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ABSTRACT

In this communication, we define Hybrid Gaussian Mersenne and Hybrid Gaussian Mersenne-Lucas sequences
and also, we give some relations among them. Moreover, we verify some well-known identities like Catalan, Cassini,
d’Ocagne and Honsberger for Hybrid Gaussian Mersenne and Mersenne-Lucas sequences.
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Introduction

In Number theory, recollect that a Mersenne number of order n, denoted by M,,, and it is a number of the form
2™ — 1, where n is a positive integer. Some studies about Mersenne sequence have been worked in [3, 8] and Mersenne-
Lucas sequence in [4, 5].

We observe that some Mersenne numbers are prime and search for Mersenne primes in an active field of Number
theory, Computer science and Coding theory. We note that if M,, is prime then n is prime and the converse is not true.
Some special sequences and its Gaussian form were studied in [1, 2, 7].

In this paper, we associate the hybrid number introduced by [6] with Mersenne and Mersenne-Lucas sequences.
Also, given some relations among them. Some well-known identities also verified through Binet’s formula.

The Mersenne sequence {M,,} are defined by the recurrence relation
M, = 3M,_; — 2M,,_,, n > 2, where My = 0, M, = 1.

The Mersenne- Lucas sequence {ML, } are defined recurrently by
ML, =3ML,_, —2ML,,_,, n = 2, where ML, = 2,ML, = 3.

The Binet’s formula for Mersenne and Mersenne-Lucas sequences are given by
M, =2"—1and ML, = 2™+ 1.

Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences

The Gaussian Mersenne sequence GM,, is defined by the recurrence relation
GM,,, = 3GM,, —2GM,,_;,n > 1

with initial conditions GM,, = —%i and GM, = 1.
Also, GM,, = M,, + iM,,_,, where M,, is the nth Mersenne sequence.

The Gaussian Mersenne-Lucas sequence GML,, is defined by the recurrence relation
GML,., = 3GML, —2GML,_;,n>1

with initial conditions GML, = 2 + %i and GML, = 3 + 2i.
And GML,, = ML, + iML,,_,, where ML, is the nth Mersenne-Lucas sequence.

Theorem 1
The Binet formula for the Gaussian Mersenne sequence and the Gaussian Mersenne-Lucas sequence are

GM, = 2" 'a — & and GML,, = 2" 'a + &
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wherea = (2+1i),4 = (1 +1).
Proof
GM,, = M, + iM,_,
=@2"-1)+i(2"1-1)
=" +i2" ) - (1+1)
=212+ -1 +10)
=2"1g — 6, wherea = (2 +1i),4 = (1+1).
GML, = ML, + iML,_,
="+ D +i"+1)
=@"+i2" )+ (1 +0)
=212 4+D)+ (@1 +10)
=2"1g + 6, wherea = (2+i),4 = (1 +1).
Theorem 2

The generating function for the Gaussian Mersenne sequence and the Gaussian Mersenne-Lucas sequence are

2t + (3t — 1)i
f® = 4t2 — 6t + 2
and
4 — 6t + (3 —5t)i
9 = 4t2 — 6t + 2
Proof

Let f(t) = XyZo GMpt™

Multiplying this equation by 1, —3t, 2t2 respectively and summing these equations, we obtain

(1 =3t + 2t)f(t) = GMy + (GM; — 3GMy)t + (GM, — 3GM; + 2GM)t? + -+ (GM,, — 3GM,,_; + 2GM,,_,)t™
= GM, + (GM, — 3GM,)t

f© = 1—3t+2t2

i +(143i)
T 1-3t+2t2
__2t+(3t-1)i
T at2-6t+2
Similarly, let g(t) = Xo-o GML,t"
Multiplying this equation by 1, —3t, 2t2 respectively and summing these equations, we obtain

(1-3t+2t)Hg@®)
= GMLy + (GML; —3GMLy)t + (GML, —3GML, + 2GMLy)t? + -
+ (GML,, — 3GML,,_; + 2GML,_,)t"
= GMLy + (GML, — 3GML,)t

GMLy + (GML, — 3GMLy)t
1 — 3t + 2t2

g =
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_ @+30) +[3+2i—3(2+§i)]t

1-3t+2t2

_ 4—6t+(3-50)i
T 4at2-6t+2

Theorem 3 (Catalan’s Identity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences)
For any nonzero positive integers n, k we have
GM,,,,GM,_, — GM,* = 2"ab (1 — 2~ C+DML,,)
GMLy 4 GMLy,_ — GML,? = 2"ab (2~ % +*DML,, — 1)
Proof
GMp 1 GMyy_ — GM,,> = (2" ta — )2V ta —6) — 2" 'a — 6 )?
= 2"ak [1 — 2-(k+D) — gk-1]
=2"ab [1—27**D(1 + 22K)]
=2"ab [1-2"*+*DML,, |
GML, xGML,_; — GML,* = " g + )" * la+4)— 2" 'a+ 6 )?
= 2"ab [27k+D 4 2k-1 1]
= 2"at [27K+D(1 + 22%) — 1]
= 2"ab 2 DML, — 1]
Theorem 4 (Cassini’s Identity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences)
Letn > 1. Then we have
GM,,,GM,_, — GM,* = =2"2a4
GML, . GML,_; — GML,* = 2" 2at
Theorem 5 (d’Ocagne’s ldentity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences)
For all m,n € Z we have
GM,,GM, ., — GM,,,.,GM,, = =2™"1abM,_,,
GML,GMLy 1 — GMLyy,1GML, = 2™ 1abM,_,,
Proof
GM,,GMy 1 — GM, ., GM,, = Q™ 'a —6)(2"a— &) — 2"a -4 )2 'a - 4)
=2"1a6(1—2) — 2" ab(1-2)
=2mlg4(1 —2"™)
= -2"1abM,_n
GML,,GML,.; — GML,,,,GML, = 2™ la+ 6)2"a+4)— 2Ma+4)2"a+ &)
=-2""1ab(1-2)+ 2" tab (1 - 2)
=2m1lab (2™ - 1)
=2"1abM,_,

Theorem 6
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Forn = 1, we have

GM,* + GM,,,,* = 22" 2a’ML, + 24% — 2"abML,

GML,” + GMLy 1% = 22" 2a’ML, + 24? + 2"abML,

Proof

GM,* +GM, ;> = (2" 'a—6)*+ (2"a — & )?

=22""242 _2"ab + 6% +22"q% + 6% - 2" 1al
=2"232(22 + 1) + 26% — 2"ab (1 + 2)

= 22252 M, + 242 — 2"ab ML,

GML,*> + GML,,,* = 2" 'a + 6 )%+ (2"a + 6 )?

=2"""2q% + 2"ab + 6% + 2%"a’ + 6% + 2" ab

=22""202(22 + 1) + 26% + 2"ab(1 + 2)

= 22""242ML, + 242 + 2"ab ML,
Theorem 7
Forn > 1, we have

i.  GMp,q +GM,_, =2"2aML, — 24

ii. GMy.,+GM, =2"1aML, —24&
iii. GML,, 4, +GML,_,=2""2aML, + 24
iv.  GML,., + GML, =2""taML, + 26

Proof
i.  GMyy +GM,_ = QQ"a—4&)+ (2" %a—4)
=2""2q(1+4 22) - 24
=2""2gaML, — 24
i. GMp,+GM,=Q2"a—-6)+Q2"a—-4)
=2""1a(1+2)-24
=2""1aML, — 24
iii.  GMLp, 4 +GML,_,=Q"a+4&)+ Q" %a+4)
=2"2a(1+ 2%) + 24
=2""2aML, + 24
iv.  GML,.;+GML,=Q"a+4)+ Q" a+4)
=2"1g(1+4+2)+ 26
= 2" 1gML, + 24
Theorem 8
Forn > 1, we have

i.  GM,+GML, = 2"a
ii. GMnGMLn = MZTI_MZTl—Z + ZiMzn_l

Proof
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i. GM,+GML,=QQ"'a-4)+ Q2" a+4)
=2"a
i. GM,GML, =" 'a—-46)2" la+46)
= 2n-2,2 _ p2
=22""2(3 + 4i) — 2i
=22 —-1) - (222 - 1) 4+ 2i(22" 1 - 1)
= Mpp—Mzn_p + 2iM5p 4

Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences

The Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers are defined as
MH, = M, + M, i + My € + M, 3h
MLH, = MLy, + MLy, 1i + ML, ,& + ML, 3h

where i, &, h are hybrid units, with i2 = —1,e2 = 0,h? = 1,ih = —hi = € +i.

The Gaussian Mersenne hybrid sequence and Gaussian Mersenne-Lucas hybrid sequence are defined as
GMH, = GM,, + iGM, ., + eGM,,,, + hGM,, 5

and
GMLH,, = GML,, + iGMLy,, + €GML,, + hGML,, 5

Theorem 9

The Binet formula for the Gaussian Mersenne hybrid sequence and Gaussian Mersenne-Lucas hybrid sequence are
GMH, = 2" 'a*a — f*& and GMLH,, = 2" 'a*a + B*&

wherea* =1+2i+2%2e+2%h, f*=1+i+e+h a=Q2+1i0), #=>10+10).

Proof

GMH, = (M, + My 1i + My p6 + My 3h) + i(My,_; + Myi + My, 16 + M, h)

=My + iMy_1) + i(Mpyy +iMy) + eMpip + iMpiq) + h(Mpy3 + iMpy2)
= GM,, + iGM, ., + €GM,,, + hGM, 4

=Q2"la—-6)+iR"a—6) + 2" a— &) + h(2"%a — 4)
=2"11+2i+2%+23%h)a— (1+i+ec+h)&

=2"1g*a — B* &

GMLH, = (ML, + MLy 1i + MLy, ,6 + ML, 3h) + i(ML,_; + MLyi + MLy, 1€ + ML, ,,h)
= (ML, + iMLy,_;) + i(MLy4q + iMLy) + €(MLyyp + iMLyy 1) + R(MLy 5 + iML,.,)
= GML, +iGMLy,; + €GMLy,, + hGML,,4
=Q2"la+4)+iR"a + &) + ™" a + &)+ h(2"2a + &)
=211+ 2i+ 2%+ 22Wa+ (1 +i+e+h)b
=2"1la*a + B &

Theorem 10

For any positive integers m, n we have
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GMH,,GMH,, + GMH,,,,GMH,., = 2™ 2a*?a?ML, — 2" 'B*a*baML, — 2" ‘a*B*abML, + 2B 4>
Proof

GMH,,GMH, + GMH,,,,GMH,,

=™ a*a - B 8) 2" ata — B &) + RMata — B )2 ata — B )

= 2min2q*2q? — "I g ba — 2™ tat Brak + BA6E + 2™ a? — 2B atba — 2Mat B ab + BTG
=2mtn2q2q2 (22 + 1) — 2" aba(2 + 1) — 2™ et Brab (2 + 1) + 257262

=2 2q a2 ML, — 2" B a baML, — 2™ et B ab ML, + 287747

Theorem 11

For any positive integer n,

i.  GMH,,, + 2GMH,_, = 3GMH,,
ii. GMLH,,, +2GMLH,_, = 3GMLH,

i.  GMH,,,+2GMH,_,
= (GMpyq + iGMyyyy + EGMpys + hGMyy4s) + 2(GMy_y + iGM,, + €GMyyyq + hGM,,5)
= (GMyyy + 2GMp_y) + i(GMy sy + 2GM,) + €(GMy s + 2GMpyy 1) + h(GMy sy + 2GM,,,,)
= 3GM,, + i3GM,,, + €3GM,,, + h3GM,,,+
= 3GMH,
ii. GMLH,,, +2GMLH,_,
= (GMLpyy + iGMLyyp + €GMLyy5 + RGMLyys) + 2(GMLy_y + iGML,, + €GMLy,; + hGMLy )
= (GMLyyq + 2GMLy_y) + i(GMLyy,5 + 2GML,) + €(GMLy,5 + 2GMLy ;) + h(GMLyyq + 2GMLy )
= 3GMLy, + i3GML,,, + €3GML, 5 + h3GML,
= 3GMLH,

Theorem 12
For any positive integer n, m, k we have

i. GMH,GMH, — GMH,,,,GMH,_, = 2" 'a*B*abM, — 2" %" 1p*a* baM,
ii. GMLH,GMLH, — GMLH,,,,GMLH,_, = 2" % 1p*a*aM, — 2™ *a*B*abM,

Proof
i. GMH,,GMH, — GMH,,,,GMH,_,
= Q™ la*a - B H)2" ata — B 8) — Q™ lara — B )2 lata — BE)
= 2min=2g*252 _nlptqtfa — 2M et Bral + BrRE? — 2min 2 g 4+ 2"kl g ba
4 2mrk-lg B al — P42
= 2" k1R a(1 — 25) + 2™ e Brab (2K — 1)
= 2" Brab M, — 2" k1B a* baM,
ii. GMLH,,GMLH, — GMLH,,,,GMLH,_,
=™ a*a + B )2 ata + BrE) — ™ lata + B )2V lata + B4
= 2mn-2q*2q2 4 V1B ba + 2™ e Brab + BP6E — 2 2q P q? — 2 RIR g g
—2mrk-lgtRral — B2 42
= 2" k1R pa (2% — 1) + 2™ e Brab (1 — 2K)
= 2" k1R pa M, — 2™ Lt Brab M,
Theorem 13

For any positive integer n,
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i. GMH, + GMLH, = 2"a*a
ii. GMH,— GMLH, = —28"%
Proof
i. GMH, + GMLH, = 2" 'a*a — "4 + 2" 'a*a + B*&
=22 a*a)
=2"a*a

ii. GMH,—GMLH, = 2" 'a*a — B*# — 2" 'a*a — B4
= 286

Theorem 14 (Catalan Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)
For any positive integers n, k we have
GMH, . ,GMH,_,, — GMH,* = 2" %M, [B*a* ba — 2Xa*B*atb]
GMLH, . GMLH,_, — GMLH,* = 2" *" 1M, [2¥a*B*ab — B*a*ba)]
Proof
GMH,,,GMH,,_,, — GMH,?
= 2"k lgrq — B )2 K tata — B ) — (M lata — B 6) (2" tata — B4
= 2"k 1 a2k — 1) — 2"t Brab (2K — 1)
= 2"k IM B a ba — 2ka*Brab]
GMLH,,,GMLH,_, — GMLH,*
= Q" gt + B8RV ata + Br8) — (2" ata + BB (2" ata + BT4)
= 2" k1 a2k — 1) + 2" ta*Brab (2F — 1)
=20k 2Kt Brab — Bratbal
Theorem 15 (Cassini Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)
For any positive integer n, we have
GMH,,,GMH,_, — GMH,* = 2" 2[B*a*fa — 2a*B*at]
GMLH,,,GMLH,_, — GMLH,? = 2" 2[2a*B*ab — B*a*ba]
Theorem 16 (d’Ocagne’s Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)
For any positive integers n, m we have
GMH,,GMH, ., — GMH,,,,,GMH,, = 2™ a*B*at — 2" 1p*a*ba
GMLH,,GMLH, ., — GMLH,,,,GMLH, = 2" 1B*a*ba — 2™ 1a*B*at
Proof
GMH,,GMH,,, — GMH,,,,GMH,,
=™ 'a*a - B H)2"a*a — B* &) — 2Mata — B )2 Tata — B E)
= 2" 18 ba(l — 2) + 2™ a*Brab (2 — 1)
= 2" lg* B al — 2" B at ba
GMLH,,GMLH, ,, — GMLH,,,.,GMLH,,

4200



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 3, 2022, p. 4194-4201
https://publishoa.com

ISSN: 1309-3452

= 2" a*a + B H)(2"a*a + B8) — M a + B2V rata + B8)

=218 ba(2 — 1) — 2™ e Brab (2 — 1)

— Zn_lﬁ*a*lhl _ Zm_la*ﬁ*aﬂv

Theorem 17 (Honsberger Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)
For any positive integers k,n we have

GMH,_,GMH,, + GMH,GMH, ., = 2¥*"3a**a?ML, — 2*2a*B*ab ML, — 2" 'B*a*baML, + 2> 4>
GMLH,_,GMLH, + GMLH,GMLH,,,, = 2**"3a*2a?ML, + 2*2a*B*abML, + 2" 'B*a*baML, + 23** 42
Proof

GMH,_,GMH,, + GMH,GMH,, ,,

= (2" 2a%a — B*6)(2" Lata — B 4) + (2K lata — B 6)(2"ata — B 6)

=2km=307252(22 4+ 1) — 2" 1B " ba(2 + 1) — 2X2a*B*ab (2 + 1) + 2B*262

=2k 3 2 g2 ML, — 2¥2q*B*ab ML, — 2" 1B a* baML, + 2** 62

GMLH,_,GMLH, + GMLH,GMLH,,,

= 2" 20%a + B*8)(2" ata + B 6) + (2K Lata + B 4) (2 ata + B6)

= 2kn=302242(22 4 1) + 2" 1Bt ba(2 + 1) + 2K 2a* B*ab (2 + 1) + 28262

=2k 3 2 g2 ML, + 252 B ab ML, + 2" B a baML, + 2B 62

Conclusion

In this paper, we defined new sequences named by Hybrid Gaussian Mersenne and Hybrid Gaussian Mersenne-
Lucas sequences. Further, we obtained some relations among them. Moreover, we verified some identities through Binet’s
formula.
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