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Abstract

K.T. Atanassov are Firstly established the Coupled Fibonacci Sequence in 1985. In 1987, The
essence of Fibonacci Triple Sequences are examined. Fibonacci Sequence stand out as a kind
of super sequence with amazing properties. This is the meteoric expansion in the province of
Fibonacci Sequence. Leonardo de Pisa foremost Fibonacci’s observation on the growth of the
rabbit population as a result in 1202.

Triple Fibonacci Sequence are hype in the last years, but Multiplicative Triple Sequence of
Recurrence Relations are less known. Extravagant work has been done to course on
Fibonacci Triple Sequence in Additive form. In 1995, Multiplicative Coupled Fibonacci
Sequence are treated. Our wish of this paper to offer some results of Multiplicative Triple
Fibonacci Sequence of fourth order under nine specific schemes.

Keywords- Fibonacci Sequence, Multiplicative Triple Fibonacci sequence

1. Introduction

The Fibonacci Triple Sequence is a current guidance in universality of Coupled Fibonacci
sequence. Fibonacci sequence and their abstract principle have umpteen tempting utilization
and properties to every field of science. The best motive for this relevance is Koshy’s book
[9]. The Coupled Fibonacci Sequence was first installed by K.T. Atanassov [4] and also
investigated many inquisitive properties and a modern protocol of generalization of Fibonacci
Sequence [2,5,6].

J.Z. Lee and J.S. Lee ratified Firstly Additive Triple Sequence [3]. K.T. Atanassov lay out
new notion for Additive Triple Fibonacci Sequence [7,8] and called 3-Fibonacci Sequence or
3-F Sequence.
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Let {$B;};2, {Qi}i2o and {R;}i2, be three infinite sequences and called 3-F Sequence or
Triple Fibonacci Sequence with initial value a, b, c,d, e and f.
IfBy=a,Q=b,Ry=¢,B;,=d,Q;, =¢, R, =f, then nine different schemes of
Multiplicative Triple Fibonacci Sequence are as follows:

First Scheme:
Briz = Qne1- Ry
Qniz = Rt Ba
Rpsz = By Qp
Second Scheme:
PBriz = Ruv1-Qn
Qniz = Bus1- Ry
Rosz = Qi1 PBa
Third Scheme:
Briz = Pns1-Qn
Qniz = Qni1-Rn
Rnvz = Rpy1- P
Fourth Scheme:
Bz = Qni1-PBn
Qniz = Rpt1-Qn
Rpsz = Bnsr- R
Fifth Scheme:
n+2 = PBns1-Ran
Qniz = Qui1- B
Rniz = Rps1-Qn
Sixth Scheme:
Brsz = Rns1- B
Qniz = Brs1- Qp
Rpsz = Quir- Ry
Seventh Scheme:
n+2 = Pnr1-Bn
Quiz = Qni1-Qp
Rnyz = R Ry
Eighth Scheme:
Briz = Que1-Qn
Qniz = Rpr1-Ra
Rpsrz = Brpr- By
Ninth Scheme:
Brsz = Rnp1- R
Qniz = Brs1-Pa
Rpt2 = Qn1- Qo
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O.P. Sikhwal, M. Singh, S. Bhatnagar [1] studied numerous results of second order.
In this paper, we encourage some results on Multiplicative Triple Fibonacci Sequence of
fourth order under nine specific schemes.

2. Multiplicative Triple Fibonacci Sequence of third order:

Let {8,320 {Qi}izo and {R;}2, be three infinite sequences and called 3-F Sequence or
Triple Fibonacci Sequence with initial value a, b, c,d, e, f, g, h and i be given.
IfBy=a,Q=bRy=¢PB1=d,Q, =¢,R, =f,B, =9,Q, =h,R, =i then there are
twenty-seven different schemes of Multiplicative Triple Fibonacci Sequence.

3. Multiplicative Triple Fibonacci Sequence of fourth order:

Let {B;}izo {Qi}iz, and {R;}i2, be three infinite sequences and called 3-F Sequence or
Triple Fibonacci Sequence with initial value a, b, c,d, e, f, g h,i,j, k and [ be given.
fPo=a,Q=bR=¢P1=d Q=R =, PB,=9Q=LR,=0,P3=j,Q; =
k,R; =1 Then there are 81 schemes of Multiplicative Triple Fibonacci Sequence of fourth
order. In this paper, we are presenting some identities of fourth order under nine specific
schemes and these nine schemes are as follows:

First Scheme:
Briz = Bnsz- Brns1- B
Qniz = Quiz- Qnt1-Qn
Rz = Ruvz-Ruvr- Ry

Second Scheme:
Brrz = Quiz- Qns1- Qn
Quiz = Rpt2- Ruv1- Ry
Rn+z = Pz P+ P

Third Scheme:
Briz = Rpvz- Rns1- R

Qniz = Brsz Brs1-Ba
Rn+z = Quez- Qni1-Qn

Fourth Scheme:
Briz = Pnaz-Qni1- Ry
Qniz = Qniz-Rns1- B
Rniz = Rpsz- B Qn

Fifth Scheme:

Br+z = Rpsz-PBrr1- Qp
Qn+3z = Ptz Qui1- Ry
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Ruts = Quiz-Rns1- By

Sixth Scheme:
Briz = Quiz-Rur1- P
Qniz = Rptz- Brs1-Qn
Rniz = Pz Que1- Ry

Seventh Scheme:
Briz = Pnrz- Rns1- Qn
Qniz = Qniz- Brr1- R
Rniz = Rpiz- Qa1 P

Eighth Scheme:
Briz = Quiz- Brr1- Ry
Qn+z = Rtz Qni1- P
Rniz = PBnaz-Rns1- Qn

Nineth Scheme:

Brts = Rptz- Qi1 By
Qniz = g~Bn+2-mn+1-£’)n
Rnvz = Quiz- Prs1-Ra

Table for first scheme with few terms as below:

n B Qn Ry
0 a b c

1 d e f

2 g h [

3 j k l

4 adgj behk cfil
5 ad?g?j? be?h?k? cf?i?l?
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Table for second scheme with few terms as below:

n B Qn R

0 a b c

1 d e f

2 g h [

3 j k !

4 behk cfil adgj
5 be?h?k? cf?i%l? ad?g?j?
Table for third scheme with few terms as below:

n B Qn R

0 a b c

1 d e f

2 g h [

3 j k !

4 cfil adgj behk
5 cf?i?l? ad?g?j? be?h?k?
4. Main Result:

We can use any of above mentioned nine schemes to prove theorem 1,2 and 3.

Theorem 1: For every natural numbern > 2,

(BoQoRo)™ (P11 R)™ (B QR (P Q3 R3)"™3
= (B3Q3R3) (B2QRD"2(BsQsRs6)

Proof: We prove this above result by induction method:

For n = 2 then

= (B2 Ry) (%2929{2)2 (5133@39{3)3 (2[34949{4)2

= (P,QR,) (63393913)2 (PBsQRL) (BsWQsRs)
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(By First scheme)
= (P3Q3R3) (PQ6R6)

The result is true forn = 2
Let us assume the result is true for n > 2
Then

(BoQoRo)™ H(PB1 QR 2 (PR3 (B3 QR

= (‘BOQOmO)(g‘Bllel)GBZQZmZ)(6133&39{3)($090m0)n($191m1)n+1
(B2 QR (P Qs R)™3
= (PaQsR4) (B3Q3R3) (B4 QR (BsQeR6)
(By hypothesis)
= (P3Q3R3) (B1QsRD™ (B QsRs) (By first scheme)

Thus, the result is true for n + 1. Hence by induction method the result is true for any
positive integer n > 2.
Theorem 2: For every even integern > 0,

n n n n
(%n’anmn)[Z](s‘Bn+1Qn+1ERn+1)[2]+1(§‘Bn+2@n+2mn+2)[2]+2 (s‘Bn+3/Qn+3§Rn+3)[2]-'-3
= ($n+28n+2mn+2)($n+3an+3mn+3)2(s:Bn+4Dn+4iRn+4)
Proof: We prove the above result by induction method:

For n = 0 then
(‘Boaomo)($1Q1m1)($zazm2)2($393m3)3 = (%292932)(%393%3)2(513494934)
The result is true forn = 0
Let us assume the result is true forn = 0
Then

n+2 n+2

n+2 n+2
($n+zmn+2mn+2)[ 2 ](§Bn+3Dn+3mn+3)[ 2 ]+1(§’Bn+4gn+4mn+4)[ 2 ]+2(an+5'Qn+5mn+5)[ 2 1+3

(an+2'Qn+2§Rn+2) [E] i (an+3 Qn+39:tn+3) [E]+2 ($n+4gn+4—mn+4—) [E] *3 (SBn+5Qn+5€Rn+5) [E]+4

Now we will bring each part of this equation by solving and put its value here.

n
(s13n+zan+2mn+2)[2]4_1
n n n n
= Brsr1 Q1 Rre ) 2 (B QR 2 (B 1 Qo1 R ) T (B2 QnaRnp) 21

n
(S‘Bn+3gn+3mn+3)[§]+2
n n n n.
= (Brs2Q2Rn42) 2 2 (Brs1 Qi 1801 1) 2 2 (BrQnR) 22 (B 190 1 R )21
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n
(%n+4an+4mn+4) [2]+3
n n n n
= (s'Bn+3Dn+3mn+3) [7]+3 (s'Bn+2Qn+2mn+2) [7]+3 (s‘Bn+1Dn+1§Rn+1) [E]+3 (%n’anmn) [§]+3

n
(()J3n+5£2n+5mn+5)[2]+4
n n n n
= (g‘Bn+4&n+4mn+4)[2]+4(()Bn+3gn+3mn+3)[2]+4 (s:Bn+2'Qn+2mn+2) [2]+4 (S‘Bn+1gn+1mn+1) [2]+4

now putting the value of equation (a), (b), (c) and (d) in equation (*), we get
n n 1. n
($n+zgn+2mn+2)[2]+1($n+39n+3mn+3)[2]+2(§Bn+4gn+4mn+4)[2]+3($n+59n+5mn+5)[2]+4
n n n n
= (%n+1gn+1mn+1)[§]+1(%ngnmn)[2]+1(%n—lgn—lmn—l)[2]+1(§Bn—zan—2mn—2)[2]+1
n n n n
(B2 Q2 Rn42) 22 Bros1 Qs Rne )22 (B2, 8022 (Bros1 Qs R 212
[5]+3 [1+3 [5]+3 [5]+3
(Br+3Qn+3Rn43) 2 " (Br2Qna2Rn42) 2 (Bre1Qne1Rne1) 2~ (B QR R,) 2
n n n n
(S‘Bn+4»>:Qn+4sﬁn+4)[E]+4(513n+3gn+38{n+3)[E]-M(s‘Bn+2’Qn+2§Rn+2)[7]+4(s‘Bn+1Dn+1iRn+1)[E]-F4
n n n n
= (an+1gn+1§Rn+1)[7]+1(§’Bn+28n+29{n+2)[7]+2($n+3gn+3mn+3)[E]+3(§‘Bn+4gn+4mn+4)[7]+4
n n n n
(an):‘)nmn)[2]4-1(():B‘rl+1‘an+12Rn+1)[2]4—2(&‘Bn+2’an+2mn+2)[2]+3(ngn+3£‘)n+3(iRn+3)[2]4-4
n n n n
(%n—lan—lmn—l)[Z]-ﬂ(%ngnmn)[zhz(§~Bn+1Dn+1mn+1)[E]+3($n+29n+2mn+2)[2]+4
(B2 D2 R ) (B Q1B ) 22 (B D) 73 (B 1 Dy R ) 2]
n—-2~n-2+n-2 n—-1~n-1+n-1 n~>n+n n+1<~>n+1+n+1
Now we use given hypothesis for every line,
= (an+3'Qn+3§Rn+3)(g‘Bn+4Qn+4§Rn+4)n_2(iBn+SQn+5§Rn+5)
(s’Bn+ZQn+2§Rn+2)(§Bn+3Dn+3§Rn+3)n_2(§Bn+4gn+4mn+4)
(iBn+1Qn+1§Rn+1)(an+2Qn+ZiRn+2)n_2(EBn+SQn+3ERn+3)

(%ngnmn) ($n+1nn+1§nn+1)n_2 (§Bn+ZDn+2§Rn+2)
= (BnraQn+aRnta) ($n+san+5mn+5)n_2 (Br+6Qn+6Rn+6)

Thus, the result is true for n + 2. Hence by induction method the result is true for any
positive even integer n > 0.
Theorem 3: For every odd integern > 1,

n n n n
(%ngnmn)[i] ($n+1gn+1mn+1)[i]+1($n+29n+2€ﬁn+2)[§]+2(g‘Bn+3Qn+3iRn+3)[E]+3
= ($n+19n+1mn+1)($n+zgn+2mn+2)2($n+3gn+3mn+3)

Proof: We prove the above result by induction method:

Forn = 1 then (PB121RD°(BQ,R,) (B3Q3R3)2 (B4 QR

= (332929{2)(‘13393%3)2(‘1345349%4)

The result is true for every odd no. n = 1
Let us assume the result is true for every odd no.n = 0
Then
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n+2

($n+2an+2mn+2) 2 (SBn+BQn+3ERn+3) 2 +1(€Bn+4gn+4mn+4) 2 (g‘Bn+5’an+5§Rn+5) 2 I+3

(EBn+2’Dn+2iRn+2) [E] i (EBn+3Dn+3§Rn+3) [E]+2 ($n+4mn+4mn+4) [E] *3 (EBn+SDn+5§Rn+5) [E]+4

Now we will bring each part of this equation by solving and put its value here.

n
($n+29n+2mn+2)[2]+1
n n n n
= (s’Bn+1Qn+1ERn+1) [2]+1(mngnmn)[2]+1($n—1an—1mn—1)[2]+1 (‘Bn—zgn—zmn—z)[2]+1

n
($n+39n+3mn+3)[2]+2
n n n n
= (an+2Qn+ZERn+2) [2]+2 (C’Bn+1gn+1gnn+1) [2]+2 (()Bn’DniRn)[2]+2 (()Bn—lgn—lmn—l)[2]+2

($n+4gn+4mn+4) 2 +3
2 2 2 n
(EBn+3Qn+3ERn+3) +3(g‘Bn+ZQn+ZERn+2) +3 ($n+1gn+1mn+1) +3 C’Bngn%n)[zh—3

n
(g‘Bn+SDn+5mn+5)[2]+4
n n n n
= (SBn+4Qn+4iRn+4-)[2]+4(€Bn+39n+3 iRn+3)[2]+4 (Br+2Qn+2Rn42) [Z1+4 (Br+1Qn+1Rn+1) [z1+4

now putting the value of equation (a), (b), (c) and (d) in equation (*), we get
(Brs2Dns2Rns ) B3 Qs 3B 2) 22 (B4 s 4B )2 (B s Qs s) 2
= (P Qe R ) 2 (B 20 21 By 2y R ) (8,0, 2]

B2 Qns2Rn12) 2 2 (Brs1 Q1 s ) 22 (B D R) 22 (B, 21 Ry )22
(Bross Qs 3Tns5) 2 (Brs2 Q2R )2 B Qs R 1) 273 (8,9, R, 2

(‘Bnﬂanmm)[3]+“(€Bn+3>an+39%n+3)[3]+4(ﬂ3n+znn+2%n+z)[3]+4(%n+1an+1mn+1)[3]+‘*

= ($n+1Dn+15Rn+1) 2! +1(§J3n+25:3n+25Rn+2) 2! +2(€Bn+3an+3mn+3) 2 +3((’Bn+45:3n+4§Rn+4)[Z]Jr4
(B 20T 2 (B 12001 R ) T2 (B2 Q2P 2) 23 (B3 DR ) 21
(Bro1 D1 R D (B2 R) 2 (B D1 1) 23 (B2 D R ) 21

n LS n n
(%n—zgn—zmn—z)[Z]-ﬂ(%n—lan—lmn—l)[zhz (():Bngnmn)[2]4-3(%n+1gn+1mn+1)[2]4-4
Now we use given hypothesis for every line,

= (Br+2Qn+2Rn+2) ($n+3gn+3mn+3)n_2 (Br+aQniaRnta)
(iBn+1Qn+1§Rn+1) (EBTL‘FZDTI'FZERTI'FZ)‘”_Z (SBTL+3QTI+3ERTI+3)
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(anQnSRn)($n+1gn+1mn+1)n_2($n+29n+2mn+2)
(%n—lgn—lmn—l)(g’Bn’QnERn)n_z(g/Bn+1Dn+1iRn+1)
= (EBn+3’Dn+3§Rn+3)(%n+4gn+4mn+4)n_2(%n+5an+5mn+5)
Thus, the result is true for n + 2. Hence by induction method the result is true for any
positive odd integer n > 1.

We can use first scheme from above mentioned nine schemes to prove theorem 4 and
theorem 5.
Theorem 4: For every integer n > 0,

() PPy = ByBag o Bion+4

1

(b) ,jé(l%+4‘ Dk = D4Q14 ...... 810n+4

(© [L25H R = RaRigoon o Rion+a

Proof: We prove the above result by induction method:
Forn = 1 then

14

= \/%0‘31%2“‘83%4%5%6%7%8%9%10%11%12%13%14

= VPIBP1,
= PyPBoP1a
The result is true for every odd no. n = 1
Let us assume the result is true for every odd no. n = 0

—
¥

k=0

Then
10n+14
1_[ Br
k=0
10n+4
= [10n+5.10n+ 6.10n + 7.10n + 8.10n + 9.10n + 10.10n + 11.10n + 12.10n + 13.10n + 14 1_[ By
k=0

= \/gB%On+9;B%On+14;B4§‘B14 ------ iBlOn+4
= s134‘1314» ------ s1310n+14

Thus, the result is true for n + 1. Hence by induction method the result is true for any
positive odd integer n = 0.
Theorem 5: For every integern > 1,

(a) PPy = BoByg oo ... Bion-1

.
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(b) ’H,lcg%_l Qk = Qgglg ...... DlOn—l
(C) ’Hllc(:’(l)—l iRk = 9399319 ...... 9?10”_1

Proof: The proof of this theorem can be done by mathematical induction same as above
theorem.

5. Conclusion:

Extremely work has been performed on Multiplicative Triple Fibonacci Sequence. In this
paper, we have to picture some outcome of Multiplicative Triple Fibonacci Sequence of
fourth order under nine specific schemes.
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