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ABSTRACT
A radio harmonic mean labeling of a connected graph G is a one to one map f from the vertex set
V(G) to the set of natural numbers N such that for any two distinct vertices u and v of G satisfies

the condition d(u,\,)%i(f;“):?ﬂ >1+diam(G) -The radio harmonic mean number of f, rhmn(f) is the
u)+ f (v

maximum number assigned to any vertex of G. The radio harmonic mean number of G, rhmn(G) is
the minimum value of rhmn(f) taken over all radio harmonic mean labeling f of G. In this paper we

have determined the radio harmonic mean number of special classes of bistar graphs.

Keywords: Radio harmonic mean labeling, Radio harmonic mean graph, Line graph of bistar,
Square graph of bistar, Middle graph of bistar

1. Introduction

The channel assignment problems were introduced in 1980 by Hale [9]. The goal is to assign radio
channels in a way so as to avoid interference between radio transmitters. Motivated by this
Chartrand defined the concept of radio labeling of graphs in 2001[4]. Radio labeling, labels the
vertices of a graph with non negative integers such that for any two vertices, the smaller the
distance between the vertices, the greater the required difference in label. Radio labeling of graphs
is applied in channel assignment problem, Sensor networks, TV and wireless networks etc...
S.Ponraj et al. [12, 13] defined the concept of radio mean labeling of graphs. Motivated by the
notion radio mean labeling we have introduced the radio harmonic mean labeling [2,3].In this
paper, we have investigated the radio harmonic mean labeling of special classes of bistar graphs
and determined the radio harmonic mean number of those graphs.

In this paper, Radio Harmonic Mean Labeling and Radio Harmonic Mean Number are referred as
RHML and RHMN for briefness.
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2. Preliminaries

Definition 2.1

A radio harmonic mean labeling of a connected graph G is one to one map from the vertex set V(G)

of G to N such that for two distinct vertices u and v of G satisfies the condition

d(uv)+ 2 f(u)f(v)
f(u)+ f(v)

radio harmonic mean graph.

Definition 2.2

Radio Harmonic mean number of graph G is denoted by rhmn(G). It is defined as the lowest span

—|21+ diam(G) .A graph which admits radio harmonic mean labeling is called

taken over all radio labeling of graph G.
Definition 2.3

The span of a labeling f is the maximum integer that f maps to a vertex of graph G. The radio
harmonic mean number of G, rhmn(G) is the lowest span taken over all radio harmonic mean

labeling of the graph G.
Definition 2.4
The Line graph of a graph G, denoted by L(G), is a graph whose vertices are the edges of G, and if
u,ve E(G) then u,ve E(L(G)) if u and v share a vertex in G.
Definition 2.5
For a simple connected graph G, the square of graph G is denoted by G? and defined as the graph
with the same vertex set as of G and two vertices are adjacent in G2 if they are at a distance 1 or 2
apartin G.

3. Main Results

Theorem 3.1
The radio harmonic mean number of line graph of bistar L[B, ] is 2n+1 for n>3.

Proof:
Let V[L(B, )] = {u,ui U l<i< n} and
E[L(Bnyn)]:{uui,uui' :1£i£n}U{u.u. uu, 1<i<n-1 i+1<j Sn}

iZj
The diameter of L[Bnn] is 2 forn 2 3..
Define the vertex labels as follows

fu=1
For 1<i<n,

fu)=i+1

fU)=n+l+i
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Now, check the radio harmonic mean condition.
In order to verify the definition of radio harmonic mean labeling

d(u,v)+{M123
f(u)+ f(v)

for every pair of vertices of L[Bn,n].
Case (i): Verify the pair (U,U;) for 1<i<n,d(u,u;) =1

d(u,ul)+|7M—‘=l+lrw—‘21_'_’72(1)(2)—‘23
f(u)+ f(u) i+2 3

Case (ii): Verify the pair (u;,u;) for 1<i, j<n, j>i,d(u;,u;) =1

d(ui,u-){Mw =1+[—2(i_+1?(j +1)—| 21+[—2(2)(3)—‘ >4
! fu)+ f(u;) i+j+2 5

Case (iii): Verify the pair (U,u;) for 1<i<n,d(u,u,) =1

d(u,ui'){Mw:1{%121{2@)@123
f(u)+fu) N+2+i 6

Case (iv): Verify the pair (U; ,U'j) forl<i, j< n,d(Ui,Ulj) =2

d(ui,u',-){M} = 2+{2(i D+l D}z 2+[—2(27)(5)125

fu)+fu;) N+2+i+ ]

Case (v): Verify the pair (u;,u;)for 1<i, j<n, j>i,d(u,u;)=1

d(u“uj){ 2f(u)f(u,) }1+{2(n+1+i)(n_+1-+ j)121+[2(5)(6)127
f(u)+fu;) 2n+2+i+ 11

In all the above cases, f'satisfies the radio harmonic mean condition (1).

Thus, fis a radio harmonic mean labeling and L[ Bn’n] is aradio harmonic mean graph.

Hence, the radio harmonic mean number of L[Bnx] is 2n+2 for n 2 3.

Theorem 3.2
The radio harmonic mean number of Square graph of bistar Brin is2n+2 for n>2,

Proof:
Let V(B?,) = {u,u',ui,ui' 1<i< n} and

E(B?,) = {uu’,uu;,uu;,u'y;, Uy 1 1<i <nf
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2
The diameter of B, ,is 2 forn>2.

The vertex labels are defined by

f(u) =1
f(uU)=n+2
For 1<i<n,
f(u)=i+1
fU)=n+2+i

Check the radio harmonic mean condition (1).

dwwh{zigﬂgg}23
f(u)+ f(v)

. . 2
for every pair of vertices of B, , .

Case (i): Verify the pair (U,u,) for1<i<n,d(u,u,) =1

d(u,ui)+{M—‘:1+{w—‘21+{2(1)(2)—‘23
f(u)+ f(u) i +2 3

Case (ii): Verify the pair (U;,u;) for 1<i, j<n, j>i,d(u;,u;)=2
dw”u)+{Ei&91ﬁﬂlw_2+(EQiEXLiQW22+[EQX@Wz5
. f(u)+f(u)) i+j+2 5

Case (iii): Verify the pair (u,u’), d(u,u) =1

d(u,u')J{Ml:1{@—‘21{2(1)(4)}23
fu)+fu) n+3 5

Case (iv): Verify the pair (U,u,) for 1<i<n,d(u,u,) =1

d@LQ)+(2i§Qiﬁilw:1+{ggxﬂi§i9121+{zﬂX@123
f(u)+f(u;) N+3+i 6

Case (v): Verify the pair (u',Ui') forl<ic< n,d(U',Ui') =1

d(u',ui'){ 2F(u)f () w:1+[2(n+2)(n+2+i)w21{2(43(5)}Z ;

fu)+fu) 2N+ 4+i

Case (vi): Verify the pair (U',u,) for 1<i<n,d(u,u)=1
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d(u.’ui){ Zf(u')f(ui) }:1{2(n+2)(i-+1)W21+{2(4)(2)}24
fu)+fu) N+3+i 6

Case (vii): Verify the pair (u;,u;) for 1<i, j <n,d(u;,u;) =2

d(u.,u',){M]_h(z(i+1)(n+.2Jf j)l22+[—2(2)(5)k5
f(u)+fu;) N+3+i+ ] 7

Case (viii): Verify the pair (U;,U'j) for1<i,j<n,j> i,d(U;,U}) =2

d(U{,u,-){Mw:2+F(n+2+i)(n.+2.+ jﬂzm(—z({’)(ﬂzs
f(u)+f(u;) n+4+1+ | 11

In all the above cases, f'satisfies the radio harmonic mean condition (1).

Thus, fis a radio harmonic mean labeling and Bn,n is radio harmonic mean graph.

. . 2,
Hence, the radio harmonic mean number of Bn,n is 2n+2 forn = 2.

Theorem 3.2
The radio harmonic mean number of Middle graph of bistar M(Bnn) 4n+4 for n> 2,
Proof:
Let V[M (B, )] = {u,v,w,ui NURVARVARN R [ n} and

E[M(B,,)]= {uw,vw,uu.,u.u U W, WV, W, ,vivi' (1<i< n}

The diameter of M(Bn,n) is 4 for n=2.
Define the vertex labels as follows

f(uy=4n+2
f(v)=4n+4
f(w)=4n+3
For 1<i<n,

f(u)=3n+1+i
f(u)=i+1

f(v,)=2n+1+i
f(v,)=n+1+i

Check the radio harmonic mean condition (1).
In order to verify the definition of radio harmonic mean labeling

d(u’V)J{MFS
fu)+f(v)
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for every pair of vertices of M(Bnn).
Case (1): Verify the pair (U,u;) for1<i<n,d(u,u,) =1
d(u’ui){ 2f (u)f (u) ]:1+{2(4n+2)(3n+_1+i)]21{2(10)(8)1210

fu)+f(u,) mn+3+i 18

Case (2): Verify the pair (U,u;) for 1<i<n,d(u,u;) =2

d(uu) | 2FWfw) :2+[2(4n+2)(i_+1)—‘22+{M]26

fu)+f,) An+3+i 12

Case (3): Verify the pair (u,w) ,d(u,w) =1

[ 2 (u) f(w) | :1J{2(4n+2)(4n+3)_ >1+[2(10)(11)W 1
f(u)+ f(w) 8n+5 B 21 B

Case (4): Verify the pair (U,V) ,d(u,v) =2

d(u,v){w—l:2+{2(4”+2)(4”+4)-IZ2+_2(10)(12)-‘213
fu)+f(v) 8n+6 22

Case (5): Verify the pair (u,Vv;) for 1<i<n,d(u,v,) =2

d(u,vi){ 2 () () w 2+{z(4n+z)(zn+_1+i)12 2%2(10)(6)12 0
f(u)+ f(v) 6n+3+i 16

d(u,w) +

Case (6): Check the pair (U,V;) for 1<i<n,d(u,v,) =3

d(uyvi-){Zf(u)f(v;)w:3+{2(4n+2)(n+.1+i)w23%2(10)(4)}29
Fu)+f(v) 5n+3+i 14

Case (7): Verify the pair (W,U;) for 1<i<n,d(w,u;) =1

d(W’ui){Ml=1+[2(4n+3)(t°>n+1+i)w21%2(11)(8)1211
f(w)+f(u) n+i+4 19

Case (8): Verify the pair (W,u,)for 1<i<n,d(w,u;) =2
d(w,u;){ 2f(w)f(ui") 1: 2+{2(4n+3)(i _+1)} N 2{2(11)(2)} 6
f(w)+ f(u) An+4+i 13
Case (9): Verify the pair (V,w) for 1<i<n,d(v,w) =1

4w { MW :1+{2(4n +4)(4n+3)1 21{2(12)(11)1 1
f(v)+ f(w) 8n+7 23

Case (10): Verify the pair (W,V;) for 1<i <n,d(w,v;) =1
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s | 210100
f(w)+ f(v,)
Case (11): Verify the pair (W, V,

2f(w)f(v) |
f(w)+ f(v)

d(W,Vi‘)—I—[

_1+[2(4n +3)(2n+1+1)
6n+4+i

) forl<i<n,d(w,v)=2

_ 2+[2(4n+3)(n +.1+|)
on+4+1i

Case (12): Verify the pair (V,V;) for 1<i <n,d(v,v;) =1

d(v,vi){

2f(v)f(vi)l

fW)+fw)|

) l+{2(4n+4)(2n+1+i)12 1+[2(12)(6)

6n+5+i 18

Case (13): Verify the pair (V,V;) for 1<i <n,d(v,v,) =2
+{2(4n+4)(n+l+i)-‘221{2(12)(4)-‘28

d(v,v,)+

[ 2f (W) f(v)
f(v)+ f(v)

Bn+5+i 16

] 594 [2(11)(4)

15

|29

Case (14): Verify the pair (U;,U;) for 1<i, j<n, j>i,d(u;,u;) =2
+(2(3n+1+i)(3n+1+ j)}ZJ{Z(?)?(Q)'lle

d(u,u;)+

[ 2fu)f(u,)
f(u)+fu;)

Bn+2+i+ ]

Case (15): Verify the pair (Ui ,UIJ-) forl<i, j < n,d(ui,u'j) =1

2(u)f(u)

d(u"u’){f(ulh f(u)

l_1+(2(3n+1+i)(j+1)Fl{2(8)(2)

N+2+i+ | 10

|25

Case (16): Verify the pair (u;,u;)for 1<i, j<n, j>i,d(u,u;)=4

2f(u;>f(u;-)w

d(“"”"”{f(u;)w(u;)

i+j+2

+[2(i+1)(j+1)—|24+(2(2)(3)—‘27
15

Joas[ 28260
17

|2

Case (17): Verify the pair (v;,V;) for 1<i, j<n, j>i, d(v,v;)=2

21 (u) F(v,)

d(vi,vj){ml:

N+2+i+ ]

2+{2(2n+1+i)(2n+1+ j)]zz%z(i)g(ﬂzg

Case (18): Verify the pair (Vi',V'J-)fOI’ 1<i,j<n,j> i,d(Vi',V'j) =4
+[2(n+1+i)(n+1+ j)-|24+[2(43(5)w29

2 (v)f(v;) w

OI(V"’VI"){f(v;H fv,)

2N+2+i+ ]

Case (19): Verify the pair (u;,V;) for 1<i, j <n,d(u;,v,) =3
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d(ui,v'.)+{Ml=3+F(3”+1+i)(r_‘+1.+ j)lzs%—m)(“)}g
o f )+ f(yy) AN+2+i+j 12

Case (20): Verify the pair (U;,Vv;) for 1<i, j<n, d(u;,v;) =2

dv {M}Z{Z(SMHD(Z‘M'HDFZ{Z(S)(@]ZS)
: fu)+flv) 5n+2+i+ ] 14

Case (21): Verify the pair (v,u,) forl<i<nd(v,u,)=2

d(v,ui){M—‘:2+{2(4n+4)(3nf1+i)_l22{2(12)(8)_‘212
fv)+fu) n+5+i 20

Case (22): Verify the pair (v,u,) for 1<i<n,d(v,u,) =3
d(v’“”*_MHWMW”)F“V(HXZ)F?

f(v)+ f(u) An+5+i 14
Case (23): Verify the pair (V; ,V'j) for 1<i, j <n,d(v ,V'j) =1

d(vi,V})+_M} :1+[2(2n+1+i)(n+1+ j)w 21+V(6)(4)1 >6

f(v,)+f(v;) N+2+i+j 10

Case (24): Verify the pair (U;,v;)for 1<i, j <n,d(u;,v,) =3

d(u{,vﬂ!Mw:S{Z(i +1)(2nJ_rlJf j)]23+[w—lz6
f(u)+fv;) 2n+2+i+ ] 8

i',v'j)for 1<i,j<n,j>id(u,

v)=4

17 7]

d(u{,V})+{Mw:4+[2(i Hhn+1+ DWZ4+[—2(22(4)127

fu)+f(v) N+2+i+j

Case (25): Verify the pair (U

In all the above cases, fsatisfies the radio harmonic mean condition (1).
Thus, fis a radio harmonic mean labeling and M(Bn,n) is a radio harmonic mean graph.
Hence, the radio harmonic mean number of M(Bnn) is 4n+4 for n>2.

4.Conclusion

In this paper, the radio harmonic mean number of bistar related graphs was obtained. The radio
labeling of graphs which would have played a very important role in the communication networks.
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