
JOURNAL OF ALGEBRAIC STATISTICS 
Volume 13, No. 3, 2022, p. 3830-3839 
https://publishoa.com 
ISSN: 1309-3452 
 

3830 

Multiplicative Triple Fibonacci Sequence of Fourth Order 

Under Nine Specific Schemes 
 

Vikas Ranga1 

1vickyrangaphd@gmail.com 

Department of Mathematics 

Lovely professional University 

Jalandhar – Delhi G.T. Road, Phagwara 

Punjab – 144411 

Vipin Verma2 

2vipin_verma2406@rediffmail.com 

Department of Mathematics 

Lovely professional University 

Jalandhar – Delhi G.T. Road, Phagwara 

Punjab – 144411 

 

Received 2022 April 02; Revised 2022 May 20; Accepted 2022 June 18. 

 

Abstract 

K.T. Atanassov are Firstly established the Coupled Fibonacci Sequence in 1985. In 1987, The 

essence of Fibonacci Triple Sequences are examined. Fibonacci Sequence stand out as a kind 

of super sequence with amazing properties. This is the meteoric expansion in the province of 

Fibonacci Sequence. Leonardo de Pisa foremost Fibonacci’s observation on the growth of the 

rabbit population as a result in 1202.  

Triple Fibonacci Sequence are hype in the last years, but Multiplicative Triple Sequence of 

Recurrence Relations are less known. Extravagant work has been done to course on 

Fibonacci Triple Sequence in Additive form. In 1995, Multiplicative Coupled Fibonacci 

Sequence are treated. Our wish of this paper to offer some results of Multiplicative Triple 

Fibonacci Sequence of fourth order under nine specific schemes.  

Keywords- Fibonacci Sequence, Multiplicative Triple Fibonacci sequence 

 

1. Introduction 

The Fibonacci Triple Sequence is a current guidance in universality of Coupled Fibonacci 

sequence. Fibonacci sequence and their abstract principle have umpteen tempting utilization 

and properties to every field of science. The best motive for this relevance is Koshy’s book 

[9]. The Coupled Fibonacci Sequence was first installed by K.T. Atanassov [4] and also 

investigated many inquisitive properties and a modern protocol of generalization of Fibonacci 

Sequence [2,5,6]. 

J.Z. Lee and J.S. Lee ratified Firstly Additive Triple Sequence [3]. K.T. Atanassov lay out 

new notion for Additive Triple Fibonacci Sequence [7,8] and called 3-Fibonacci Sequence or 

3-F Sequence. 
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 Let {𝔓𝑖}𝑖=0
∞  {𝔔𝑖}𝑖=0

∞  𝑎𝑛𝑑 {ℜ𝑖}𝑖=0
∞  be three infinite sequences and called 3-F Sequence or 

Triple Fibonacci Sequence with initial value a, b, c, d, e and f. 

If 𝔓0 = 𝑎, 𝔔0 = 𝑏, ℜ0 = 𝑐, 𝔓1 = 𝑑, 𝔔1 = 𝑒, ℜ1 = 𝑓, then nine different schemes of 

Multiplicative Triple Fibonacci Sequence are as follows: 

 

First Scheme: 

                          𝔓𝑛+2 =  𝔔𝑛+1. ℜ𝑛        

            𝔔𝑛+2 =  ℜ𝑛+1. 𝔓𝑛 

                          ℜ𝑛+2 =  𝔓𝑛+1. 𝔔𝑛 

Second Scheme: 

         𝔓𝑛+2 =  ℜ𝑛+1. 𝔔𝑛 

           𝔔𝑛+2 =  𝔓𝑛+1. ℜ𝑛 

                         ℜ𝑛+2 =  𝔔𝑛+1. 𝔓𝑛 

Third Scheme:        

                         𝔓𝑛+2 =  𝔓𝑛+1. 𝔔𝑛 

           𝔔𝑛+2 =  𝔔𝑛+1. ℜ𝑛 

                         ℜ𝑛+2 =  ℜ𝑛+1. 𝔓𝑛        

Fourth Scheme:           

                         𝔓𝑛+2 =  𝔔𝑛+1. 𝔓𝑛 

           𝔔𝑛+2 =  ℜ𝑛+1. 𝔔𝑛 

                         ℜ𝑛+2 =  𝔓𝑛+1. ℜ𝑛 

Fifth Scheme: 

                         𝔓𝑛+2 =  𝔓𝑛+1. ℜ𝑛 

           𝔔𝑛+2 =  𝔔𝑛+1. 𝔓𝑛 

                         ℜ𝑛+2 =  ℜ𝑛+1. 𝔔𝑛        

Sixth Scheme: 

                         𝔓𝑛+2 =  ℜ𝑛+1. 𝔓𝑛 

           𝔔𝑛+2 =  𝔓𝑛+1. 𝔔𝑛 

                         ℜ𝑛+2 =  𝔔𝑛+1. ℜ𝑛 

Seventh Scheme: 

                         𝔓𝑛+2 =  𝔓𝑛+1. 𝔓𝑛 

           𝔔𝑛+2 =  𝔔𝑛+1. 𝔔𝑛 

                         ℜ𝑛+2 =  ℜ𝑛+1. ℜ𝑛 

Eighth Scheme: 

                         𝔓𝑛+2 =  𝔔𝑛+1. 𝔔𝑛 

           𝔔𝑛+2 =  ℜ𝑛+1. ℜ𝑛 

                         ℜ𝑛+2 =  𝔓𝑛+1. 𝔓𝑛 

Ninth Scheme: 

                         𝔓𝑛+2 =  ℜ𝑛+1. ℜ𝑛 

           𝔔𝑛+2 =  𝔓𝑛+1. 𝔓𝑛 

                         ℜ𝑛+2 =  𝔔𝑛+1. 𝔔𝑛  
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O.P. Sikhwal, M. Singh, S. Bhatnagar [1] studied numerous results of second order. 

In this paper, we encourage some results on Multiplicative Triple Fibonacci Sequence of 

fourth order under nine specific schemes. 

 

2. Multiplicative Triple Fibonacci Sequence of third order: 

Let {𝔓𝑖}𝑖=0
∞  {𝔔𝑖}𝑖=0

∞  𝑎𝑛𝑑 {ℜ𝑖}𝑖=0
∞  be three infinite sequences and called 3-F Sequence or 

Triple Fibonacci Sequence with initial value a, b, c, d, e, f, g, h and i be given. 

If 𝔓0 = 𝑎, 𝔔0 = 𝑏, ℜ0 = 𝑐, 𝔓1 = 𝑑, 𝔔1 = 𝑒, ℜ1 = 𝑓, 𝔓2 = 𝑔, 𝔔2 = ℎ, ℜ2 = 𝑖 then there are 

twenty-seven different schemes of Multiplicative Triple Fibonacci Sequence. 

 

3. Multiplicative Triple Fibonacci Sequence of fourth order: 

Let {𝔓𝑖}𝑖=0
∞  {𝔔𝑖}𝑖=0

∞  𝑎𝑛𝑑 {ℜ𝑖}𝑖=0
∞  be three infinite sequences and called 3-F Sequence or 

Triple Fibonacci Sequence with initial value a, b, c, d, e, f, g, h, i, j, k and 𝑙 be given. 

If 𝔓0 = 𝑎, 𝔔0 = 𝑏, ℜ0 = 𝑐, 𝔓1 = 𝑑, 𝔔1 = 𝑒, ℜ1 = 𝑓, 𝔓2 = 𝑔, 𝔔2 = ℎ, ℜ2 = 𝑖, 𝔓3 = 𝑗, 𝔔3 =

𝑘, ℜ3 = 𝑙 Then there are 81 schemes of Multiplicative Triple Fibonacci Sequence of fourth 

order. In this paper, we are presenting some identities of fourth order under nine specific 

schemes and these nine schemes are as follows: 

 

First Scheme:           

   𝔓𝑛+3 =  𝔓𝑛+2. 𝔓𝑛+1. 𝔓𝑛 

             𝔔𝑛+3 =  𝔔𝑛+2. 𝔔𝑛+1. 𝔔𝑛 

                           ℜ𝑛+3 =  ℜ𝑛+2. ℜ𝑛+1. ℜ𝑛 

 

Second Scheme:          

   𝔓𝑛+3 =  𝔔𝑛+2. 𝔔𝑛+1. 𝔔𝑛 

            𝔔𝑛+3 =  ℜ𝑛+2. ℜ𝑛+1. ℜ𝑛 

                          ℜ𝑛+3 =  𝔓𝑛+2. 𝔓𝑛+1. 𝔓𝑛 

 

Third Scheme: 

                          𝔓𝑛+3 =  ℜ𝑛+2. ℜ𝑛+1. ℜ𝑛 

            𝔔𝑛+3 =  𝔓𝑛+2. 𝔓𝑛+1. 𝔓𝑛 

                          ℜ𝑛+3 =  𝔔𝑛+2. 𝔔𝑛+1. 𝔔𝑛 

 

Fourth Scheme:          

   𝔓𝑛+3 =  𝔓𝑛+2. 𝔔𝑛+1. ℜ𝑛 

             𝔔𝑛+3 =  𝔔𝑛+2. ℜ𝑛+1. 𝔓𝑛 

                           ℜ𝑛+3 =  ℜ𝑛+2. 𝔓𝑛+1. 𝔔𝑛 

 

Fifth Scheme:           

   𝔓𝑛+3 =  ℜ𝑛+2. 𝔓𝑛+1. 𝔔𝑛 

             𝔔𝑛+3 =  𝔓𝑛+2. 𝔔𝑛+1. ℜ𝑛 
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                           ℜ𝑛+3 =  𝔔𝑛+2. ℜ𝑛+1. 𝔓𝑛 

 

Sixth Scheme:           

   𝔓𝑛+3 =  𝔔𝑛+2. ℜ𝑛+1. 𝔓𝑛 

             𝔔𝑛+3 =  ℜ𝑛+2. 𝔓𝑛+1. 𝔔𝑛 

                           ℜ𝑛+3 =  𝔓𝑛+2. 𝔔𝑛+1. ℜ𝑛 

 

Seventh Scheme:          

   𝔓𝑛+3 =  𝔓𝑛+2. ℜ𝑛+1. 𝔔𝑛 

             𝔔𝑛+3 =  𝔔𝑛+2. 𝔓𝑛+1. ℜ𝑛 

                           ℜ𝑛+3 =  ℜ𝑛+2. 𝔔𝑛+1. 𝔓𝑛 

 

Eighth Scheme:          

   𝔓𝑛+3 =  𝔔𝑛+2. 𝔓𝑛+1. ℜ𝑛 

             𝔔𝑛+3 =  ℜ𝑛+2. 𝔔𝑛+1. 𝔓𝑛 

                           ℜ𝑛+3 =  𝔓𝑛+2. ℜ𝑛+1. 𝔔𝑛 

 

Nineth Scheme:          

    𝔓𝑛+3 =  ℜ𝑛+2. 𝔔𝑛+1. 𝔓𝑛 

             𝔔𝑛+3 =  𝔓𝑛+2. ℜ𝑛+1. 𝔔𝑛 

                           ℜ𝑛+3 =  𝔔𝑛+2. 𝔓𝑛+1. ℜ𝑛 

 

Table for first scheme with few terms as below: 

 

 

 

 

 

n 𝔓𝑛  𝔔𝑛  ℜ𝑛 

0 𝑎 𝑏 𝑐 

1 𝑑 𝑒 𝑓 

2 𝑔 ℎ 𝑖 

3 𝑗 𝑘 𝑙 

4 𝑎𝑑𝑔𝑗 𝑏𝑒ℎ𝑘 𝑐𝑓𝑖𝑙 

5 𝑎𝑑2𝑔2𝑗2
 𝑏𝑒2ℎ2𝑘2

 𝑐𝑓2𝑖2𝑙2
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Table for second scheme with few terms as below: 

 

Table for third scheme with few terms as below: 

 

4. Main Result: 

We can use any of above mentioned nine schemes to prove theorem 1,2 and 3. 

Theorem 1: For every natural number 𝑛 ≥ 2, 

(𝔓0𝔔0ℜ0)𝑛(𝔓1𝔔1ℜ1)𝑛+1(𝔓2𝔔2ℜ2)𝑛+2(𝔓3𝔔3ℜ3)𝑛+3

= (𝔓3𝔔3ℜ3)(𝔓4𝔔4ℜ4)𝑛−2(𝔓6𝔔6ℜ6) 

Proof: We prove this above result by induction method: 

    For 𝑛 = 2 then           (𝔓0𝔔0ℜ0)2(𝔓1𝔔1ℜ1)3(𝔓2𝔔2ℜ2)4(𝔓3𝔔3ℜ3)5 

            = (𝔓1𝔔1ℜ1)(𝔓2𝔔2ℜ2)2(𝔓3𝔔3ℜ3)3(𝔓4𝔔4ℜ4)2    

         (By First scheme) 

            = (𝔓2𝔔2ℜ2)(𝔓3𝔔3ℜ3)2(𝔓4𝔔4ℜ4)(𝔓5𝔔5ℜ5)        

n 𝔓𝑛  𝔔𝑛  ℜ𝑛 

0 𝑎 𝑏 𝑐 

1 𝑑 𝑒 𝑓 

2 𝑔 ℎ 𝑖 

3 𝑗 𝑘 𝑙 

4 𝑏𝑒ℎ𝑘 𝑐𝑓𝑖𝑙 𝑎𝑑𝑔𝑗 

5 𝑏𝑒2ℎ2𝑘2
 𝑐𝑓2𝑖2𝑙2

 𝑎𝑑2𝑔2𝑗2
 

n 𝔓𝑛  𝔔𝑛  ℜ𝑛 

0 𝑎 𝑏 𝑐 

1 𝑑 𝑒 𝑓 

2 𝑔 ℎ 𝑖 

3 𝑗 𝑘 𝑙 

4 𝑐𝑓𝑖𝑙 𝑎𝑑𝑔𝑗 𝑏𝑒ℎ𝑘 

5 𝑐𝑓2𝑖2𝑙2
 𝑎𝑑2𝑔2𝑗2

 𝑏𝑒2ℎ2𝑘2
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        (By First scheme) 

            = (𝔓3𝔔3ℜ3)(𝔓6𝔔6ℜ6) 

The result is true for 𝑛 = 2 

Let us assume the result is true for 𝑛 ≥ 2 

Then  

(𝔓0𝔔0ℜ0)𝑛+1(𝔓1𝔔1ℜ1)𝑛+2(𝔓2𝔔2ℜ2)𝑛+3(𝔓3𝔔3ℜ3)𝑛+4

= (𝔓0𝔔0ℜ0)(𝔓1𝔔1ℜ1)(𝔓2𝔔2ℜ2)(𝔓3𝔔3ℜ3)(𝔓0𝔔0ℜ0)𝑛(𝔓1𝔔1ℜ1)𝑛+1 

(𝔓2𝔔2ℜ2)𝑛+2(𝔓3𝔔3ℜ3)𝑛+3 

    = (𝔓4𝔔4ℜ4)(𝔓3𝔔3ℜ3)(𝔓4𝔔4ℜ4)𝑛−2(𝔓6𝔔6ℜ6)       

          (By hypothesis) 

    =  (𝔓3𝔔3ℜ3)(𝔓4𝔔4ℜ4)𝑛−1(𝔓6𝔔6ℜ6)                     (By first scheme) 

 

Thus, the result is true for  𝑛 + 1. Hence by induction method the result is true for any 

positive integer 𝑛 ≥ 2. 

Theorem 2: For every even integer 𝑛 ≥ 0, 

(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

](𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3

= (𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4) 

Proof: We prove the above result by induction method: 

    For 𝑛 = 0 then 

(𝔓0𝔔0ℜ0)(𝔓1𝔔1ℜ1)(𝔓2𝔔2ℜ2)2(𝔓3𝔔3ℜ3)3 = (𝔓2𝔔2ℜ2)(𝔓3𝔔3ℜ3)2(𝔓4𝔔4ℜ4) 

The result is true for 𝑛 = 0 

Let us assume the result is true for 𝑛 ≥ 0 

Then  

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛+2

2
](𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[

𝑛+2
2

]+1(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛+2

2
]+2(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[

𝑛+2
2

]+3
 

=

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛

2
]+1(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[

𝑛

2
]+2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[

𝑛

2
]+3(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[

𝑛

2
]+4

 

          

 ………..(*) 

Now we will bring each part of this equation by solving and put its value here. 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+1

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1
 

 

           ………(a) 

(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+2

= (𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2
 

 

           ………(b) 
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(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+3

= (𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3
 

 

           ………(c) 

(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[
𝑛
2

]+4

= (𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4
 

     

           ………(d) 

now putting the value of equation (a), (b), (c) and (d) in equation (*), we get 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)
[
𝑛
2

]+1
(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[

𝑛
2

]+2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+3(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[
𝑛
2

]+4
 

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1
 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2
 

(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3
 

(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4
 

(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4
 

(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4
 

(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4
 

Now we use given hypothesis for every line, 

= (𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)𝑛−2(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5) 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)𝑛−2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4) 

(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)𝑛−2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3) 

(𝔓𝑛𝔔𝑛ℜ𝑛)(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)𝑛−2(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2) 

= (𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)𝑛−2(𝔓𝑛+6𝔔𝑛+6ℜ𝑛+6) 

 

Thus, the result is true for  𝑛 + 2. Hence by induction method the result is true for any 

positive even integer 𝑛 ≥ 0. 

Theorem 3: For every odd integer 𝑛 ≥ 1, 

(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

](𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3) 

Proof: We prove the above result by induction method: 

    For 𝑛 = 1 then        (𝔓1𝔔1ℜ1)0(𝔓2𝔔2ℜ2)(𝔓3𝔔3ℜ3)2(𝔓4𝔔4ℜ4)3 

= (𝔓2𝔔2ℜ2)(𝔓3𝔔3ℜ3)2(𝔓4𝔔4ℜ4) 

The result is true for every odd no. 𝑛 = 1 

Let us assume the result is true for every odd no. 𝑛 ≥ 0 

Then  
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(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛+2

2
](𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[

𝑛+2
2

]+1(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛+2

2
]+2(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[

𝑛+2
2

]+3
 

=

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛

2
]+1(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[

𝑛

2
]+2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[

𝑛

2
]+3(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[

𝑛

2
]+4

 

          

 ………..(*) 

Now we will bring each part of this equation by solving and put its value here. 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+1

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1
 

 

           ………(a) 

(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+2

= (𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2
 

 

           ………(b) 

(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+3

= (𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3
 

 

           ………(c) 

(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[
𝑛
2

]+4

= (𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4
 

     

           ………(d) 

now putting the value of equation (a), (b), (c) and (d) in equation (*), we get 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+1(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+3(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)[
𝑛
2

]+4
 

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1
 

(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2
 

(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3
 

(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4

= (𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+1(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+3(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)[
𝑛
2

]+4
 

(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+1(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+2(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+3(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)[
𝑛
2

]+4
 

(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+1(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+3(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)[
𝑛
2

]+4
 

(𝔓𝑛−2𝔔𝑛−2ℜ𝑛−2)[
𝑛
2

]+1(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)[
𝑛
2

]+2(𝔓𝑛𝔔𝑛ℜ𝑛)[
𝑛
2

]+3(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)[
𝑛
2

]+4
 

Now we use given hypothesis for every line, 

= (𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)𝑛−2(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4) 

(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2)𝑛−2(𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3) 
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(𝔓𝑛𝔔𝑛ℜ𝑛)(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1)𝑛−2(𝔓𝑛+2𝔔𝑛+2ℜ𝑛+2) 

(𝔓𝑛−1𝔔𝑛−1ℜ𝑛−1)(𝔓𝑛𝔔𝑛ℜ𝑛)𝑛−2(𝔓𝑛+1𝔔𝑛+1ℜ𝑛+1) 

   = (𝔓𝑛+3𝔔𝑛+3ℜ𝑛+3)(𝔓𝑛+4𝔔𝑛+4ℜ𝑛+4)𝑛−2(𝔓𝑛+5𝔔𝑛+5ℜ𝑛+5)  

Thus, the result is true for  𝑛 + 2. Hence by induction method the result is true for any 

positive odd integer 𝑛 ≥ 1. 

 

We can use first scheme from above mentioned nine schemes to prove theorem 4 and 

theorem 5. 

Theorem 4: For every integer 𝑛 ≥ 0, 

(a) √∏ 𝔓𝑘
10𝑛+4
𝑘=0 = 𝔓4𝔓14 … … 𝔓10𝑛+4 

(b) √∏ 𝔔𝑘
10𝑛+4
𝑘=0 = 𝔔4𝔔14 … … 𝔔10𝑛+4 

(c) √∏ ℜ𝑘
10𝑛+4
𝑘=0 = ℜ4ℜ14 … … ℜ10𝑛+4 

Proof: We prove the above result by induction method: 

 For 𝑛 = 1 then        

 

√∏ 𝔓𝑘

14

𝑘=0

= √𝔓0𝔓1𝔓2𝔓3𝔓4𝔓5𝔓6𝔓7𝔓8𝔓9𝔓10𝔓11𝔓12𝔓13𝔓14 

          = √𝔓4
2𝔓9

2𝔓14
2  

= 𝔓4𝔓9𝔓14 

The result is true for every odd no. 𝑛 = 1 

Let us assume the result is true for every odd no. 𝑛 ≥ 0 

Then  

√ ∏ 𝔓𝑘

10𝑛+14

𝑘=0

= √10𝑛 + 5.10𝑛 + 6.10𝑛 + 7.10𝑛 + 8.10𝑛 + 9.10𝑛 + 10.10𝑛 + 11.10𝑛 + 12.10𝑛 + 13.10𝑛 + 14 ∏ 𝔓𝑘

10𝑛+4

𝑘=0

 

          = √𝔓10𝑛+9
2 𝔓10𝑛+14

2 𝔓4𝔓14 … … 𝔓10𝑛+4 

= 𝔓4𝔓14 … … 𝔓10𝑛+14 

Thus, the result is true for  𝑛 + 1. Hence by induction method the result is true for any 

positive odd integer 𝑛 ≥ 0. 

Theorem 5: For every integer 𝑛 ≥ 1, 

(a) √∏ 𝔓𝑘
10𝑛−1
𝑘=0 = 𝔓9𝔓19 … … 𝔓10𝑛−1 
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(b) √∏ 𝔔𝑘
10𝑛−1
𝑘=0 = 𝔔9𝔔19 … … 𝔔10𝑛−1 

(c) √∏ ℜ𝑘
10𝑛−1
𝑘=0 = ℜ9ℜ19 … … ℜ10𝑛−1 

Proof: The proof of this theorem can be done by mathematical induction same as above 

theorem. 

 

5. Conclusion: 

Extremely work has been performed on Multiplicative Triple Fibonacci Sequence. In this 

paper, we have to picture some outcome of Multiplicative Triple Fibonacci Sequence of 

fourth order under nine specific schemes. 
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