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Abstract: In this paper presents the R reliability mathematical formula of (3+1) Generalized inverse
Rayleigh Cascade model . The reliability of the model is expressed by Generalized inverse Rayleigh
random variables,which are stress and strength distributions. The reliability model was estimated by
seven dissimilar methods ( ML , Mo, LS, WLS , Rg ,Prand Pi) and simulation was performed
using MATLAB 2012 program to compare the results of the reliability model estimates using the
MSE criterion , the results indicated that the best estimator among the six estimators was ML and Pi.
Keywords: Standby redundancy , Parameter , Generalized inverse Rayleigh distribution , Unit , distributed
Identically .

Introduction

Many researches have been performed on reliability estimation R = p(X > Y) in the field of strength
and stress models . The Cascade is a special kind of stress-strength model
Cascade redundancy is a hierarchical standby redundancy in which a standby unit with different stress
substitutes for a system . When a system unit fails , it is replaced by a standby unit and the stress changed
k Times the previous stress [11] . In a previous study Karam and Khaleel (2019) presented a study of
(2+1) Cascade model, which the model consists of two main components and one redundancy standby
. In this paper , we assumed that the (3+1) of Cascade with (U, , U, ,U; and U, ) Units ,in which three
units U, ,U,,U; and U, are work and the unit U, is a standby unit . Assume that X;,X,,X3,X,
denote the unit strengths( U, ,U,,Us; and U, ) respectively and Y;,Y,,Y;,Y, indicated the
enforcement of stress . Here , if the active unit U; is a failure then the standby component U, is activated
, Where X, = mX; and Y, = kY;, if the active unit U, is a failure then the standby component U, is
activated , where X, = mX, and Y, = kY, and if the active unit R5 is a failure then the standby
component R, is activated , where X, = mX; and Y, = kY; Where "k" and "m " denote the
stress and strength attenuation factors respectively , suchthat 0 <m <1 and k> 1 Reddy (2016)
[19] presents of R = p(X > Y) by discussing model stress — strength of a cascade , assuming all the
parameters are independent and following Weibull stress-strength distribution in one parameter and
calculating first four cascade reliability for different stress-strength values. Mutkekar and Munoli
(2016)[16] , (1+1) exponential distribution cascade model is derived with the common effect of the
force and stress reduction factors . Kumar and Vaish (2017) [14] , discussed that Gompertz distribution
is stress and that strength is power distribution parameters . Karam and Khaleel (2018) [11] derived a
special (2+1) stress-strength reliability cascade model for the distribution of Weibull . Khaleel and
Karam (2019) [12] discussed the reliability of the (2+1) cascade inverse distribution Weibull model ,
reliability can be found when reverse Weibull random variables with unknown parameters scale and
known shape parameter are distributed with strength-stress and used six different estimations mothed
to estimate reliability . Karam and Khaleel (2019) [10], expression for model confidence is found when
strength and stress distribution are generalized in reversed Rayleigh random variable Rayleigh , derived
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from mathematical formulas for Reliability to Special (2+1) . Khaleel (2021)[13] , (3+1) exponential
distribution cascade model is derived with the common effect of the force and stress reduction factors .

The mathematical formula

Suppose , for the four units ( three basic and one redundant standby ) , the random strength-stress
variables of the four units j = 1,2,3,4 each independently and identically distributed Generalized
inverse Rayleigh of the parameter scale f; , 1=1,2,3,4 andscale p; ,j =1,234

Generalized inverse Rayleigh Distribution

The properties of Generalized Inverse Rayleigh distribution GIR(a, ) where [ is shape parameter
and « isscale parameter as :[8]

The PDF of GIR(«a,pB) :

-af
flx,a,B) =2afx3e x> ;x>0 , a,f>0 U &
The reliability function of GIR (a, B):
_aﬁ
R(x)=1—e x% vt e e e (2)
The hazard function of GIR(«, B):
—ap
2afx"3e x2

h(x) = — g SRR (<))

1—e x?
The Mean of GIR(a,f) :

1 1
E(x) = azfizm RN €]
The Variance of GIR(a,f) :
Var(x) = af — afm? e veeee e e (B)
The Cumulative distribution function of GIR(a,B) is:

—af
Fx)=ex* ; x>0,a,8>0 SRR (<))
The Cumulative distribution function of GIR(a,u) is:

—ap
Gy)=e» ; y>0,a,u>0 RN ¢/)

Reliability = Model  for  Generalized inverse Rayleigh Distribution (Rgr)
Let X;~GIR(a, B;);i=1234 and Y;~GIR(a,p;);j =1,2,3,4  be strength and stress random
variables of the three components ( three components are basic and one is standby )with unknown scale
parameters f;, p; and common known shape parameter a , where X; and Y; are independently
and identically distributed Generalized inverse Rayleigh random variables.

The reliability function for (3+1) cascade model is :

R=P[X; 2V, X, 2 Y5, X3 2 V3] + P[X; <V, Xy 2 Yy, X3 = V3, X, = V]

+P[X; 2V, X, < Yo, X3 2 V3, X, 2V, |+ P[Xy 2V, Xy 2 V5, X3 < Y3, X, 2> V,]

R=R; +R, +R;+R, R )

P, =P, 2Y)) = f [1-Fi(yDlf (1) dys
Y1

oo —aﬁl —aUq
=f <1 —en’ ) 2apyy173e 7 dy,
0
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© —ap, —ap —afy
|

2apiy; e M1 = 2auyy; e 1t e 1t dy,

o —au, —a(u1+P1)
—5t w1+ B1 — Lt

= 2a Be y1* =2 a Be w»m* d

fo Uiy 1w+ By H1Y1 V1

—apy —a(u1+B1)
= [e y1? — s e y1?2 ]oo
M1+ B 0
Uy ) B1
=|1- —(0-0) = .. (9
( p1 + By p1 + By ©)
P,=PX;=2Y,) = f [1—-F,()lf (v2) dy,
Y2
B —af, —ayp
:f <1 —e 72 ) 2ap,y,%e ¥2* dy,
0
© —auy —ap,; —afs
:f 2ap,y, 3e ¥2* —2au,y, 3e ¥2° e ¥2* dy,
0
o —au, —a(pz+B2)
Uz + B —2r2
= 2 e vk —2 e ¥ d
-[0 AUz y, € 72 1+ B, auzy, “€ 2 V2
—au; —a(pztB2)
= [e 22 — Le 2 ]oo
Uz + B 0
Uy ) B
=11- —(0—-0) = R 0]
( Uz + B2 Uz + B (10)
Py =P 2 1) = [ 1= FORIf05) dyy
Y3
@ —aps “@HUs
=f <1 —e ¥3? ) 2apuzys 3e ¥»3* dy;
0
© —aus —apsz —afs
:f 2auzys e Vi —2auzys;3e ¥3® e ¥3® dy,
0
o —aps —a(ps+B3)
—5 Uz + B3 — S eas
= 2 e vs? —2 e ¥¥ d
j(; auzys ~e s s+ Ba auzys -€ 3 V3
—aps —a(ps+B3)
= [e 32 — Hs e V32 ]oo
us + B3 0
U3 ) B3
=|1- —(0-0) = e e (11)
( Uz + B3 Uz + B3

Py = P[X; <Y1, X, 2 Y]

Fiy)|1-F E)ﬁ fr)dy,
J, mom[t-r ()
—apy

2

o —apy (k ) —apy
=f e’ |1— e\ |2auy; % e »* dy,
0

—apfq

f°° —apy —ap, —afs k2 —ap
0

e "’ 2au1y1_3 e Y12 —e n? e(ﬁyl) 2au1y1_3 e 1?2 dy1
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2
® —a(u1+B1) —a(u1+(1+(%) )ﬁl)
= f 2y, e it = 2apy; e yi® dy,
0
© Uy + Bl —“(M;'ﬂﬁ
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(1 + ( ) )ﬁl —a(ﬂ1+(1+(%)2)31)
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Hq H1
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:(u1+131)( +H1+(®) )/31)
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= f F,(y2) [1 -F (%h)] f(y2)dy:

Y2
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=f e)? |1 — e(ﬁyz) 2au2y2_3 e 2)? dyz
0
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0
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t2P2 (m)Z

) (Mz +,32)(l12+(1+( ) ),32)
P33 = P[X3 <Y3,X4 2 Y4]
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_—afz

o —af3 L, 2
=f e)? |1 — e(my3) Zay3y3_3
0

—apfs

—aus

© —afs
f es)* 2apzy; >
0

—a(u3+pf3)
(73)?

f 2auzy; 3 e
0
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—a(uz+pf3)
e (3)?
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—au3
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(#3 + B3) ( (
Ry =P[X, =2Y,X;, =Y, X3 = V3]
= P[X; =2 11]P[X; = Y;]P[X5 = V5]
Ry = PP, P3

B2

- Ry = 52"‘#2] [ﬁ3[i3#3]

ﬁf"lllj

-(0-0)

. (14)

..(15)

RZ = P[X1 < YI'XZ = Yz,Xg = Y3,X4_ = Y4]
== P[Xl < Yl'XZ > Yz,X3 > Y3,mX1 > le]
= P[Xl < Yl,le = kyl]P[Xz = Yz]P[X3 = Y3]

Ry = P11 PP
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Ry = P[X; =Yy, X, < Yy, Xz = Y3, X, > V,]
=P[X; =2V, X, <Y, X3 =Y, mX, = kY;]

= P[X; = Y1]P[X,; < Y,,mX, = kY,|P[X; = Y5]

R3 = PPy, P
22 ( )2

g
[/““1] [(ﬁz"‘ﬂz) (204 (B)) + ko) e

R4 = P[Xl 2 Yl,Xz 2 Yz,X3 < Y3,X4 2 Y4]
= P[X1 = YIIXZ = YZ'XS < Y3,mX3 = kY3]
= P[Xl = Yl]P[XZ = Yz]P[XS < Yg,ng = kY3]

Ry = Py P;P33
2
13PB3 (m)

(53 + u3) <ﬁ3(1+( ) )+M3)
R=R, +Ry+Rs+R,

- [/31 n ul] [ﬁz n Mz]

B -31 + .“1] [,32 + ,Ltz] fgl-?l-s;@]

n H1P1 (—) [ B, [ ]
(ﬁl+u1)(ﬁ1(1+( )y + )| B+ el B s

L[ A ] H2B2 (m)2 [ 8,
B1 + 1 (32 + 1) (ﬂz(l + ( ) )+ #z) B3 + sl

bt wsbs (1)

+
p1+ pud LBy + ([;3+M3)<ﬁ3(1+( ))+#3)

Parameters Estimation of Generalized inverse Rayleigh distribution.

Maximum Likelihood Estimation Method (ML)

Making the maximum likelihood was one of most important developments in 20" century statistics .
In (1922) Fisher introduced the method of maximum likelihood . He first presented the numerical
procedure in (1912) , but in (1922) the maximum likelihood method gave estimates satisfying the
criteria of efficiency and sufficiency and there were two forms for sometimes Fisher based the
likelihood on the distribution of the entire sample , sometimes on the distribution of a specific statistic

3]

Suppose that a random sample X;, X5, X5, ..., X,, have GIR(a,B) distribution with sample size n,
where B is unknown scale parameter and « is known shape parameter , then the likelihood function
"L", the joint probability function with the general form , can be written as follows :[5]

L(XerZ' ---:Xn: a,ﬁ) = f(lea;B)f(XZ:apﬁ) f(Xn' (X,ﬁ) = nf(Xll (I,,B)
i=1

Then likelihood function using equation (1) will be as :
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n —ap
L(X]JXZI ---;an a!ﬁ) = 1_[ [20([33(“367]
i=1

n _3
L(Xy1, Xo, o, Xn, 0, B) = 27a™B™ (HXi> e~aBIi X7 R ¢ §)
i=1

Then natural logarithm function for equation (21) can be written as ;
-3

n
InL = In|2"a™p™ (ﬂxi> e~ @B Yi Xi™?
i=1

n n
InL = nin2 + nlna + ninf — 3 z InX; — a,BZXL-_Z v e e e e (22)

i=1 i=1
To minimize , natural logarithm in equation (22) , must compute the great endings by taking partial
derivative with respect to unknown scale parameter £ , then will get as :

dlnL n zn:X —2 23
B 3 a 2 ; v e e e (23)
Equating partial derivative to zero , thus the right-hand side of (21) will be :
n = —2
_>_A_ale. —0 e e (28)
b=
The maximum likelihood estimator for g is given by :
N n
= e ene e e e (25
- Bmr) QYL Xi_z (25)

In the same way above , let Y;,Y,,Y;,..,Y,, arandom sample have GIR(a,u) distribution with
the sample size m , then the maximum likelihood estimator of unknown scale parameter p ; says
Ay 1S

m
LD
Now , suppose that
X1~GIR(a,B1), X,~GIR(a,B,) , Xs~GIR(a, B3) and X,~GIR(a, B,)
are strengths r.v.'s with the samples sizes n,,n, ,ns and n, respectively , where (B4, 52,83,84)
are the unknown scale parameters and suppose that Y;~GIR(a, 1) , Yo~GIR(a, uy) , Y3~GIR(a, us3)
and Y,~GIR(a,p,) arethe stresses r.v.'s with samples sizes m,,m,,mz and m, respectively,
where (44, U2, 3, 4e)  are unknown scale parameters . By using the same way , the maximum

likelihood estimators (81, B2, B3, Bs) and  (uq, o, Uz, Uy) are:

A ns
Bsmr) = oS X, 2 ,6 =1,2,3,4 RN 7470
and
m
AsmL) = W , 6=1234 U ¢24+))!
a Js=1 61'5

Substituting (27) and (28) in (19) , the maximum likelihood estimator for reliability R ; ﬁ(ML) ;
invariability will be as :
ﬁGIR(ML) = ﬁl(ML) + ﬁZ(ML) + §3(ML) + ﬁ4-(ML)
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[ By ] [ Bacuy ] B3y ]
| Bimry + Aamry ﬁz(ML) + fomL) ,83(ML) + f3mr)
N A sy By (k) [ By [ By
(ﬁl(ML) + .al(ML)) (Bl(ML) (1 + (k + #1(ML) BZ(ML) + fomny | 1 Bamry + Asmry)
BI(ML) ] MZ(ML):BZ(ML) (k) [ /§3(ML)
MK + Ji + [
ﬁ1(ML) HimL)] (BZ(ML) + #Z(ML)) BZ(ML) 1 + (k) ) + ﬂz(ML)) | P3(ML) T H3(MmL)]
A o ,\ . R 2
Bimr) B2mr) fizm) B (m) (F)
o + i Baury + £
_.Bl(ML) .ul(ML). LP2(ML) :uZ(ML) (ﬁ3(ML) + .u3(ML)) (ﬁS(ML) (1 + (F) ) + ﬁ3(ML)>_

.. (29)

Moments Estimation Method (Mo)

Karl Pearson in (1894) introduced a formal approach to the statistical estimation through his method
of moments (Mo) estimation . He quite unceremoniously suggested a method that simply equal the first
five sample moments to the respective population counterparts . It was not simple to solve five highly
the nonlinear equations . Therefore , he took an analytical approach of removing one parameter in all
step . After considerable algebra Pearson found a ninth degree polynomial equation in unknown one .
Then after solving the equation and by reiterated back substitutions , Pearson found the solutions to five
parameters in the terms of the five first sample moments , and was beginning of the moments method
(Mo) estimation [4] . To derive method of the moments estimator parameters of GIRD , assume that
x;,i =1,2,3,..,n random sample have GIR(a, ) distribution with the sample size n, first step the
mean population of GIR(a,f3) , obtain by equation (4):[9]

11
E(X) = a2B2m R 1))
The second step equating mean sample with corresponding the mean population , then will get as :
=X 11
T: O(Zﬁzﬂ (31)
Then the moment estimator of S says [?(MO) is:
2
n
X
5 =1
Bwoy = |—— .. (32)
nna2
In the same manner , the moments estimator of wunknown scale parameter u
says f(moy ;1S
2
. iz Y
Koy = 1 . (33)
mra2

Now , by using the same technique , the moments estimators of the unknown scale parameters (
B1, B2, B3 ) and ( py, po,p3 ) are:

A -Z?6=1Xi5 2

Bsmoy = —1] , 6=1234 N 2 )|
- nra?2

and

2

>0

Asanoy = |52 e Y e oo e (35)
| mra?
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Substitution ( 34 ) and (35) in ( 19 ) , the moments estimator for reliability Rgsz ; says I?G,R(Mo) ;
approximately will be as :

ﬁGIR(MO) = ﬁl(MO) + ﬁZ(MO) + ﬁ3(MO) + ﬁ4(M0)

B B1mo) ] [ B2mo) ] [ B3 moy ]
| B1moy + Aoy LBamoy + Azcmoy ] LBsmoy + Azmoy
ArqmoyBrmoy (k) Bamoy 11 Bswo
" + I +4
(ﬁl(MO) + M1(Mo)) (ﬁ1(M0)(1 + ( ) + M1(Mo) ’BZ(MO) Aao)] 1Pano) + Azno)
n ,31(M0) ] MZ(MO)[))Z(MO) (k ) [ B3(M0)
'ﬁl(MO) + Ao (.32(1\40) + .uz(MO)) (:BZ(MO)(l + ( ) )+ MZ(MO)) ﬁ?’(MO) T Hagno) ]
. - . . 5 m
+ Bimoy B2mo) ] f3mo)P3(mo) (F)
Branoy + Arano)] LPaqno) + fzquo) (Bsmoy + Azmoy) <B3(M0)(1 + ( ) )+ Hs(MO))

... (36)
Least Squares Estimation Method (LS)
The German mathematician Carl Friedrich Gauss had inspected the least squares as early in (1794) , he
did not publish the method until (1809) . This estimation method is very popular for the model fitting
, especially in linear and non-linear regression . The method of least square estimator scan is produced
by the minimizing sum of squares error between value and its expected value . [2] The least squares
method is a combination of the parametric (F) and the non-parametric ( F )
Distribution functions . The minimizing following equation : [6]

S= Z (Fx) - F(Xl-))z e BT
i=1

Suppose that X, ,X,, X3, ..., X, be arandom sample have GIR(a, ) distribution with the sample size
n . The procedure attempts to minimize the following function with respectto « and S will getas:

n —ap 2
S@p) =) (ﬁ(xi) - ex—2> e (38)
i=1
To obtain the formula of F(X;) ; use the equation ( 6 )
—ap
FX)=e* - —nF(X) =2 e (39)

On the other hand , since F(X;) isunknown , it better to use F (X)) asfollows F(X(;)) =P; and
P; is the plotting position Where

= i=12...,n e o oo e 1 (40)

n+1
Here X, is the i: th order statistics of the random sample of the size n from GIRD .
Hence for the GIRD , to obtain the LS estimates S of the parameter S can be define following the

function from equation (38) :

n 2
apB
S@p) =) (qi - 2>
= X
Where q; = —In ﬁ(X(L)) = —[n Pi (41)
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By taking the derivative equation (41) with respect to the parameter £ and equating result to the zero

0S@B) N, (, _ @B \(__a
B —ZZ<ql X(i)2>< X(i)2>

=1
- >+ ﬁz e e e o (42)
X(z) X(L)
Then the least squares estimator of £ ; says B(LS) , will getas :
n 1 ql
i=
X
®
Bus) = —C‘r et e e wee o (43)
1y 4
X
In the same way , the least squares estimator of unknown parameter p ;says fgg) ;is:
m A
=1y . 2
o 6))
=1y, 4
Y
Where G(y(])) =—; j=12,.,m and q; =—In GA(Y(J-)) =-InPp

Now , by using the same Way , the last squares estimator of the unknown scale parameters (8;, B2, B3)
and  (uq, g, uz) are :

Zn(g qi5
ig= 1X
S(is)
Bsws) = —f ,  §=1234 Y 015
215 1X (ls)
and
4js
e,
js=1
~ _ o Y (15) _
Asws) =y a ~ » 0=1234 e eeeen een e (46)

js=1 #

T sy
Substitution (45) and (46) in (19) , the last squares estimator for reliability Rg;z  says ﬁam(m) ;
approximately will be as :
Rsy = Riwsy + Raus) + Ras) + Raqs)

N Bicws) ] [ Bais) ] Bsvs) ]
Bis) + Aaws) .32(Ls) + fows) .33(Ls) + A3Ls)

N ﬂl(LS)ﬁl(LS) (k) [ .BZ(LS) 11 _ 33(Ls)
(Bl(LS) + H1(LS)) (ﬁl(LS)(l + ( ) )+ .ul(LS) BZ(LS) a5 Bss) + Ases)]
4l Bl(LS) ] 'aZ(LS)BZ(LS) (%)2 [ _ B3(LS)
Brs) + Haqs) (.BZ(LS) + .uz(LS)) (BZ(LS)(I + ( ) )+ .uZ(LS)) Paws) + as)]
+ [A Bas) ] [A Bawus) ] [ RasBaas () ] TR (Y}
Bias)ttaas)] [Bas) *Haws) (ﬁs(LS)+M3(LS))<[33(LS)(1+( ) )+u3(L5)>
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Weighted Least Squares Estimation Method (WLS)

The method weighted least squares extend the method least squares procedure to case where the sample
data have different variance . By other words , some the samples have more error or less influence than
others . This method reflects the behavior of random errors in the model and it can be used with the
functions that are either linear or nonlinear in parameters . It works by incorporating extra nonnegative
weights or constants associated with all data point into the fitting criterion . The size of weight shows
the precision of the information contained in associated observation [15]. The method of weighted last
squares can be used in minimizing the following equation :[1]

n
~ 2
0= Z w(E(X) - F(XD) e (48)
i=1
_ 1 _ (n+1)%i(n+2) .
Where W; = VarlF (R itni+D) ,i=12,...,n N )|

Let a random sample  (Xq,X,,X,,...,X,) size n take from have GIR(a,B) distribution . The

procedure attempts to minimize the following function with respect to a and g  will get as :
n

) —ap \?
Qa,p) = Z w; <F(Xl-) — (e x? )) R ¢:11))
i=1
As steps in equations (39) and (41) will get as :

n 2
ap
Qa,p) = ZWi (qi _W> Y -5 §)

=1
By taking partial derivative to the equation (51) with respectto B , and equating result to the zero we
obtain :

0Q@p N, ( aB \[_ _a
op _;:ZWl(ql (x(i))2>< (x(i))2>

n

n
Wiqi | 5 Wia
- — Z+ﬁ 7= 0 (52)

i=1 (x(i)) i=1 (x(i))

The weighted least square estimator of 8 ; says 3(WL5) :

n Wiqi

" ()’
5 i

=— 0/ v ven e e e (B3

BwLs) . W (53)

=1 4

(x(i))

In the same technique , the weighted least squares estimator of unknown scale parameter u ; says
A(WLS) ;is:

m J1]
jﬂﬁ )
. X)) 1 (m+1)“(m + 2)
U = Where W; = = — -
(WLS) sm Wa 7 var[6(Y)] jm—j+1)
Jj=1 4
(x¢)
’j = 1P2P ""Jm mas wEs sEw mEE owww (54)

Now , by using the same way , the weighted least squares estimators of the unknown scale parameters
(B1,B2,B3) and (uy, pz, pi3) are:
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W; . q;
ZZ;S:ILHSZ
) _ (a) o _ s
B(S(WLS) - n W a ] - 11213'4 ( )
5

1 (xgg))”

and
Zma Wfaqfa
, ~ (vis)
fAswis) = ——r2— 6 =1,2234 SN (-1
Zma Vylaa
js=17_  \*
(y(ja))

Substitution (55) and (56) in (19) , the weighted least squares estimator for reliability R;;r ; says
Reirwis) ; approximately will be as :

ﬁGIR(WLS) = §1(WLS) + ﬁZ(WLS) + §3(WLS) + §4(WLS)

B Biwis) ] [ Baws) ] [ Bsaws) ]
|Biowesy + Browesy] LBaqwis) + Baqwis) ,33(WLS) + Aswis)

Pawis)Prowes) ( & ) [ Boawus) 1 Bswes)
.32(WL5) + lowis)l 1Bswis) + Aswis)

(.31(WL5) + .ul(WLS)) (.31(WL5)(1 + ( ) + :ul(WLS)

.Bl(WLS) ] “Z(WLS)ﬁ 2wis) \ T ) [ .é3(WLS)

Prawis) + Raqwis)] (ﬁz(WLs) + .uz(WLs)) ﬁz(WLs)(l + ( ) )+ #z(WLs)) Bswis) + Aaows)]

~ L ~ . 5 m\?
Biwes) Baawis) ] [ fiswis)Bawis) (F)

Brws) T laws) I Pawis) + Raqwis) (ﬁ3(WLS) + #3(WLS)) (’33(WLS)(1 + ( ) )+ #3(WLS))

.. (57)
Regression Estimation Method (Rg)
Regression is one of the important procedures that uses supplementary information to construct
estimators with a good efficiency . Regression is conceptually the simple method for examining
functional relations among variables . The relations is expressed in form of an equation or the model
connecting the response variable "Y" and one "X" or more expository variables . The simple true
relations can be approximated by the standard regression equation :[17]

Zi = a+bui +el- (58)
Where (z;) is the dependent variable , (u;) is the independent variable and (e;) is error random
variable independent

Assume that X1,X5, ..., X, random samples have GIR(a,f) with the sample size n .

Taking the natural logarithm to CDF [18] , obtain by equation (6) :
—ap ap
FX) =€ - (FE)T =" - mFE)T =%

Estimating F(X(;) by P; inequation (40)

-1 _ aﬁ
Ln(P)™ " = o R ¢1°)
Comparing the equation (59) with equation (58),we get :
a
Zi = Ln(PL-)‘l ,a = 0 ,b = ﬁ , U = — (60)
X(@)
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Where;i=1,2,..,n

Where b can be estimated by the minimizing summation of the squared error with respectto b , then

b= 5 . (61)
n 3k, u)? = (B, u;)
By substation (60) in (61) , the estimator for § ; says B(Rg) ;s
nEi gz WP =Tl Bl In(P)™!
Brg) = W > e eee aee 2 (62)

2
a a
?:1[ ,2] _[Z?ﬂ ,2]
X (i) X (i)

In the same way , the regression estimator of unknown scale parameter W ;Says firgy ;IS

my 2 n(p)” i L1y — Zman(P)
Atrg) = 0k W e e (63)

’“[ ] =
Yih? Jy()

As in equation (60) where z; = Ln(P;)™!
,a=0,b=,u,uj= ;j=12,...,m

a
Y2
Now , by using the same way above , the regression estimators of the unknown scale parameters
(B1, B2, B3) and (HLMz,Hs) are :

n -1
. né‘zl: 1x6( Ln(Plé‘) lé‘(s 1x6( )2 215 1L (Plé‘)
Bs(rg) =
ng
" Zig- 1["6(15) ] [ fs= 1x5(15) ]
5 =1234 et e e (64)
and
mgs m5 -1
; _m5215 1}’6( Ln(PJs) 15 13’6( R 215 1Ln (Pjs)
6(Rg) — 2 2
021571 ys(jg)? 51 ys(j5)*
§=1234 S (1))

Substitution (64) and (65) in (19) , the regression estimator for reliability Ry, ; says ﬁG,R(Rg) ;
approximately will be as :
Reirrg) = Ri(rg) + Rarg) + Ra(rg) + Racrg)

3 Bi(rg) ] [ Ba(rg) ] [ Parg) ]
B1rg) + Facrgy] 1Bacrg) + Bzergy) 1B3crg) + A3(r)
“1(Rg)ﬁl(Rg) (k ) Borgy [ Parg

(ﬁ1(Rg) n #1(Rg)) Prrgy(1 + ( ) )+ #1(Rg) ‘ [,32(129) + l2rg) | LB3(Rg) T H3(Rg).

. . m\2 1. .
B1irg) ] A2(rg)Pa(rg) (F) B3(rg)
Brirg) + 1] | (Byrgy + iang)) (ﬂZ(Rg)(l + ( ) )+ “Z(Rg)> Pawa + o
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. 5 . 5 m\?
Bl(Rg) ] [ ﬁz(Rg) ] ~“3(R9)B3(Rg) (F)
Prirg) + Parg) | 1Pacr (Bsrg) + B3(rg)) (53(Rg)(1 + ( ) )+ #3(Rg))

g) 1 l2(rg)

... (66)
Percentile Estimation Method ( Pr)
The method was originally discovered by Kao (1958 —1959) . In case of Generalized inverse Rayleigh
distribution , let a random sample X;;i = 1,2,3,...,n with size n have GIR(«, 8), it is possible to use
this method to obtain the estimator unknown scale parameter £, which is obtain from the CDF, defined
in equation (6): [7]

—ap 1

FX) = e - nFX) =73 > X =(500) e e e (67)
If P;i=12,..,n put the plotting position instead of F(Xy;a,B)
Can be obtained by minimizing
1 2
af \z
i [X(i) -(5%) ] vt e (68)

By taking partial derivative to the (68) with respectto
, and equating the result to zero we obtain :

2 (%) - ()%= lnp)l](é(m‘%)<—(_lj‘lpi)%)=o
) -0 (5 |(- ) ) =0

|

(

<_ (—lft pi>%> (X0) + (B (_l‘:l pi)l ~0

>
R

n
n
=1
n
=1

@ \z 1S @
2 AN —
X 2 =0
- Z —lnpl-) o+ (B) L Inp;
L i=1
1
L gt ()
a 2 x 4=l —In p; ®
X Z = L
- (ﬁ) Elnp 2( lnp) @ ('8) n a2
i=1 i=11n p;
The percentile estimator of S ; says B becomes :
1 2
n z
5 ( In ) Xa
,B(pr) = n—z (69)

i=1np;

In the name way above , the percentile estimator of the unknoun parametor 3 ; says f ;is:
1 2

a 2
j'n=1 (—ln ’Pj) Yo
m

J=tinp; J

ﬁ(pr) = (70)

Now , by using the same manner , the percentile estimators of the unknown scale parametor (B4, 82, 83)

and (By,B,,B5) are:
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1 2
a 2
5 _2‘5 1( In Pi,;) X(is)
Pswr) = ST )5 =1234 . (71)
ts=11n p;,
and
1 2
a 2
) _215 1( In pja) Yo
Hs@r) = S ,6=1234 «(72)
Je=llnpj,

Substitution (71) and (72) in (19) , the Percentile estimator for reliability Rg;r ; says }?GIR(M ;
approximately will be as :

Rairory = Riory + Raqory + Raor) + Raor)

N Bicor) ” Bagpr) ] [ Bacory ]
~ Brwr + Bagoryl WBaory + Raory ] 1Bspry + faor)

.ul(pr):gl(pr) (k)

Baor)

B3(DT)

) + Ml(pr) “ [,Bz(p

T) + ﬁz(pr)_

ﬁ3(pr) + ﬁ3 (pr)

(Bl(pr) + ﬂl(pr)) (ﬁl(pr)(l + ( )

#Z(pr)BZ(pr) (%)2

(ﬁZ(pr) + .Uz(pr)) Bacpry (1 + ) )+ .Uz(pr)>

Brpr) Baor)

ﬁl(pr) + .al(pr) BS(pr) + ﬁ3(pr)_

R A m\2
B2or) A3y Bapr) (F)

gl(pr) ]
Bar) + B2om) | (B3 ) + f3pry) (33(pr)(1 + ( ) )+ ug(pr))

.Bl (p7) + ﬂl(pr) |

..(73)
Pitman Method

Let X;, X5, ..., X,, bearandom sample of n observations from a population whose p.d.f is f(x, a, )
:where @ > 0,8 > 0 isascale parameterand X; >0, if B = g(Xy,X,, .., X,,) Iis the estimator of
the scale parametor f8 , then 8 should be as follows : [20]

flx,a,p) = Za[)’x‘?’e_a%ﬁ

L(XIIXZ' "'an) = f(Xl' a, B)f(XZ' a, :8) f(Xn' a, ﬁ) (74)
—ap —ap —apB
= <2aﬁx1‘3 ex—12> <2a,8x2‘3ex—22> <2aﬁxn‘3 e xn2>
< ) e
= Qap)" HX X it . (75)
R fo ,32 L(Xer2: Xn) d.B
p= ..(76)
fo 33 L(X1, X2, ..., Xn) dB
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o 1 _ Z’il=1#
Jo F(Zaﬂ)"(ﬂ?ﬂ X) e X dp
n —af

© —32ic1 52
B el ap

sEE

Qa)* (T, X)) ff%ﬂ”e x* dp

B n -3 ro0 1 ?:1#
a™MITL, %) ~ J; [?ﬁ"e X% dp

n —ap n a
fooo [g”‘zezi=1x—i2 dB f0°° ﬁn—Ze_(Zi=1x_i2)B dp
= n —af - n &
[ pres Tt ag o presePEa)? g
Let u:( ?=1xii2)ﬂ - du = ( ?=1xii2)d,8 and :( nua)
i=1$
n-2
o) u -u
apg
o oy (S8 \se=] e
. B:fo B 2, ( 1x12) dﬁ: =12
a n-3

n

TR

[e] u _
fo i e udﬂ

a
(Z?:l F) 1 fooo un—l—le—u dﬁ
= oo = (44 S 21 . —
ﬁfo un=3e=u dg ?=1x17 Jo urFte " dp
(Zt57)
1 r(n—1) 1 (n—2)!
a _ a —3)
111_1? r(n—2) ?1? (n—-3)
1 n—-2)(n—-3)! n-2
o _ | - a
Mazz) 7Y Ihag
The pitman estimator of 8 ;says 8 becomes :
« n—2
Pon = —a N &)
In the name way above , the pitman estimator of the unknown parametor f ;says g ;is:
A m-—2
Hpi) = sm = e e e 2 (78)
]=1yj

Now , by using the same manner , the pitman estimators of the unknown scale parametor (81, 82, 83)

and (B, B2 B3) are:

5 -2
ﬁa<pi>=2—n’? — , 8=1234 o (79)
i6=1xi 2
()
and
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mgs — 2
H5(pl) Z—a ) 6 = 1;2;3;4 TR TTITT TP (80)
Js=1y;s?

Substituting (79) and (80) in (19) , the pitman estimator for reliability R ; R(pl-) ; invariability will
be as:
Rgirepiy = Ripiy + Rzpiy + R3piy + Racpid

_ Bipi) ] [ Bapi) ] [ Bacpiy ]
Brpiy + e LBapy + fagpiyl LBapry + facer)
AapiyPaeiy (k) [ Bary 1] Baceny
(Bupy + fiaceny) (31(191') (1 n (k) + .Ul(m) Bacpiy + fapiy] 1Baceiy + fapi ]

R ) N m\2 ) R
Bicpiy “2(Pi):82(Pi) (_) Bapi)

|B1piy + Aacpi ] (32(Pl) + #2(131)) 32(101) 1 + (k) ) + ﬁZ(Pi)) B3piy + Aspi]

R o R R 5 m\2

Bipiy Bacpiy ] fspiyBacpo) (_)

|B1pi) + By ] LBapiy + Azpi ('33(131) + H3(P1)) (53(})1) (1 + (k) ) + ﬁ3(Pi))
.. (81)

The experimental study

We simulate the outputs of all three estimating methods by using MSE . Study of simulation is replicated
several times (500) so that the samples of three sizes ( small , moderate and large ) are independently
collected.

Algorithm of Simulation
The simulation algorithms are written for estimating R using MATLAB program , according to the
following steps :

1- The random sample (11, X125 s X11y) » (%21, X2, s Xar, ),
(x31, X325 s x3r3): and (}’11'3’12: ---'3’11;1)' (J/zp}’zz: ---'}’21;2)' (J’31:}’32» :}’31;3)

Of SIZES (Tl,rz,rg, V1, Uy, 7.73) = (15,15,15,15,15,15)
,(45,45,45,45,45,45) and (95,95,95,95,95,95)

are generated from generalized inverse Rayleigh distribution

2- Selected the wvalues of parameters for 6 experiments (B1, B2, B3, 11, Uz, 3)
in the table (1) :
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Table 1. Values of parameters and Reliability , such that ¢ = 0.5

Experiment k m By B2 B3 M1 Mz M3 R

1 18 02 11 11 11 15 15 15 0.0773

2 1.8 02 2 2 2 15 15 15 0.1895

3 18 02 11 11 11 2 2 2 0.0457

4 1.2 08 11 11 11 15 15 15 0.1248

5 1.2 08 2 2 2 2 2 2 0.1932

6 15 05 13 14 15 16 17 1.8 0.1080
3-Parameters B4, B2, B3, U1, 1o, 43 Were estimated (ML,Mo, LS, WLS,Rg,PrandPi) inequations

(27),(28),(34),(35),(45),(46),(55),(56),(64),(65),(71) and (72) respectively

4- R was estimated in equations : (29),(36),(47),(57),(66),(73) and (81)
L g
5- Calculate the mean by Mean = LR

L
6- The last stage is to use the " Mean square Error " to assess the results of the seven estimation methods

MSE(R) = %i(ﬁi ~R)’

Simulation Results
After applying the previous steps of R for sample size (ry, 1y, 13, V1, V2, v3): (15,15,15,15,15,15),
(95,95,95,95,95,95)  and (45,45,45,45,45,45)

Table (2) : Values MSE and Mean for 6 experiments.

Ex Simple size Criteri ML MO LS WL Rg Pr Pi Best
p on S
(15,15,15,15,1 MSE 0.00 0.00 0.02 0.00 0.001 0.00 0.0008 ML,Pi
1 515) 08 40 14 99 3 76
Mean 0.08 008 0.10 0.09 0.079 0.089 0.0805
05 48 11 25 7 1
(45,45,45,454 MSE 0.00 0.00 0.02 0.00 0.000 0.003 0.0003 ML,Pi
5,45) 03 15 01 62 4 9
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(95,95,95,95,9
5,95)

(15,15,15,15,1
5,15)

(45,45,45,45 4
5,45)

(95,95,95,95,9
5,95)

(15,15,15,15,1
5,15)

(45,45,45,45 4
5,45)

(95,95,95,95,9
5,95)

(15,15,15,15,1
5,15)

(45,45,45,45 4
5,45)

(95,95,95,95,9
5,95)

(15,15,15,15,1
5,15)

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

MSE

Mean

0.07
76
0.00
01
0.07
79
0.00
25
0.19
07
0.00
09
0.18
83
0.00
04
0.18
88
0.00
04
0.04
87
0.00
01
0.04
61
0.00
01
0.04
59
0.00
16
0.12
78
0.00
05
0.12
46
0.00
02
0.12
45
0.00
27
0.19
47

0.07
83
0.00
10
0.07
82
0.01
04
0.18
54
0.00
46
0.18
30
0.00
30
0.19
00
0.00
22
0.05
40
0.00
07
0.04
79
0.00
05
0.04
88
0.00
71
0.12
93
0.00
29
0.12
34
0.00
19
0.12
76
0.01
10
0.18
97

0.09
71
0.02
83
0.10
99
0.03
74
0.17
32
0.03
72
0.16
53
0.03
55
0.14
98
0.01
58
0.07
52
0.01
44
0.07
25
0.01
26
0.06
47
0.02
95
0.13
62
0.02
87
0.13
06
0.02
63
0.11
78
0.03
90
0.17
79

0.08
18
0.00
69
0.08
62
0.02
10
0.18
30
0.01
56
0.17
09
0.01
64
0.18
57
0.00
63
0.06
29
0.00
35
0.05
39
0.00
43
0.06
04
0.01
55
0.13
41
0.01
06
0.12
20
0.01
17
0.13
40
0.02
20
0.18
76

0.077

0.000

0.077

0.004

0.186

0.001

0.186

0.000

0.188

88

0.000

0.048

0.000

0.046

0.000

0.046

0.002

0.125

0.000

0.123

0.000

0.124

0.004

0.190
6

0.080

0.003

0.082

0.017

0.182

0.011

0.176

0.010

0.187

0.004

0.059

0.002

0.051

0.002

0.055

0.012

0.131

0.007

0.123

0.006

0.131

0.018

0.187
0

0.0776

0.0001

0.0779

0.0025

0.1907

0.0009

0.1883

0.0004

0.1888

0.0004

0.0487

0.0001

0.0461

0.0001

0.0459

0.0016

0.1278

0.0005

0.1246

0.0002

0.1245

0.0027

0.1947

ML,Pi

ML,Pi

ML,Pi

ML,Pi

ML,Pi

ML,Pi

ML,Pi,

Rg

ML,Pi

ML,Pi

ML,Pi

ML,Pi
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(45,45,45454 MSE 0.00 0.00 0.03 0.01 0.001 0.011 0.0009 ML,Pi

5,45) 09 49 88 64 4 6
Mean 019 018 016 017 019 0.180 0.1921
21 69 99 52 5 6
(95,95,95,95,9 MSE 0.00 0.00 0.03 0.01 0.000 0.010 0.0004 ML,Pi
5,95) 04 32 71 73 7 7
Mean 019 019 015 019 0.192 0.192 0.1925
25 40 40 04 5 2
(15,15,15,15,1 MSE 0.00 0.00 0.02 0.01 0.002 0.010 0.0013 ML,Pi
5,15) 13 58 62 33 1 4
Mean 011 011 012 011 0109 0.116 0.1110
10 33 30 88 4 0
(45,45,45,45,4 MSE 0.00 0.00 0.02 0.00 0.000 0.005 0.0004 ML,Pi
5,45) 04 24 51 88 7 8
Mean 0.10 0.10 0.11 0.0 0.107 0.107 0.1080
80 74 78 74 3 8
(95,95,95,95,9 MSE 0.00 0.00 0.02 0.00 0.000 0.005 0.0002 ML,Pi
5,95) 02 16 29 99 3 7
Mean 0.10 0.11 010 011 0.108 0.115 0.1079
79 09 61 82 1 0

CONCLUSIONS

This conclusions according to the simulation study results
1. We concluded from the table @
I- With increasing value of parameter B ,  reliability is increasing
II- With the increasing value of parameter U , reliability is decreased.
I1I-  With the decreasing value of % , reliability is increasing
2. We concluded from the table (2) the best estimator for R is ML and Pi for 6 experiments and different
sample sizes .
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