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Abstract 

This paper's primary goal is to define 𝜇-(𝜆 , 𝛿)-m-derivation in 𝜇-near-ring Nand investigate 

a few properties.We also research and debate the commutativity of addition multiplication of 

prime 𝜇-near-ring with 𝜇-(𝜆 , 𝛿)-m-derivation. 
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1. Introduction 

Throughout this paper. A 𝝁- near ring were submitted in [1,5,6 ]. A 𝝁- near- ring N is called 

prime 𝝁-near-ring if N has the property that for s,r N,  𝝁N𝝁r =0 implies s= 0 or r=0 [6,7].The 

other commutators are; [s,r]ρ= sρr – rρs and (s, r) = s+r–s–r denote the additive-group 

commutator [4,7]. 𝝁-near-ring N is called commutative if (N, +) is abelian [1,5,6]. Inspired by 

these concepts, Ashraf [2] introduced (σ,τ)-n-derivation in near-rings and studied its various 

properties. 

An n-additive mapping h:𝑁 × 𝑁 ×. . .× 𝑁           
𝑛−𝑡𝑖𝑚𝑒𝑠

⟶N is called 𝜇-(λ,𝛿)-m-derivation  (𝜇 -(λ,𝛿)-m-der.) 

of N if there exist automorphism mappings λ,𝛿: N⟶N such that the relations 

h(𝑘1𝛾𝑘1
′,𝑘2 , … , 𝑘𝑚 ) = h 𝑘1, 𝑘2 , … , 𝑘𝑚  𝛾𝜆 𝑘1

′ + 𝛿(𝑘1)𝛾h(𝑘1
′, 𝑘2, … , 𝑘𝑚) 
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h(𝑘1, 𝑘2𝛾𝑘2
′, … , 𝑘𝑚 ) = h 𝑘1,𝑘2 , … , 𝑘𝑚  𝛾𝜆(𝑘2

′
) +𝛿(𝑘2)𝛾h(𝑘1, 𝑘2

′, … , 𝑘𝑚 ) ⋮ 

h 𝑘1, 𝑘2, … , 𝑘𝑛𝛾𝑘𝑚
′  = h 𝑘1, 𝑘2, … , 𝑘𝑚  𝛾𝜆 𝑘𝑚

′ +𝛿(𝑘𝑚 )γh(𝑘1  ,𝑘2 , … , 𝑘𝑚
′) 

hold for all𝑘1, 𝑘1
′, 𝑘2, 𝑘2

′, … , 𝑘𝑚 , 𝑘𝑚
′∈ N and γ∈𝜇.In this work, we defined the conceptof 𝜇-

(𝜆 , 𝛿)-n-derivations in 𝜇-near-rings. We will give some important results to 𝜇-(𝜆 , 𝛿)-n-

derivations. Ashraf, Ali have proved some results on commutativity of prime near-ring with 

(𝜎 , 𝜏)-n-derivations. In this paper we will work and study the result in [1,2,3], but in case 𝜇-

(𝜆, 𝛿)-m-derivations we discuss the commutativity of addition and multiplication of prime Γ-

near-ring . 

 2. Preliminaries. 

This section starts with the lemmas that are necessary for constructing the proofs of our primary 

results. We recall prime 𝜇- near ring by 𝜇(N) and 𝜇-(𝜆 , 𝛿)-m-derivation by 𝜇-(𝜆 , 𝛿)-m-der. and 

automorphism by aut.  

Lem. 2.1[1,5]. WhenN be a 𝜇(N). There is a component u of Z(N) such that  

u + u ∈ Z(N), then (N, +) is abelian. 

Lemma 2.2: WhenN be a 𝜇(N) and h be a 𝜇-(𝜆 , 𝛿)-m-der. of N, then 

(h 𝑘1, 𝑘2, … , 𝑘𝑚 γλ(𝑘1
′ )+𝛿(𝑘1)𝛾h(𝑘1

′ , 𝑘2, … , 𝑘𝑚 ))βy = h(𝑘1, 𝑘2, … , 𝑘𝑚)γλ(𝑘1
′ )𝛽y + 

𝛿(𝑘1)𝛾h(𝑘1
′ , 𝑘2, … , 𝑘𝑚 )𝛽y,hold for every𝑘1, 𝑘1

′ , 𝑘2 , 𝑘2
′ , … , 𝑘𝑛 , 𝑘𝑚

′ ,yϵ N and 𝛾, 𝛽ϵ𝜇. 

Proof:  For every𝑘1, 𝑘1
′ , 𝑦, 𝑘2 , … , 𝑘𝑚 ϵ N, we 

haveh (𝑘1𝛾𝑘1
′ )𝛽𝑦, 𝑘2 , … , 𝑘𝑚 =h 𝑘1𝛾𝑘1

′ , 𝑘2, … , 𝑘𝑚 𝛽λ(y) + 𝛿(𝑘1𝛾𝑘1
′ )𝛽h(𝑦, 𝑘2 , … , 𝑘𝑚 )  

=(ℎ 𝑘1, 𝑘2, … , 𝑘𝑚  𝛾𝜆 𝑘1
′  +

           𝛿(𝑘1)𝛾ℎ 𝑘1
′ , 𝑘2, … , 𝑘𝑚 )𝛽λ(y)+𝛿(𝑘1)𝛾𝛿(𝑘1

′ )𝛽ℎ(𝑦, 𝑘2 , … , 𝑘𝑚 ).    (1) 

Also, 𝑘1𝛾(𝑘1
′ 𝛽𝑦), 𝑘2, … , 𝑘𝑚 =h 𝑘1, 𝑘2, … , 𝑘𝑚 𝛾𝜆(𝑘1

′ 𝛽𝑦) + 𝛿(𝑘1 )𝛾h 𝑘1
′ 𝛽𝑦, 𝑘2 , … , 𝑘𝑚 = 

ℎ 𝑘1, 𝑘2, … , 𝑘𝑚  𝛾𝜆 𝑘1
′  𝛽𝜆(𝑦)  

+ 𝛿(𝑘1)𝛾h 𝑘1
′ , 𝑘2, … , 𝑘𝑚 𝛽λ(𝑦)+𝛿(𝑘1)𝛾𝛿(𝑘1

′ )𝛽ℎ(𝑦, 𝑘2, … , 𝑘𝑚). (2)     

Combining equations (1) and (2), we get  

(h 𝑘1, 𝑘2, … , 𝑘𝑚 𝛾𝜆 𝑘1
′  + 𝛿 𝑘1 𝛾ℎ 𝑘1

′ ,𝑘2 , … , 𝑘𝑚 𝛽𝜆(𝑦)= 

h 𝑘1, 𝑘2, … , 𝑘𝑚  𝛾𝜆 𝑘1
′  𝛽𝜆(𝑦) +  𝛿(𝑘1)𝛾h 𝑘1

′ , 𝑘2, … , 𝑘𝑚 𝛽λ(𝑦) 

Since𝜆 is an aut. we get 

(h 𝑘1, 𝑘2, … , 𝑘𝑚 𝛾𝜆 𝑘1
′  + 𝛿 𝑘1 𝛾ℎ 𝑘1

′ ,𝑘2 , … , 𝑘𝑚 𝛽𝑦=  
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h 𝑘1, 𝑘2, … , 𝑘𝑚  𝛾𝜆 𝑘1
′  𝛽𝑦 +𝛿(𝑘1)𝛾h 𝑘1

′ , 𝑘2 , … , 𝑘𝑚 𝛽𝑦 

Similarly, other (n−1) relations can be proved. 

Lemma 2.3:WhenN be a𝜇(N), h a non-zero 𝜇-(𝜆 , 𝛿)-m-der. of N and xϵN. 

 (i) If h(N, N, . . ., N)𝛾x = {0}, then k = 0. 

 (ii) If  x𝛾h(N, N, . . ., N) = {0}, then k = 0. 

Proof:( i) By supposition have 

h(k1, k2, . . ., km)𝛾k = 0, for everyk1, k2,. . ., km ϵ Nand 𝛾 ϵ𝜇.                                (3) 

Taking k1βy in place of k1, where yϵ N, in eq. (3), using Lem. (2.2) obtain 

h(k1, k2, . . ., km)β𝜆(y)𝛾k + 𝛿(k1)βh(y, k2, . . ., km)𝛾k = 0, for everyk1, y, k2,. . ., xm ϵ N and𝛾, 𝛽ϵ𝜇 . 

Using eq. (3) again acquireh(k1, k2, . . ., km)β𝜆(y)𝛾k= 0. 

Where 𝜆 is an aut., then we have h(k1, k2, . . ., km)ΓNΓk  = {0}. 

Since h ≠ 0, G is 𝜇 𝑁 obtain x = 0.It can be demonstrated in a similar manner. 

3. Main result. 

Th.3.1:WhenN be 𝜇 𝑁 and h1, h2 be any two non-zero 𝜇-(𝜆 , 𝛿)-m-der. of N. If [h1(N, N, . . ., N), 

h2(N, N, . . ., N)]γ = {0}, thus(N, +) is abelian. 

Proof: Presume[h1(N, N, . . ., N), h2(N, N, . . ., N)]γ = {0}.  

When z and z + z commute element wise with h2(N, N, . . ., N), thus 

z𝛾h2(k1, k2, . . ., km) = h2(k1, k2, . . ., km)𝛾z,for everyk1, k2, . . ., kmϵ N,𝛾 ϵ𝜇.            (4) 

Also,(z + z)𝛾h2(k1, k2, . . ., km) = h2(k1, k2, . . ., km)𝛾(z + z)                    (5) 

Replacing k1 + s for k1 in eq. (5) obtain 

(z + z)𝛾h2(k1 + s, k2, . . ., km) = h2(k1 + s, k2, . . ., km)𝛾(z + z)  

From eq. (4) and (5) the above eq. get 

z𝛾h2(k1 + s-  k1 -  s, k2, . . ., km) = 0. Hence,z𝛾h2((k1 ,s), k2, . . ., km) = 0. 

Taking  z =h1(y1, y2, . . ., ym) giveh1(y1, y2, . . ., ym)𝛾h2((k1, s), k2, . . ., km) = 0. 

By Lem. (2.3), get h2((k1, s), k2, . . ., km) = 0, for every k1,s,k2,…,kmϵ N.   (6) 

Then for everyw ϵG, wβ(k1, s) = wβ(k1 + s - k1 – s)= wβk1+ wβs - wβk1 - wβs 

= (wβk1, wβs) = wβ(k1, s)  

wβ(k1, s) is also additive commutator of N.Putting w𝛽(k1, s) instead of additive commutator (k1, 

s) in eq. (6) obtain 

h2(wβ(k1, s), k2, . . ., km) = 0, for everyk1, s, k2,…, km,w ϵ N and β ϵ𝜇.  

Therefore, h2(w, k2, . . ., km)β𝜆(k1, s) + δ(w)βh2((k1, s), k2, . . ., km) = 0 

Using eq. (4) in previous eq. yieldsh2(w, k2, . . ., km)β𝜆(k1, s) = 0 
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Since 𝜆 is an aut. employ Lem.(2.3) acquire(k1, s)= 0. Then (N, +) is abelain. 

Th.3.2:WhenN be a 𝜇 𝑁 , h𝜇-(𝜆, 𝛿)-m-der. of N .If  h(k1,k2,...,km)𝛾𝜆(y1)= 𝛿(k1)𝛾h(y1,y2,...,ym), for 

everyk1, k2,…,km,y1, y2,…,ymϵ N and 𝛾ϵ 𝜇, thush = 0.  

Proof: Presume for everyk1, k2,…, km, y1, y2,…,ymϵ N and 𝛾ϵ 𝜇. 

h(k1,k2,...,km)𝛾𝜆(y1)= 𝛿(k1)𝛾h(y1,y2,...,ym).(7) 

Substitutingy1βz1for y1, where z1ϵ N in eq. (7), acquire  

h(k1,k2,...,km)𝛾𝜆(y1)𝛽𝜆(z1)= 𝛿(k1) 𝛾h(y1βz1,y2,...,ym) = 

𝛿(k1)𝛾h(y1,y2,...,ym)βλ(z1) + 𝛿(k1)𝛾𝛿 (y1)βh(z1,y2,...,ym)  

Employ eq. (7) in above eq. obtains  

𝛿 (x1)𝛾𝛿 (y1)βh(z1,y2,...,ym) = 0, for everyx1,z1,y1,y2,…,ymϵ N , 𝛾 , 𝛽 ϵ 𝜇 .              

Since 𝛿 is aut. of N, we getu𝛾 vβh(z1,y2,...,ym) = 0, whereveru, v ϵ G. 

Now it's time to replace u by h(z1,y2,…,ym) in pervious eq. obtain 

h(z1,y2,…,ym) 𝜇  N 𝜇 h(z1,y2,…,ym)={0}.Since N be 𝜇  𝑁 take h=0. 

Th. 3.3: WhenN be a 𝜇  𝑁 and ha non-zero 𝜇 -(𝜆  , 𝛿 )-m-der. of N.If K = {aϵ N| [f(N, N, . . ., N), 

𝛿 (a)]γ = {0}}, givea ϵ K implies either h(a, a, . . ., a) = 0 or 

a ϵ Z(N). 

Proof: We have   

h(k1, k2, . . ., km)𝛾𝛿 (a) =𝛿 (a) 𝛾 h(k1, k2, . . ., km),  

for everyk1 ,k2,…,km ϵ N and 𝛾 ϵ 𝜇 . (8) 

Taking aβk1 in place of x1 in eq. (8) and utilizing Lem.(2.2) obtains 

h(a, k2, . . ., km)β𝜆 (k1)𝛾𝛿 (a) + 𝛿 (a)βh(k1, k2, . . ., km)𝛾𝛿 (a) =  

𝛿 (a) 𝛾 h(a, k2, . . ., km)β𝜆 (k1) + 𝛿 (a)𝛾𝛿 (a)βh(k1, k2, . . ., km) 

Employ eq. (8) in above eq. acquire 

h(a, k2, . . ., km)β𝜆 (k1)𝛾𝛿 (a) = 𝛿 (a) 𝛾 h(a, k2, . . ., km)β𝜆 (k1)                               (9) 

Putting k1𝛾 y1for k1, where y1ϵN in eq. (9) employit again, procure  

h(a, k2, . . ., km)β𝜆 (k1)𝛾 [𝜆 (y1), 𝛿 (a)]γ = 0, for everyk1, y1, k2,…,km ϵN and 𝛾 , 𝛽  ϵ𝜇 .  

Since 𝜆   an aut., we have h(a, k2, . . ., xm) 𝜇 G 𝜇 [𝜆 (y1), 𝛿 (a)]γ = {0}. 

Since 𝜆  and 𝛿  are aut. , G is 𝜇  𝑁  obtain 

Eithera ϵZ(N)or h(a,k2, . . .,km) = 0, for all k2,…,km ϵN .As a result, in particular 

h(a, a,…,a) = 0. 

Th.(3.4): WhenN be a 𝜇  𝑁 , h  a 𝜇 -(𝜆  , 𝛿 )-m-der.and a ϵN.If [f(N, N, . . ., N), a]λ,δ= {0}, then 

either h(a, k2, . . ., km) = 0 for everyk2,…,kmϵN or a ϵ Z(N). 
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Proof: Suppose that  

h(k1, k2, . . ., km)𝛾𝜆 (a) =𝛿 (a)𝛾 h(k1, k2, . . ., km),for every k1 ,k2,…,kmϵ N, 𝛾 ϵ𝜇 (10)  

Taking aβx1 in place of x1 in eq. (10) also takingLem. (2.2) obtains 

h(a, k2, . . ., km)β𝜆 (k1)𝛾𝜆 (a) + 𝛿 (a)𝛽 h(k1, k2, . . ., km)𝛾𝜆 (a) = 

𝛿 (a) 𝛾 h(a, k2, . . ., km)β𝜆 (k1) + 𝛿 (a)𝛾𝛿 (a)βh(k1, k2, . . ., km). 

Take eq. (10) in above eq. obtains  

h(a, k2, . . ., km)βλ(k1)𝛾𝜆 (a) = 𝛿 (a)𝛾 h(a, k2, . . ., km)β𝜆 (k1) (11) 

Putting k1𝛾 y1 for k1, where y1ϵNin eq. (11) and using it again  

h(a, k2, . . ., km)β𝜆 (k1)𝛾 [𝜆 (y1), 𝜆 (a)]γ = 0, for every k1, y1, k2,…,kmϵ N ,𝛾 ϵ𝜇  .                                  

Since 𝜆  is an aut. , we geth(a, k2, . . ., km) 𝜇  N 𝜇 [𝜆 (y1), 𝜆 (a)]γ = {0}.  

Since 𝜆  is an aut. ,G is 𝜇  𝑁 yields eitherh(a, k2, . . ., km) = 0 for everyk2,…,kmϵN or a ϵ Z(N).The 

proof is now complete. 
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