ry = My +my == 19+ 10% * - = 5.68 5 10

From equation (13) we have

w=C'y+E', p+71c" +100',; + 5SSy,
w=154+033%17+01%x3+0.1%2%*7.8+0.00018
w = 3.92118 $/unit

From equation (50) we get

B'. =B, (1 —”P&) =3(1 — 0";50*040) = 2.46 $/unit. After that, we use our suggested solution algorithm to get the

a

optimum solution. We begin by calculating the system parameters A and e, which are as follows:

A= (1 -y)*(ds — EpC)ZDaZ —2w(D,yS, + D,SS, + zP,) = 1316.4and ¢ = yB’, = 1.107. as A> 0 then the optimum

solution is F=1 and IT = /%‘;fﬁ’”’” =0.50. The profit function Pfppo(IT,F) = (c — P. — E,c)Dg —
a

JZW(DaSC + D SS, + zP.) — (¢ — ¢")R,Dg — NSC, — 2SSt ([L;_:] +1) - 285, ([Rf—:“] +1) = 36.91 S/year.

Finding the values of interdependent variables are

Dy IT = 20 units

Imax = FDIT(1 - [ﬁ—a]) =12

Dg

(1-F) DaIT(l — [ED -0

Bmax = VC =0

Q, = DaIT [(1—F) + F]= 20 units
Ex 2

We now assume that all parameter settings are comparable to those in Example 1, but we change the y and choose a new

y = 0.5. Repeating the procedure again we get B'. = B, ( - "P'l) = 2.4 $/unit

a

A= (1-y)*(ds — EpC)ZDaZ — 2w(DyS, + Dy SS, + zP) = —10.8 < 0
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2(S. + SSP + [%{:C])(W +vB'c) a- V)z(ds - EPC)Z

IT = !
wD,*yB’, wyB’.

=0.510

_ (1 —]/)(ds - Epc) + VITBIC

F
IT(w+ yB’,)

= 0.996

From equation (51) we get the total profit Pfpp,(IT, F) = 37.39 $/year. Thus we have

D,IT = 20.4 units

Lax = FDaIT(l - [?—]) =12.19
€= (1-F)DIT(1 - [22]) = 0.05
Bpax = yC = 0.025

Q, = DaIT [(1=F) + F ]= 20.4 units

Ex 3

Finally, we assume that all of the parameters have values comparable to those in Example 1, but that y = 0. We're using
the Sustainable EPQ model of lost sales in this example. The optimal strategy depends on the values (ds — EpC)Da =
159.33 and

\/ZW(DaSC + D,SS, + zP.) = 79.57

As (ds — Epc)Dy > \/Zw(DaSC + D, SS, + zP.) then the optimal strategy is given by F = 1

and ITsgpg = /W= 0.506. Also from equation (28) the maximum profit is Pf;ostsaie (F) = [(ds—

Epe)Dg — JZW(DaSC + D,SS, + zPC)] F — (c — ¢")R,D, — NSC, — 255,t ([?—Z] +1) — 255t ([*=22] + 1) -

fa
D,G.(1 — F) = 36.58 $/year

5. RESULTS

Table 1 summaries the outcomes of various situations. The total profit function is the target function for optimizing the
proposed models in this study. As a result, we focus on examining the overall profit amount of each model in the multiple
situations described in our examples.

Table 1 A summary of the findings

Numerical Example Related Model y IT F Total Profit ($/year)
1 SEPQ 045 | 051 1 36.91
2 SEPQppo 0.5 0.510 0.996 37.39
3 SEPQ.s 0 0.506 1 36.58
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The cost effective values of y, IT, and F are represented in Figures 2 and 3 compare the overall profit of various models.
As previously stated, the SEPQ-Basic model's maximum profit is

PfegpUT) = (¢ = P, — Ep)Dy — J 2w(DySe + DygSS, + zP.) — (¢ — ¢")R,Dg — NSC,. — 2SSt ([%] + 1) -

RyDg

258,t ([ -

| +1) = 36.915/year

By using the Matlab 2D plotting we obtain the results in figureland figure 2

Optimum values of v, IT and F in different models

Figure 1
374 T T T T T T T T
Total profit
37.3 SR T SR I R R R e gy
372
7 - ....... ........ a—— ....... ........ .......
37
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36.8
i . ........ ........ ......... - ......... ........ .......
BEF-- ........ ........ ........ ........ ......... ....... X
_ s B & & 5 @ 2 5
0 01 02 03 04 05 0B 07 08 09 1

Figure 2
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6. DISCUSSION

The findings of numerical examples are discussed in this section. As shown in Example 1, the best policy is the
same for both the SEPQ and SEPQPBO maodels if = 0.45, and the total profit is the same (36.91 $/year). However, if =
0.50, the SEPQPBO model has a superior outcome since its total profit PBO (IT, F) = 37.39 $/year is larger than one of
the SEPQ models, as demonstrated in Example 2.

In addition, as shown in Example 4, the total profit of the SEPQ Lost sales model and the SEPQ model is nearly
same. However, the overall profit of the SEPQ Lost sales model is smaller than the SEPQ PBO model, which has a profit
of 37.39 $ per year. Since y = 0 there will be no backorders and all orders will be denied.

It is self-evident that if we can save all orders in a shortage full backordering model, we will earn more sales than
in a partial backordering one. However, in the real world, where all firms compete (many consumers aren't loyal enough
to limit their business to just one), the SEPQ-partial backordering model (SEPQ PBO) is a realistic model that takes both
environmental and socio - economic factors into account. The overall profit of the SEPQ PBO model is greater than the
SEPQ and SEPQ lost sale models, as shown in Figure 2.

When backordering is feasible to make greater profit, the SEPQ PBO model, which is based on the assumption that only
a fraction of orders will be backlogged can be employed. The SEPQ PBO model is a sustainable EPQ model that takes
into account shortages and return policies. It achieves a fair total profit amount using the IT and F values depending on
the provided parameter values.

7. SENSITIVE ANALYSIS

We discussed sensitivity analysis in this part. In the previously mentioned numerical example, sensitivity analysis was
used to explore the impact of modifications (under or over estimate) particularly for Sustainable EPQ Partial Backordering
model in various inventory parameters, as well as the impact of optimal solutions for various variables and overall cost.
This analysis was carried out by modifying (raising and lowering) the parameters from — 20% to + 20%, one parameter
at a time, while maintaining the original values of the other parameters. Table 2 shows the numerical outcomes of this
data analysis.

Table 2 Sensitive analysis of Sustainable EPQ Partial Backordering model for various parameters.

% Changes in
Parameters % Changes
IT F Total Profit ($/year)
—20% 0.277 1.64 54.85
D, -10% 0.4 1.206 45.10
+10% 1.1 0.59 25.81
+20% 1.17 0.567 19.61
—20% 0.691 0.797 25.73
S, -10% 0.607 0.875 15.546
+10% 0.389 1.233 -37.37
+20% 0.205 2.130 -183.32
—20% 0.51 0.996 37.39
SSp —10% 0.51 0.996 37.39
+10% 0.51 0.996 37.39
+20% 0.51 0.996 37.39
—20% 0.51 0.996 37.39
F ~10% 0.51 0.996 37.39
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+10% 0.51 0.996 37.39
+20% 0.51 0.996 37.39
—20% - - -
dg —10% 0.285 1.73 33.269
+10% 0.647 0.775 33.38
+20% 0.750 0.648 30.49
—20% 0.51 0.996 37.39
Epc —10% 0.51 0.996 37.39
+10% 0.51 0.996 37.39
+20% 0.51 0.996 37.39
—20% 0.596 0.769 30.6
w —10% 0.557 0.868 34.72
+10% 0.350 1.465 41.45
+20% 0.324 1.707 48.07
—-20% 0.51 0.996 37.39
B', —10% 0.51 0.996 37.39
+10% 0.51 0.996 37.39
+20% 0.51 0.996 37.39
—20% 0.71 0.687 39.83
14 —10% 0.63 0.794 37.98
+10% 0.24 2.04 40
+20% - - -

Table 2 allows us to make the following observations:

The cycle length of the system (IT) is less sensitive with respect to parameters (SS,), (P;) (B';) and (E,.). These
mentioned parameters hardly have any effect in the optimal cycle length (IT). Highly sensitive with respect to Annual
demand (D,), Market index (y) and Dropped sale (dy). As a result, both of these variables have a significant influence
on the inventory system's cycle length. In comparison to the other characteristics, however, it's quite sensitive.

The Rate of time of the system (F) is less sensitive with respect to parameters (d,) and (D,). These mentioned parameters
hardly have any effect in the optimal cycle length(IT). Highly sensitive with respect to Setup cost (S.) and Market index
(). As aresult, both of these variables have a significant influence on the inventory system's cycle length. In comparison
to the other characteristics, however, it's quite sensitive.

The total profit (Pf) is highly sensitive with respect to the annual demand (D, ). Less sensitive with respect to Setup cost
(Sc) i.e., it has less effect in the system whereas moderately sensitive the rest of the parameters. This shows that the
supplier should give much concentration on the annual demand (D,) instead of all other cost.

8. CONCLUSION

In this research, we discussed about four different types of Sustainable EPQ model with shortage and return policy
in production system. Sustainability issues are included by environmental, social and economic cost such as Cost function
of carbon emission of production, Cost function of inventory holding for an item, Cost function of carbon emission of
obsolescence inventory, Work stress of social cost function and so on. The inventory models are Sustainable EPQ model
with Fundamental Sustainable EPQ, Lost sale, Partial Backordering and Full Backordering models. Among these models
Sustainable EPQ Partial Backordering model gained reasonable profit satisfying all sustainability conditions when
compared to other models. Because of their adaptable and simple computing techniques, these new models may be
valuable for organizations seeking environmentally conscious manufacturing systems. In terms of economic, social and
environmental factors, our suggested sustainable EPQ models cover all of the major shortage scenarios for product return
policy. The future scope of this research is to extend the single product Sustainable EPQ model to multiproduct
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Sustainable EPQ inventory model. It can also be extend using software and considering other inventory conditions such
as quantity discount and uncertainty model.
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