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ABSTRACT 

 In this communication, we define Hybrid Gaussian Mersenne and Hybrid Gaussian Mersenne-Lucas sequences 

and also, we give some relations among them. Moreover, we verify some well-known identities like Catalan, Cassini, 

d’Ocagne and Honsberger for Hybrid Gaussian Mersenne and Mersenne-Lucas sequences. 
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Introduction 

 In Number theory, recollect that a Mersenne number of order 𝑛, denoted by 𝑀𝑛, and it is a number of the form 

2𝑛 − 1, where 𝑛 is a positive integer. Some studies about Mersenne sequence have been worked in [3, 8] and Mersenne-

Lucas sequence in [4, 5]. 

We observe that some Mersenne numbers are prime and search for Mersenne primes in an active field of Number 

theory, Computer science and Coding theory. We note that if 𝑀𝑛 is prime then 𝑛 is prime and the converse is not true. 

Some special sequences and its Gaussian form were studied in [1, 2, 7]. 

In this paper, we associate the hybrid number introduced by [6] with Mersenne and Mersenne-Lucas sequences. 

Also, given some relations among them. Some well-known identities also verified through Binet’s formula. 

The Mersenne sequence {𝑀𝑛} are defined by the recurrence relation 

 𝑀𝑛 = 3𝑀𝑛−1 − 2𝑀𝑛−2 , 𝑛 ≥ 2, where 𝑀0 = 0, 𝑀1 = 1. 

The Mersenne- Lucas sequence {𝑀𝐿𝑛} are defined recurrently by 

𝑀𝐿𝑛 = 3𝑀𝐿𝑛−1 − 2𝑀𝐿𝑛−2 , 𝑛 ≥ 2, where 𝑀𝐿0 = 2, 𝑀𝐿1 = 3. 

The Binet’s formula for Mersenne and Mersenne-Lucas sequences are given by 

𝑀𝑛 = 2𝑛 − 1 and 𝑀𝐿𝑛 = 2𝑛 + 1. 

 

Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences 

 

The Gaussian Mersenne sequence 𝐺𝑀𝑛 is defined by the recurrence relation 

𝐺𝑀𝑛+1 = 3𝐺𝑀𝑛 − 2𝐺𝑀𝑛−1, 𝑛 ≥ 1 

with initial conditions 𝐺𝑀0 = −
1

2
𝑖 and 𝐺𝑀1 = 1. 

Also, 𝐺𝑀𝑛 = 𝑀𝑛 + 𝑖𝑀𝑛−1, where 𝑀𝑛 is the 𝑛th Mersenne sequence. 

The Gaussian Mersenne-Lucas sequence 𝐺𝑀𝐿𝑛 is defined by the recurrence relation  

𝐺𝑀𝐿𝑛+1 = 3𝐺𝑀𝐿𝑛 − 2𝐺𝑀𝐿𝑛−1, 𝑛 ≥ 1 

with initial conditions 𝐺𝑀𝐿0 = 2 +
3

2
𝑖 and 𝐺𝑀𝐿1 = 3 + 2𝑖. 

And 𝐺𝑀𝐿𝑛 = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛−1, where 𝑀𝐿𝑛 is the 𝑛th Mersenne-Lucas sequence. 

Theorem 1  

The Binet formula for the Gaussian Mersenne sequence and the Gaussian Mersenne-Lucas sequence are 

𝐺𝑀𝑛 = 2𝑛−1𝒶 − 𝒷 and 𝐺𝑀𝐿𝑛 = 2𝑛−1𝒶 + 𝒷 
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where 𝒶 = (2 + 𝑖), 𝒷 = (1 + 𝑖). 

Proof 

𝐺𝑀𝑛 = 𝑀𝑛 + 𝑖𝑀𝑛−1 

         = (2𝑛 − 1) + 𝑖(2𝑛−1 − 1) 

         = (2𝑛 + 𝑖2𝑛−1) − (1 + 𝑖) 

         = 2𝑛−1(2 + 𝑖) − (1 + 𝑖) 

         = 2𝑛−1𝒶 − 𝒷, where 𝒶 = (2 + 𝑖), 𝒷 = (1 + 𝑖). 

𝐺𝑀𝐿𝑛 = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛−1 

           = (2𝑛 + 1) + 𝑖(2𝑛−1 + 1) 

           = (2𝑛 + 𝑖2𝑛−1) + (1 + 𝑖) 

           = 2𝑛−1(2 + 𝑖) + (1 + 𝑖) 

           = 2𝑛−1𝒶 + 𝒷, where 𝒶 = (2 + 𝑖), 𝒷 = (1 + 𝑖). 

Theorem 2  

The generating function for the Gaussian Mersenne sequence and the Gaussian Mersenne-Lucas sequence are 

𝑓(𝑡) =
2𝑡 + (3𝑡 − 1)𝑖

4𝑡2 − 6𝑡 + 2
 

and   

𝑔(𝑡) =
4 − 6𝑡 + (3 − 5𝑡)𝑖

4𝑡2 − 6𝑡 + 2
 

Proof 

Let  𝑓(𝑡) = ∑ 𝐺𝑀𝑛𝑡𝑛∞
𝑛=0  

Multiplying this equation by 1, −3𝑡, 2𝑡2 respectively and summing these equations, we obtain 

(1 − 3𝑡 + 2𝑡2)𝑓(𝑡) = 𝐺𝑀0 + (𝐺𝑀1 − 3𝐺𝑀0)𝑡 + (𝐺𝑀2 − 3𝐺𝑀1 + 2𝐺𝑀0)𝑡2 + ⋯ + (𝐺𝑀𝑛 − 3𝐺𝑀𝑛−1 + 2𝐺𝑀𝑛−2)𝑡𝑛 

 = 𝐺𝑀0 + (𝐺𝑀1 − 3𝐺𝑀0)𝑡 

𝑓(𝑡) =
𝐺𝑀0 + (𝐺𝑀1 − 3𝐺𝑀0)𝑡

1 − 3𝑡 + 2𝑡2
 

         =
−

1

2
𝑖 +(1+

3

2
𝑖)𝑡

1−3𝑡+2𝑡2  

         =
2𝑡+(3𝑡−1)𝑖

4𝑡2−6𝑡+2
 

Similarly, let  𝑔(𝑡) = ∑ 𝐺𝑀𝐿𝑛𝑡𝑛∞
𝑛=0  

Multiplying this equation by 1, −3𝑡, 2𝑡2 respectively and summing these equations, we obtain 

(1 − 3𝑡 + 2𝑡2)𝑔(𝑡)
= 𝐺𝑀𝐿0 + (𝐺𝑀𝐿1 − 3𝐺𝑀𝐿0)𝑡 + (𝐺𝑀𝐿2 − 3𝐺𝑀𝐿1 + 2𝐺𝑀𝐿0)𝑡2 + ⋯
+ (𝐺𝑀𝐿𝑛 − 3𝐺𝑀𝐿𝑛−1 + 2𝐺𝑀𝐿𝑛−2)𝑡𝑛 

 = 𝐺𝑀𝐿0 + (𝐺𝑀𝐿1 − 3𝐺𝑀𝐿0)𝑡 

𝑔(𝑡) =
𝐺𝑀𝐿0 + (𝐺𝑀𝐿1 − 3𝐺𝑀𝐿0)𝑡

1 − 3𝑡 + 2𝑡2
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         =
(2+

3

2
𝑖) +[3+2𝑖−3(2+

3

2
𝑖)]𝑡

1−3𝑡+2𝑡2  

         =
4−6𝑡+(3−5𝑡)𝑖

4𝑡2−6𝑡+2
 

Theorem 3 (Catalan’s Identity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences) 

 For any nonzero positive integers 𝑛, 𝑘 we have 

𝐺𝑀𝑛+𝑘𝐺𝑀𝑛−𝑘 − 𝐺𝑀𝑛
2 = 2𝑛𝒶𝒷(1 − 2−(𝑘+1)𝑀𝐿2𝑘) 

𝐺𝑀𝐿𝑛+𝑘𝐺𝑀𝐿𝑛−𝑘 − 𝐺𝑀𝐿𝑛
2 = 2𝑛𝒶𝒷(2−(𝑘+1)𝑀𝐿2𝑘 − 1) 

Proof 

𝐺𝑀𝑛+𝑘𝐺𝑀𝑛−𝑘 − 𝐺𝑀𝑛
2 = (2𝑛+𝑘−1𝒶 − 𝒷 )(2𝑛−𝑘−1𝒶 − 𝒷 ) − (2𝑛−1𝒶 − 𝒷 )2 

               = 2𝑛𝒶𝒷 [1 − 2−(𝑘+1) − 2𝑘−1] 

               = 2𝑛𝒶𝒷 [1 − 2−(𝑘+1)(1 + 22𝑘)] 

               = 2𝑛𝒶𝒷 [1 − 2−(𝑘+1)𝑀𝐿2𝑘] 

𝐺𝑀𝐿𝑛+𝑘𝐺𝑀𝐿𝑛−𝑘 − 𝐺𝑀𝐿𝑛
2 = (2𝑛+𝑘−1𝒶 + 𝒷 )(2𝑛−𝑘−1𝒶 + 𝒷 ) − (2𝑛−1𝒶 + 𝒷 )2 

                      = 2𝑛𝒶𝒷 [2−(𝑘+1) + 2𝑘−1 − 1] 

                      = 2𝑛𝒶𝒷 [2−(𝑘+1)(1 + 22𝑘) − 1] 

                      = 2𝑛𝒶𝒷[2−(𝑘+1)𝑀𝐿2𝑘 − 1] 

Theorem 4 (Cassini’s Identity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences) 

 Let 𝑛 ≥ 1. Then we have 

𝐺𝑀𝑛+1𝐺𝑀𝑛−1 − 𝐺𝑀𝑛
2 = −2𝑛−2𝒶𝒷 

𝐺𝑀𝐿𝑛+1𝐺𝑀𝐿𝑛−1 − 𝐺𝑀𝐿𝑛
2 = 2𝑛−2𝒶𝒷 

Theorem 5 (d’Ocagne’s Identity for Gaussian Mersenne and Gaussian Mersenne-Lucas sequences)  

For all 𝑚, 𝑛 ∈ ℤ we have 

𝐺𝑀𝑚𝐺𝑀𝑛+1 − 𝐺𝑀𝑚+1𝐺𝑀𝑛 = −2𝑚−1𝒶𝒷𝑀𝑛−𝑚 

𝐺𝑀𝐿𝑚𝐺𝑀𝐿𝑛+1 − 𝐺𝑀𝐿𝑚+1𝐺𝑀𝐿𝑛 = 2𝑚−1𝒶𝒷𝑀𝑛−𝑚 

Proof 

𝐺𝑀𝑚𝐺𝑀𝑛+1 − 𝐺𝑀𝑚+1𝐺𝑀𝑛 = (2𝑚−1𝒶 − 𝒷 )(2𝑛𝒶 − 𝒷 ) − (2𝑚𝒶 − 𝒷 )(2𝑛−1𝒶 − 𝒷 ) 

                      = 2𝑛−1𝒶𝒷(1 − 2) − 2𝑚−1𝒶𝒷(1 − 2) 

                      = 2𝑚−1𝒶𝒷(1 − 2𝑛−𝑚) 

                      = −2𝑚−1𝒶𝒷𝑀𝑛−𝑚 

𝐺𝑀𝐿𝑚𝐺𝑀𝐿𝑛+1 − 𝐺𝑀𝐿𝑚+1𝐺𝑀𝐿𝑛 = (2𝑚−1𝒶 + 𝒷 )(2𝑛𝒶 + 𝒷 ) − (2𝑚𝒶 + 𝒷 )(2𝑛−1𝒶 + 𝒷 ) 

                               = −2𝑛−1𝒶𝒷(1 − 2) + 2𝑚−1𝒶𝒷(1 − 2) 

                               = 2𝑚−1𝒶𝒷(2𝑛−𝑚 − 1) 

                               = 2𝑚−1𝒶𝒷𝑀𝑛−𝑚 

Theorem 6 
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 For 𝑛 ≥ 1, we have 

𝐺𝑀𝑛
2 + 𝐺𝑀𝑛+1

2 = 22𝑛−2𝒶2𝑀𝐿2 + 2𝒷2 − 2𝑛𝒶𝒷𝑀𝐿1 

𝐺𝑀𝐿𝑛
2 + 𝐺𝑀𝐿𝑛+1

2 = 22𝑛−2𝒶2𝑀𝐿2 + 2𝒷2 + 2𝑛𝒶𝒷𝑀𝐿1 

Proof 

𝐺𝑀𝑛
2 + 𝐺𝑀𝑛+1

2 = (2𝑛−1𝒶 − 𝒷 )2 + (2𝑛𝒶 − 𝒷 )2 

     = 22𝑛−2𝒶2 − 2𝑛𝒶𝒷 + 𝒷2 + 22𝑛𝒶2 + 𝒷2 − 2𝑛+1𝒶𝒷  

     = 22𝑛−2𝒶2(22 + 1) + 2𝒷2 − 2𝑛𝒶𝒷(1 + 2) 

     = 22𝑛−2𝒶2𝑀𝐿2 + 2𝒷2 − 2𝑛𝒶𝒷𝑀𝐿1 

𝐺𝑀𝐿𝑛
2 + 𝐺𝑀𝐿𝑛+1

2 = (2𝑛−1𝒶 + 𝒷 )2 + (2𝑛𝒶 + 𝒷 )2 

          = 22𝑛−2𝒶2 + 2𝑛𝒶𝒷 + 𝒷2 + 22𝑛𝒶2 + 𝒷2 + 2𝑛+1𝒶𝒷  

          = 22𝑛−2𝒶2(22 + 1) + 2𝒷2 + 2𝑛𝒶𝒷(1 + 2) 

          = 22𝑛−2𝒶2𝑀𝐿2 + 2𝒷2 + 2𝑛𝒶𝒷𝑀𝐿1 

Theorem 7  

For 𝑛 ≥ 1, we have 

i. 𝐺𝑀𝑛+1 + 𝐺𝑀𝑛−1 = 2𝑛−2𝒶𝑀𝐿2 − 2𝒷 

ii. 𝐺𝑀𝑛+1 + 𝐺𝑀𝑛 = 2𝑛−1𝒶𝑀𝐿1 − 2𝒷 

iii. 𝐺𝑀𝐿𝑛+1 + 𝐺𝑀𝐿𝑛−1 = 2𝑛−2𝒶𝑀𝐿2 + 2𝒷 

iv. 𝐺𝑀𝐿𝑛+1 + 𝐺𝑀𝐿𝑛 = 2𝑛−1𝒶𝑀𝐿1 + 2𝒷 

Proof 

i. 𝐺𝑀𝑛+1 + 𝐺𝑀𝑛−1 = (2𝑛𝒶 − 𝒷 ) + (2𝑛−2𝒶 − 𝒷 ) 

                 = 2𝑛−2𝒶(1 + 22) − 2𝒷 

                 = 2𝑛−2𝒶𝑀𝐿2 − 2𝒷 

ii. 𝐺𝑀𝑛+1 + 𝐺𝑀𝑛 = (2𝑛𝒶 − 𝒷 ) + (2𝑛−1𝒶 − 𝒷 ) 

             = 2𝑛−1𝒶(1 + 2) − 2𝒷 

             = 2𝑛−1𝒶𝑀𝐿1 − 2𝒷 

iii. 𝐺𝑀𝐿𝑛+1 + 𝐺𝑀𝐿𝑛−1 = (2𝑛𝒶 + 𝒷 ) + (2𝑛−2𝒶 + 𝒷 ) 

                      = 2𝑛−2𝒶(1 + 22) + 2𝒷 

                      = 2𝑛−2𝒶𝑀𝐿2 + 2𝒷 

iv. 𝐺𝑀𝐿𝑛+1 + 𝐺𝑀𝐿𝑛 = (2𝑛𝒶 + 𝒷 ) + (2𝑛−1𝒶 + 𝒷 ) 

                  = 2𝑛−1𝒶(1 + 2) + 2𝒷 

                  = 2𝑛−1𝒶𝑀𝐿1 + 2𝒷 

Theorem 8  

For 𝑛 ≥ 1, we have 

i. 𝐺𝑀𝑛 + 𝐺𝑀𝐿𝑛 = 2𝑛𝒶 

ii. 𝐺𝑀𝑛𝐺𝑀𝐿𝑛 = 𝑀2𝑛−𝑀2𝑛−2 + 2𝑖𝑀2𝑛−1 

Proof 
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i. 𝐺𝑀𝑛 + 𝐺𝑀𝐿𝑛 = (2𝑛−1𝒶 − 𝒷 ) + (2𝑛−1𝒶 + 𝒷 ) 

            = 2𝑛𝒶 

ii. 𝐺𝑀𝑛𝐺𝑀𝐿𝑛 = (2𝑛−1𝒶 − 𝒷 )(2𝑛−1𝒶 + 𝒷 ) 

                   = 22𝑛−2𝒶2 − 𝒷2 

                   = 22𝑛−2(3 + 4𝑖) − 2𝑖 

                               = (22𝑛 − 1) − (22𝑛−2 − 1) + 2𝑖(22𝑛−1 − 1) 

                   = 𝑀2𝑛−𝑀2𝑛−2 + 2𝑖𝑀2𝑛−1 

Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences 

The Mersenne hybrid numbers and Mersenne-Lucas hybrid numbers are defined as 

𝑀𝐻𝑛 = 𝑀𝑛 + 𝑀𝑛+1𝑖 + 𝑀𝑛+2𝜀 + 𝑀𝑛+3ℎ 

𝑀𝐿𝐻𝑛 = 𝑀𝐿𝑛 + 𝑀𝐿𝑛+1𝑖 + 𝑀𝐿𝑛+2𝜀 + 𝑀𝐿𝑛+3ℎ 

where 𝑖, 𝜀, ℎ are hybrid units, with 𝑖2 = −1, 𝜀2 = 0, ℎ2 = 1, 𝑖ℎ = −ℎ𝑖 = 𝜀 + 𝑖. 

The Gaussian Mersenne hybrid sequence and Gaussian Mersenne-Lucas hybrid sequence are defined as 

𝐺𝑀𝐻𝑛 = 𝐺𝑀𝑛 + 𝑖𝐺𝑀𝑛+1 + 𝜀𝐺𝑀𝑛+2 + ℎ𝐺𝑀𝑛+3 

and 

𝐺𝑀𝐿𝐻𝑛 = 𝐺𝑀𝐿𝑛 + 𝑖𝐺𝑀𝐿𝑛+1 + 𝜀𝐺𝑀𝐿𝑛+2 + ℎ𝐺𝑀𝐿𝑛+3 

Theorem 9  

The Binet formula for the Gaussian Mersenne hybrid sequence and Gaussian Mersenne-Lucas hybrid sequence are 

𝐺𝑀𝐻𝑛 = 2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷 and 𝐺𝑀𝐿𝐻𝑛 = 2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷  

where 𝛼∗ = 1 + 2𝑖 + 22𝜀 + 23ℎ, 𝛽∗ = 1 + 𝑖 + 𝜀 + ℎ, 𝒶 = (2 + 𝑖), 𝒷 = (1 + 𝑖). 

Proof 

𝐺𝑀𝐻𝑛 = (𝑀𝑛 + 𝑀𝑛+1𝑖 + 𝑀𝑛+2𝜀 + 𝑀𝑛+3ℎ) + 𝑖(𝑀𝑛−1 + 𝑀𝑛𝑖 + 𝑀𝑛+1𝜀 + 𝑀𝑛+2ℎ) 

            = (𝑀𝑛 + 𝑖𝑀𝑛−1) + 𝑖(𝑀𝑛+1 + 𝑖𝑀𝑛) + 𝜀(𝑀𝑛+2 + 𝑖𝑀𝑛+1) + ℎ(𝑀𝑛+3 + 𝑖𝑀𝑛+2) 

            = 𝐺𝑀𝑛 + 𝑖𝐺𝑀𝑛+1 + 𝜀𝐺𝑀𝑛+2 + ℎ𝐺𝑀𝑛+3 

            = (2𝑛−1𝒶 − 𝒷 ) + 𝑖(2𝑛𝒶 − 𝒷) + 𝜀(2𝑛+1𝒶 − 𝒷 ) + ℎ(2𝑛+2𝒶 − 𝒷 ) 

            = 2𝑛−1(1 + 2𝑖 + 22𝜀 + 23ℎ)𝒶 − (1 + 𝑖 + 𝜀 + ℎ)𝒷 

            = 2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷 

𝐺𝑀𝐿𝐻𝑛 = (𝑀𝐿𝑛 + 𝑀𝐿𝑛+1𝑖 + 𝑀𝐿𝑛+2𝜀 + 𝑀𝐿𝑛+3ℎ) + 𝑖(𝑀𝐿𝑛−1 + 𝑀𝐿𝑛𝑖 + 𝑀𝐿𝑛+1𝜀 + 𝑀𝐿𝑛+2ℎ) 

              = (𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛−1) + 𝑖(𝑀𝐿𝑛+1 + 𝑖𝑀𝐿𝑛) + 𝜀(𝑀𝐿𝑛+2 + 𝑖𝑀𝐿𝑛+1) + ℎ(𝑀𝐿𝑛+3 +                      𝑖𝑀𝐿𝑛+2) 

              = 𝐺𝑀𝐿𝑛 + 𝑖𝐺𝑀𝐿𝑛+1 + 𝜀𝐺𝑀𝐿𝑛+2 + ℎ𝐺𝑀𝐿𝑛+3 

              = (2𝑛−1𝒶 + 𝒷 ) + 𝑖(2𝑛𝒶 + 𝒷) + 𝜀(2𝑛+1𝒶 + 𝒷 ) + ℎ(2𝑛+2𝒶 + 𝒷 ) 

              = 2𝑛−1(1 + 2𝑖 + 22𝜀 + 23ℎ)𝒶 + (1 + 𝑖 + 𝜀 + ℎ)𝒷 

              = 2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷 

Theorem 10 

For any positive integers 𝑚, 𝑛 we have 
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𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐻𝑚+1𝐺𝑀𝐻𝑛+1 = 2𝑚+𝑛−2𝛼∗2𝒶2𝑀𝐿2 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 + 2𝛽∗2𝒷2 

Proof 

𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐻𝑚+1𝐺𝑀𝐻𝑛+1 

= (2𝑚−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷) + (2𝑚𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛𝛼∗𝒶 − 𝛽∗𝒷) 

= 2𝑚+𝑛−2𝛼∗2𝒶2 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷 + 𝛽∗2𝒷2 + 2𝑚+𝑛𝛼∗2𝒶2 − 2𝑛𝛽∗𝛼∗𝒷𝒶 − 2𝑚𝛼∗𝛽∗𝒶𝒷 + 𝛽∗2𝒷2 

= 2𝑚+𝑛−2𝛼∗2𝒶2(22 + 1) − 2𝑛−1𝛽∗𝛼∗𝒷𝒶(2 + 1) − 2𝑚−1𝛼∗𝛽∗𝒶𝒷(2 + 1) + 2𝛽∗2𝒷2 

= 2𝑚+𝑛−2𝛼∗2𝒶2𝑀𝐿2 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 + 2𝛽∗2𝒷2 

Theorem 11 

For any positive integer 𝑛, 

i. 𝐺𝑀𝐻𝑛+1 + 2𝐺𝑀𝐻𝑛−1 = 3𝐺𝑀𝐻𝑛 

ii. 𝐺𝑀𝐿𝐻𝑛+1 + 2𝐺𝑀𝐿𝐻𝑛−1 = 3𝐺𝑀𝐿𝐻𝑛 

Proof 

i. 𝐺𝑀𝐻𝑛+1 + 2𝐺𝑀𝐻𝑛−1 

= (𝐺𝑀𝑛+1 + 𝑖𝐺𝑀𝑛+2 + 𝜀𝐺𝑀𝑛+3 + ℎ𝐺𝑀𝑛+4) + 2(𝐺𝑀𝑛−1 + 𝑖𝐺𝑀𝑛 + 𝜀𝐺𝑀𝑛+1 + ℎ𝐺𝑀𝑛+2) 

= (𝐺𝑀𝑛+1 + 2𝐺𝑀𝑛−1) + 𝑖(𝐺𝑀𝑛+2 + 2𝐺𝑀𝑛) +  𝜀(𝐺𝑀𝑛+3 + 2𝐺𝑀𝑛+1) + ℎ(𝐺𝑀𝑛+4 + 2𝐺𝑀𝑛+2) 

= 3𝐺𝑀𝑛 + 𝑖3𝐺𝑀𝑛+1 + 𝜀3𝐺𝑀𝑛+2 + ℎ3𝐺𝑀𝑛+3 

= 3𝐺𝑀𝐻𝑛 

ii. 𝐺𝑀𝐿𝐻𝑛+1 + 2𝐺𝑀𝐿𝐻𝑛−1 

= (𝐺𝑀𝐿𝑛+1 + 𝑖𝐺𝑀𝐿𝑛+2 + 𝜀𝐺𝑀𝐿𝑛+3 + ℎ𝐺𝑀𝐿𝑛+4) + 2(𝐺𝑀𝐿𝑛−1 + 𝑖𝐺𝑀𝐿𝑛 + 𝜀𝐺𝑀𝐿𝑛+1 + ℎ𝐺𝑀𝐿𝑛+2) 

= (𝐺𝑀𝐿𝑛+1 + 2𝐺𝑀𝐿𝑛−1) + 𝑖(𝐺𝑀𝐿𝑛+2 + 2𝐺𝑀𝐿𝑛) +  𝜀(𝐺𝑀𝐿𝑛+3 + 2𝐺𝑀𝐿𝑛+1) + ℎ(𝐺𝑀𝐿𝑛+4 + 2𝐺𝑀𝐿𝑛+2) 

= 3𝐺𝑀𝐿𝑛 + 𝑖3𝐺𝑀𝐿𝑛+1 + 𝜀3𝐺𝑀𝐿𝑛+2 + ℎ3𝐺𝑀𝐿𝑛+3 

= 3𝐺𝑀𝐿𝐻𝑛 

Theorem 12 

For any positive integer 𝑛, 𝑚, 𝑘 we have 

i. 𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛 − 𝐺𝑀𝐻𝑚+𝑘𝐺𝑀𝐻𝑛−𝑘 = 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝑘 − 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶𝑀𝑘 

ii. 𝐺𝑀𝐿𝐻𝑚𝐺𝑀𝐿𝐻𝑛 − 𝐺𝑀𝐿𝐻𝑚+𝑘𝐺𝑀𝐿𝐻𝑛−𝑘 = 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶𝑀𝑘 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝑘 

Proof 

i. 𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛 − 𝐺𝑀𝐻𝑚+𝑘𝐺𝑀𝐻𝑛−𝑘 

= (2𝑚−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷) − (2𝑚+𝑘−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−𝑘−1𝛼∗𝒶 − 𝛽∗𝒷) 

= 2𝑚+𝑛−2𝛼∗2𝒶2 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷 + 𝛽∗2𝒷2 − 2𝑚+𝑛−2𝛼∗2𝒶2 + 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶

+ 2𝑚+𝑘−1𝛼∗𝛽∗𝒶𝒷 − 𝛽∗2𝒷2 

= 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶(1 − 2𝑘) + 2𝑚−1𝛼∗𝛽∗𝒶𝒷(2𝑘 − 1) 

= 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝑘 − 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶𝑀𝑘 

ii. 𝐺𝑀𝐿𝐻𝑚𝐺𝑀𝐿𝐻𝑛 − 𝐺𝑀𝐿𝐻𝑚+𝑘𝐺𝑀𝐿𝐻𝑛−𝑘 

= (2𝑚−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷) − (2𝑚+𝑘−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−𝑘−1𝛼∗𝒶 + 𝛽∗𝒷) 

= 2𝑚+𝑛−2𝛼∗2𝒶2 + 2𝑛−1𝛽∗𝛼∗𝒷𝒶 + 2𝑚−1𝛼∗𝛽∗𝒶𝒷 + 𝛽∗2𝒷2 − 2𝑚+𝑛−2𝛼∗2𝒶2 − 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶

− 2𝑚+𝑘−1𝛼∗𝛽∗𝒶𝒷 − 𝛽∗2𝒷2 

= 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶(2𝑘 − 1) + 2𝑚−1𝛼∗𝛽∗𝒶𝒷(1 − 2𝑘) 

= 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶𝑀𝑘 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷𝑀𝑘 

Theorem 13 

For any positive integer 𝑛, 
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i. 𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐿𝐻𝑛 = 2𝑛𝛼∗𝒶 

ii. 𝐺𝑀𝐻𝑛 − 𝐺𝑀𝐿𝐻𝑛 = −2𝛽∗𝒷 

Proof 

i. 𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐿𝐻𝑛 = 2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷 + 2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷 

                 = 2(2𝑛−1𝛼∗𝒶) 

                 = 2𝑛𝛼∗𝒶 

ii. 𝐺𝑀𝐻𝑛 − 𝐺𝑀𝐿𝐻𝑛 = 2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷 − 2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷 

                  = −2𝛽∗𝒷 

Theorem 14 (Catalan Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences) 

For any positive integers 𝑛, 𝑘 we have 

𝐺𝑀𝐻𝑛+𝑘𝐺𝑀𝐻𝑛−𝑘 − 𝐺𝑀𝐻𝑛
2 = 2𝑛−𝑘−1𝑀𝑘[𝛽∗𝛼∗𝒷𝒶 − 2𝑘𝛼∗𝛽∗𝒶𝒷] 

𝐺𝑀𝐿𝐻𝑛+𝑘𝐺𝑀𝐿𝐻𝑛−𝑘 − 𝐺𝑀𝐿𝐻𝑛
2 = 2𝑛−𝑘−1𝑀𝑘[2𝑘𝛼∗𝛽∗𝒶𝒷 − 𝛽∗𝛼∗𝒷𝒶] 

Proof 

𝐺𝑀𝐻𝑛+𝑘𝐺𝑀𝐻𝑛−𝑘 − 𝐺𝑀𝐻𝑛
2 

= (2𝑛+𝑘−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−𝑘−1𝛼∗𝒶 − 𝛽∗𝒷) − (2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷) 

= 2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶(2𝑘 − 1) − 2𝑛−1𝛼∗𝛽∗𝒶𝒷(2𝑘 − 1) 

= 2𝑛−𝑘−1𝑀𝑘[𝛽∗𝛼∗𝒷𝒶 − 2𝑘𝛼∗𝛽∗𝒶𝒷] 

𝐺𝑀𝐿𝐻𝑛+𝑘𝐺𝑀𝐿𝐻𝑛−𝑘 − 𝐺𝑀𝐿𝐻𝑛
2 

= (2𝑛+𝑘−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−𝑘−1𝛼∗𝒶 + 𝛽∗𝒷) − (2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷) 

= −2𝑛−𝑘−1𝛽∗𝛼∗𝒷𝒶(2𝑘 − 1) + 2𝑛−1𝛼∗𝛽∗𝒶𝒷(2𝑘 − 1) 

= 2𝑛−𝑘−1𝑀𝑘[2𝑘𝛼∗𝛽∗𝒶𝒷 − 𝛽∗𝛼∗𝒷𝒶] 

Theorem 15 (Cassini Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)  

For any positive integer 𝑛, we have 

𝐺𝑀𝐻𝑛+1𝐺𝑀𝐻𝑛−1 − 𝐺𝑀𝐻𝑛
2 = 2𝑛−2[𝛽∗𝛼∗𝒷𝒶 − 2𝛼∗𝛽∗𝒶𝒷] 

𝐺𝑀𝐿𝐻𝑛+1𝐺𝑀𝐿𝐻𝑛−1 − 𝐺𝑀𝐿𝐻𝑛
2 = 2𝑛−2[2𝛼∗𝛽∗𝒶𝒷 − 𝛽∗𝛼∗𝒷𝒶] 

Theorem 16 (d’Ocagne’s Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences) 

For any positive integers 𝑛, 𝑚 we have 

𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛+1 − 𝐺𝑀𝐻𝑚+1𝐺𝑀𝐻𝑛 = 2𝑚−1𝛼∗𝛽∗𝒶𝒷 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶 

𝐺𝑀𝐿𝐻𝑚𝐺𝑀𝐿𝐻𝑛+1 − 𝐺𝑀𝐿𝐻𝑚+1𝐺𝑀𝐿𝐻𝑛 = 2𝑛−1𝛽∗𝛼∗𝒷𝒶 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷 

Proof 

𝐺𝑀𝐻𝑚𝐺𝑀𝐻𝑛+1 − 𝐺𝑀𝐻𝑚+1𝐺𝑀𝐻𝑛 

= (2𝑚−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛𝛼∗𝒶 − 𝛽∗𝒷) − (2𝑚𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷) 

= 2𝑛−1𝛽∗𝛼∗𝒷𝒶(1 − 2) + 2𝑚−1𝛼∗𝛽∗𝒶𝒷(2 − 1) 

= 2𝑚−1𝛼∗𝛽∗𝒶𝒷 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶 

𝐺𝑀𝐿𝐻𝑚𝐺𝑀𝐿𝐻𝑛+1 − 𝐺𝑀𝐿𝐻𝑚+1𝐺𝑀𝐿𝐻𝑛 
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= (2𝑚−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛𝛼∗𝒶 + 𝛽∗𝒷) − (2𝑚𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷) 

= 2𝑛−1𝛽∗𝛼∗𝒷𝒶(2 − 1) − 2𝑚−1𝛼∗𝛽∗𝒶𝒷(2 − 1) 

= 2𝑛−1𝛽∗𝛼∗𝒷𝒶 − 2𝑚−1𝛼∗𝛽∗𝒶𝒷 

Theorem 17 (Honsberger Identity for Hybrid Gaussian Mersenne and Gaussian Mersenne-Lucas Sequences)  

For any positive integers 𝑘, 𝑛 we have 

𝐺𝑀𝐻𝑘−1𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐻𝑘𝐺𝑀𝐻𝑛+1 = 2𝑘+𝑛−3𝛼∗2𝒶2𝑀𝐿2 − 2𝑘−2𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 + 2𝛽∗2𝒷2 

𝐺𝑀𝐿𝐻𝑘−1𝐺𝑀𝐿𝐻𝑛 + 𝐺𝑀𝐿𝐻𝑘𝐺𝑀𝐿𝐻𝑛+1 = 2𝑘+𝑛−3𝛼∗2𝒶2𝑀𝐿2 + 2𝑘−2𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 + 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 + 2𝛽∗2𝒷2 

Proof 

𝐺𝑀𝐻𝑘−1𝐺𝑀𝐻𝑛 + 𝐺𝑀𝐻𝑘𝐺𝑀𝐻𝑛+1 

= (2𝑘−2𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 − 𝛽∗𝒷) + (2𝑘−1𝛼∗𝒶 − 𝛽∗𝒷)(2𝑛𝛼∗𝒶 − 𝛽∗𝒷) 

= 2𝑘+𝑛−3𝛼∗2𝒶2(22 + 1) − 2𝑛−1𝛽∗𝛼∗𝒷𝒶(2 + 1) − 2𝑘−2𝛼∗𝛽∗𝒶𝒷(2 + 1) + 2𝛽∗2𝒷2 

= 2𝑘+𝑛−3𝛼∗2𝒶2𝑀𝐿2 − 2𝑘−2𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 − 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 + 2𝛽∗2𝒷2 

𝐺𝑀𝐿𝐻𝑘−1𝐺𝑀𝐿𝐻𝑛 + 𝐺𝑀𝐿𝐻𝑘𝐺𝑀𝐿𝐻𝑛+1 

= (2𝑘−2𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛−1𝛼∗𝒶 + 𝛽∗𝒷) + (2𝑘−1𝛼∗𝒶 + 𝛽∗𝒷)(2𝑛𝛼∗𝒶 + 𝛽∗𝒷) 

= 2𝑘+𝑛−3𝛼∗2𝒶2(22 + 1) + 2𝑛−1𝛽∗𝛼∗𝒷𝒶(2 + 1) + 2𝑘−2𝛼∗𝛽∗𝒶𝒷(2 + 1) + 2𝛽∗2𝒷2 

= 2𝑘+𝑛−3𝛼∗2𝒶2𝑀𝐿2 + 2𝑘−2𝛼∗𝛽∗𝒶𝒷𝑀𝐿1 + 2𝑛−1𝛽∗𝛼∗𝒷𝒶𝑀𝐿1 + 2𝛽∗2𝒷2 

Conclusion 

 In this paper, we defined new sequences named by Hybrid Gaussian Mersenne and Hybrid Gaussian Mersenne-

Lucas sequences. Further, we obtained some relations among them. Moreover, we verified some identities through Binet’s 

formula. 
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