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Abstract

A modular k- coloring, k = 2 of a graph without isolated vertices is vertex coloring of G with the positive integers k,
forall k € z,, where the adjacent vertices may be colored by the same integer and sums of the colors of their neighbors
are different in z,. The minimum k for which the G has a modular k- coloring is the modular chromatic number M_.(G)
of G. In this paper, the modular chromatic number of generalized Jahangir graph, generalized Petersen graph, and
generalized uniform theta graph are found.

Keywords: Modular K-coloring, Modular chromatic number, Generalized Jahangir graph, Generalized Petersen Graph,
Generalized Uniform Theta Graph.

1. Introduction

Graphs considered in this paper are simple, nontrivial, finite, connected, and undirected. The concept of modular
coloring was first proposed by Okamoto, E.salehi, and P. Zhang in 2010. They executed the modular chromatic number
of several well-known graphs and presented number of bounds in [1, 2, 3].The modular coloring technique has been
applied to many fields, such as scheduling, electrical circuits, networking, etc.

Let v be a vertex of graph G and let N(v) is the neighborhood of v it is denote the set of vertices adjacent to v in G.
For a graph without isolated vertices, let C:V(G) — z,, (k = 2) be a vertex coloring of G where adjacent vertices may
be colored the same. The color sum §(v) of a vertex v of G is defined as the sum of the colors of the vertices in N (v),
thatis §(v) = Xuen) C(u). The coloring C is called a modular sum k- coloring or simply a modular k- coloring of G
if S(x)# S(y) in z, for all pairs x, y of adjacent vertices of G. A coloring C is a modular coloring if C is a modular
k- coloring for some integer k > 2. The modular chromatic number m.(G) of G is the minimum k for which G has a
modular k- coloring.

In this paper we prove that the generalized Jahangir graph, generalized Petersen graph and generalized uniform theta
graph admits modular coloring.

2. Preliminaries
Definition 2.1 The Generalized Jahangir graph J,, ., for m = 3 is a graph on mn + 1 vertices, consisting of a cycle
C,m With one additional vertex that is adjacent to n vertices of C,,,, at distance m to each other on C,,,,.

Let J,., be a Generalized Jahangir graph, Let v, be the centre vertex, v;:i = 1,2,3,...,m be the join vertices and
vijri=12,..,mandj=12,.,n—1 be the petal vertices. Let E(J,n)={vVis1:i=12,..,m(n—1)}u
{Umn, V11U {V0V1+(m(i-1))5i =1,2,3, ..., m} be the set of edges of J,, ,,. Then [V| =mn + 1, [E| = (n + )m.

Definition 2.2 The generalized Petersen graphs P(n, k) are defined to be a graph on 2n (n = 3) vertices with
V(P(n, k)) ={y,u:0<i<n-1}and E(P(n, k)) = {VVip1, ViU, Uil 0 < P <n— 1}
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Definition 2.3 A generalized theta graph 6(n,m) or simply a theta graph with n vertices has two vertices N and S of
degree m such that every other vertices is of degree 2 and lies in one of the m paths joining the vertices N and S. A theta
graph 6(n,m) is said to be uniform if |L,| + |L,| + --- + |L;|, where L; is a path between N and S.

Theorem 2.1 [1]: For every non trivial connected graph m.(G) = x(G).

3. Main results

In this section generalized Jahangir graph, generalized Petersen graph and generalized uniform theta graph are dealt and
proved to admit modular coloring.

3.1Generalized Jahangir Graph

Theorem 3.1

2 ifniseven

,n = 3.
3 otherwise.

Let /.. be a generalized Jahangir graph. Then m.(Jm) = {

Proof:

Let J,n be a generalized Jahangir graph on n>3, and V(J,m) = {vo}U{vii=12, .. m}uU{v;:i=
1,2,..,m;j = 1,2,..,n — 1}. We claim the modular chromatic number of J, ,, in the following cases.

Case 1: n = 0(mod 4)
When n is even and = 0(mod 4), x(Jum) = 2.
By theorem 2.1, m¢(Jm) = 2.

Define an injective mapping f(v;) : V(Jum) = 2, as follows: (v;) =
0 {v:i=012,..,m}and {vi]-:i =12,..,mj=23,..,n—1}
1 {Vi]':i = 1,2, ,m,] = 1} '

Clearly it yields the modular coloring of J,, .

0 vi:i =0}and {v;;:i =1,2,...,m;;jis odd o
Let S(v;) = { i } wy J ) which is a

1 {vi:i=12,..,m}and {v;:i = 1,2,..,m;j is even}’
modular 2-coloring, since S (v;) # 5(17]-) for all pairs of v;, v; of all adjacent vertices of J,, ,,. Therefore mC(]n,m) <2
Hence m.(Jum) = 2.

Case 2: n = 2(mod 4)

When nis even and n = 2(mod 4), x(Jum) = 2.

By theorem 2.1, m;(Jm) = 2.

Define an injective mapping f(v;) : V(Jom) — 2, as follows:

{vi:i=12,..,m}and
n—6

0 . .
fv) = {vij —Vigea:i=12,...,m;j=123,..,n—-1k=0,1, ""T} .
1 (Vi =0} and {(Vyzpapii = 1,2,...,m;k = 0,1, "T‘ﬁ}
Clearly it yields the modular coloring of J,, .
0 vi:i = 0}and {v;;:i =1,2,...,m;;jis odd
LetS(vi)={ (viri = 0} and (v, j is odd)

1 {vii=12,..,m}and {vi}-:i =1,2,..,m;jis even}
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which is a modular 2-coloring, since §(v;) # S(vj) for all pairs of v;,v; of all adjacent vertices of J, ,,,. Therefore
me(Jom) < 2. Hence m(Jum) = 2.

Case 3: When n is odd

When n is odd, X(]n,m) =3.

By theorem 2.1, m.(Jym) = 3.

Since the injective mapping f (v)): V(Jnm) = 25 is defined by

_ 0 {vi:i=1,2,..,m}and {vij:i =1,2,..,m;j is even}
fld =14 {vi:i = 0} and {v;j:i = 1,2, ..., m;j is odd}

Clearly it yields the modular coloring of J,, .

0 {v;:i =0} and {vl-j:i =12,..,m;;jisodd}
LetcS'(vi)= 1 {vij:i=1,2,...,m;;j=n—1 ,
2 {vpi=12,...,myand {v;:i =12,..,m;1 < j <n— 2, where j is even}

which is a modular 3-coloring, since S(v;) # S(vj) for all pairs of v;, v; of all adjacent vertices of J,, ,,,. Therefore
me(Jum) < 3. Hence m¢(Jm) = 3. Refer figure 3.1.

v, (0) [2]
44 (0) [1] v11 (1) [0]

vy, (0) [2]
43 (1) [0]

V53 (1) [0]
Vs, (0) [2] "

vy (1) [0] 14 (0) [1]

v, (0) [2] v, (0)[2]

v34 (0) [1] v, (1) [0]

V33 (1) [0] ;2 (0) [2]

v3, (0) [2] v,3 (1) [0]

vz (1) [0] 24 (0) [1]

v3 (0) [2]

Figure 3.1 [J5 4]

3.2Generalized Petersen Graph
Here we prove the following theorem for the Petersen graph P(n, m) where m = 1.
Theorem 3.2

2 ifniseven

For each integer n > 3, m.(P(n, 1)) = {3 otherwise
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Proof:

Let P(n, 1) be Petersen graph. Let V = {v;:i = 1,2, ...,n} U {u;:i = 1,2, ...,n} be the vertices of P(n, 1).
We consider two cases,

Case 1: niseven

When niseven, y(P(n, 1)) = 2.

By theorem 2.1, m.(P(n, 1)) > 2.

Let f(v): V(P(n,1)) - z, be an injective mapping such that

(0 {v;:iiseven}and {u;:iis odd}
f(P(n, 1)) B {1 {v;:iis odd} and {u;: i is even}

Clearly it gives modular coloring of P(n, 1).

0 {v;:iisodd}and {u;:iiseven}

Let S(P(n, 1)) - {1 {v;:iis even} and {u;: i is odd}’

which is a modular 2-coloring, since S (v;) # S(Uj) for all pairs of v;, v; of all adjacent vertices of P(n, 1). Therefore
m.(P(n,1)) <2 and som.(P(n, 1)) = 2. Refer figure 3.2.

u, (1) [0] A

v; (1) [0]

v, (0) [1]

u, (0) [1] v (1) [0] u, (1) [0]

ug (1) [0] us (0) [1]

Figure 3.2 [P(6,1)]
Case 2: nis odd
When nis odd, ¥(P(n, 1)) = 3.
By theorem 2.1, m.(P(n, 1)) = 3.

Let f(v): V(P(n, 1)) - z, be an injective mapping such that
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0 {vpi=nn—-21<i<n,whereiiseven}and{u; —u,_,:1<i<n}

f(P(n, 1)) =141 {upi=n-—2}

2 {vi:1<i<n-—4,whereiisodd}

Clearly it gives modular coloring of P(n, 1).

0 {viii=n—-11<i<n-—4,whereiisodd}and
S(P(n 1)) 2{ {fupi=nn—-—21<i<n-—5whereiis even}
’ 1 {vpi=n-21<i<n-5whereiiseven}and{u;:i=n—-1,n-3}
2 {vii=nn—-3}and {u;: 1 <i <n-—4,whereiisodd}

which is a modular 3-coloring, since S(v;) # S(v;) for all pairs of v;, v; of all adjacent vertices of J,, ,,. Therefore
m.(P(n,1)) < 3. Hence m.(P(n,1)) = 3.

3.3Generalized Uniform Theta Graph
Theorem 3.3

Let 6(n,m) is Generalized Uniform Theta Graph for nm >3, then m(6(n,m))=
{2 if nis odd and nis even,mis odd
3 nis even, mis even’

Proof :

Let G = 6(n,m) for any integer n,m > 3. Let v,, = N and v, = S is North Pole and South Pole of G respectively.
6(n,m) is a graph containing m disjoint paths of n vertices joining the poles N and S.

We prove the theorem using the following two cases.
Case 1: nis odd

When n is odd, y(6(n,m)) = 2.

By theorem 2.1, m.(6 (n,m)) = 2.

We define the injective mapping as C(v;;): V(6(n,m)) - z, Such that, for n = 1(mod4)

0 i U{rplsisiisjsml—(yri=4kk=01.,"2 1<j<m
Clvy) = 1 o} Ufvyii =2+ 4k = 01,.., %2, j = 12,..,m)
and for n = 3(mod4),

0 WovndUfvpl<i<l 1<j<m)—{vi=4kk=01.,2"21<j<m)
clvy) = 1 yi=2+4kk=01..,%52 1<) <m

Let the modular coloring be

S( ) 0 {vo,Vns1} U {vij:O <i<nandiiseven, 1<j< m}
‘U.. =
Y 1 {vij:OSiSnandiisodd,lSjSm}

It achieves the modular 2- coloring. Therefore m.(6(n,m)) < 2. Hence m.(6(n, m)) = 2.
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Refer figure 3.3

N=v,(0)[0]

e @ v5 (0) [1]
v31 (0)[A]| w3, (0)[1] ¥a3 (O) [1] V34 (0)[1]

o o
Va1 () [0]] vz (O] vas (1) [0]  waef (@) [O] | V2s D) (O]

Q
Vi, (0) [1] Vis (O) [1]

S=v,(0)[0]

figure3.3 [6(3,4)]
Case 2: nis even
Subcase 1: m is odd
When n is even and m is odd, y(6(n,m)) = 2.
By theorem 2.1, m.(6(n,m)) = 2.
We define the injective mapping as C(v;;): V(8(n,m)) - z, Such that, for n = 2(mod4).

(n-2)

(
0 {vo,vn+1}u{vij:1sisl,1 sjsm}—{vij:i= 1+4k,k=01,.., 2

C(vif) = % (n _ 2)
—,1

Ll {Uij:i=2+4k,k=0,1,..., R S]Sm}

and for n = 0(mod4),

(n

;4),1SjSm}

(n

0 wdufvyp1<i<ii<j<m}—{v;i=1+4kk=01,..,
C(vy) =

1 e} Ufvyri =1+ 4k k =0,1,.., 22,1 < j <m]

4

Let the modular coloring be

s(vy) 0 {vnH}U{vU:OSiSnandiisodd,l <j<m}
V;: = 1
o 1 {vg}u{vij:OSiSnandiisevev,l <j<m}

It achieves the modular 2- coloring. Therefore m (6 (n, m)) < 2. Hence m.(0(n,m)) = 2.
Subcase 2: m is even
When n is even and m is even, y(8(n,m) = 2.

By theorem 2.1, m.(8 (n,m)) = 2.
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We define an injective mapping as C(v;;): V(8(n,m)) - z, Such that, for n = 2(mod4)

. . . (n—2)

0 WoVnp}U{w11<i<L1<j<m}—{v;:i=1+4kk=01,.., 2

C(vij)z (n—2) ,
1 ipi=1+4kk=01,.,—F—,1<j<m}

,(1<j<m}

and for n = 0(mod4),

[ . . . (n—4) .
[0 {vlufvl<i<li<j<m}—{vi=1+4kk=01,.., T olsjsm
C(”ij)={

L1 {(Vps1} U {v”:i =144k k=01,..,

]

(n-4)
4

,ISjSm}

Let the modular coloring be

0 {vg, Vns1} U{v”:O <i<nandiisodd,1<j<m}

S(vij) = {1

{vij;0<i<nandiiseven,1<j<m}

It achieves the modular 3- coloring, it follows that m.(6(n,m)) < 3. We show that m.(8(n, m)) # 2. Assume, to the
contrary, that there exist modular 2- colorings Cl(vij): V(B(n, m)) - 1z, of 8(n,m). such that, for n = 2(mod4)

n—2
0 {UO;vn+1}U{UU:1SiSl,lSjsm}—{vij:i=1+4k,k=0,1,...,( 4 ),1S]S7n}
C(vy) = (n—12)
1 {vij:i=1+4k,k=0,1,..., 4 ‘1S]Sm}
and for n = 0(mod4)
. . . (n-4) .
0 {Uo}U{vuilslSl,l S]Sm}—{vij:z=1+4k,k=0,1,..., ,1S]Sm}
C(vy) = () Clearly it gives
1 Wi} U oy =1+ 4k =01,.., 52 1<) <m)

modular coloring of 6(n, m).

Then we may assume that

Let S(v;;) {0 {vns1} U {Vi,-: 0<i<nandiisodd,1<j<m}
Vi) =
! 1 {wu {vj:0<i<nandiiseven1<;j<m}

It is clear that S (v,) = 0 and S(vlj) = 0 which is a contradiction that adjacent vertices must receive different coloring.
Therefore our assumption m.(6(n, m)) = 2 is wrong. It follows that m.(6 (n,m)) = 3 and so m.(6(n, m)) = 3.
4, Conclusion:

Based on the significance of the theorems we determine the specific graphs such as generalized Jahangir graph,
generalized Petersen graph, and generalized uniform theta graph are modular coloring.
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