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ABSTRACT

Pascal’s triangle is the simplest triangle containing binomial coefficients and possessing exclusive mathematical properties in
it. There are several triangles of numbers exhibiting exotic mathematical oddities. In this paper, we will introduce two
number triangles and determine Ramanujan summation related to their entries. In particular, we have proved new results
related to Ramanujan summation values of series of odd and even powers of numbers considered from the two number
triangles.
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1. Introduction

Among several methods applied for summing a divergent series, Cesaro method is well known for its novelty and depth. One
of such methods of summing divergent series was introduced by great Indian mathematician Srinivasa Ramanujan during
early part of 20™ century. His results related to Ramanujan summation methods created great interest and development in
Analytic Number Theory. In this paper, by introducing two number triangles, we will determine Ramanujan summation for
various series obtained from the entries of the triangles.

2. Definition

Let Z a, be a divergent series of real numbers. The Ramanujan summation abbreviated as RS (see [1]) of Z a, is defined
n=1 n=1

by (RS) ian =j zn:ak dn (2.1

n=-1\ k=1

3. Construction of Number Triangles

In this section, we will introduce two number triangles, the first consisting of odd natural numbers and second that of even
natural numbers displayed in Figures 1 and 2 respectively. We notice that in both cases, for any natural number n, row n
contains n successive odd or successive even numbers. We shall call the number triangle consisting of odd natural numbers in
Figure 1 as odd numbered triangle and that of even numbers in Figure 2 as even numbered triangle. In the following sections,
we will prove some properties related to these triangles and determine the Ramanujan summation using those properties.
Further we define centred numbers of both triangles as numbers which are located as middle terms in the odd numbered
rows. Such numbers are shown in pink color in Figures 1 and 2 respectively.
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Figure 1. Odd Numbered Triangle Figure 2: Even Numbered Triangle

4. Properties of Odd Numbered Triangle

Let U, ., denote the nth row, mth number of the odd numbered triangle in Figure 1. We call U, . as the general term of odd

numbered triangle. We notice that the general term U, is given by U, . =n(n—1)+(2m-1) (4.1) where 1I<m<n.

Using (4.1), we will prove some results in the following sections.
4.1 Theorem 1

The centered numbers of odd numbered triangle are odd perfect squares.
That is, u2k—l,k = (2k _1)2 (42)

Proof: The middle term in the odd numbered row of odd numbered triangle in Figure 1 can be considered as centered
numbers of the triangle. Referring to Figure 1, such numbers will be of the form Uy, ,  for any natural number k. Now

using (4.1), we have
Uy sy = (2k —1)(2k —2)+(2k —1) = (2k -1)?

Since (2k —1)2 are odd squares for any natural number k, this completes the proof.

4.2 Theorem 2
2_
n(4n<-1) (43)

The sum of first n centered numbers of odd numbered triangle is given by

Proof: From (4.2), the required sum is given by
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ZH:UZk_Lk = Zn:(Zk ~1)° = 4Zn: k? —4zn:k +n
k=1 k=1 k=1 k=1

2n(n+1)(2n+1 n(4n® -1
_ 2n(n+1)( )—2n(n+1)+n:—( )
3 3
This completes the proof.
4.3 Theorem 3
n n(n®+2)
The sum of first n outer diagonal numbers of odd numbered triangle are given by ZUM = (4-4) and
k=1

n n(n*+3n-1
DUy = ( )(4.5)
ko 3

Proof: Using (4.1), we have

n n n n 9
Zukl _ Z[k(k 1) +1]= YK —Zk ne n(n+1)(2n+1) n(n+1) e n(n®+2)
k1 ka k1 kL 6 2 3

n n n n 2 _
Sy, = Y[k -1+ (2k -] =Y k2 + Y k—n=1FDENHD 00+ n(n+3n D)
kel k= pa) k=1 6 2 3

completes the proof.

5. Properties of Even Numbered Triangle

Let V, , denote the nth row, mth number of the even numbered triangle in Figure 2. We call Vv,  as the general term of even

numbered triangle. We notice that the general term Vv, - is given by v, . =n(n—1)+2m (5.1) where 1<m<n. Using

(5.2), I will prove some results in the following sections.
5.1 Theorem 4

The centered numbers of even numbered triangle are one more than odd perfect squares
Thatis, Vo 1 = (2k—1)* +1 (5.2)

Proof: The middle term in the odd numbered row of even numbered triangle in Figure 2 can be considered as centered
numbers of the triangle. Referring to Figure 2, such numbers will be of the form V,, ;| for any natural number k. Now using
(5.1), we have

Vpe 1 = (2k—1)(2k —2) + 2k = 4k? — 4k +1+1= (2k —1)? +1
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Since (2k —1)® are odd squares for any natural number k, this completes the proof.

5.2 Theorem 5

2n(222 +1) 5.3)

The sum of first n centered numbers of even numbered triangle is given by

Proof: From (5.2), the required sum is given by

Sy 1 = S (@k-1?+1] =43 k2 -4 k+2n
k=1 k k=1 k=1

=1

2
_ 2n(n +1§(2n +1) 2n(n+1)+2n = 2n(22 +1)

This completes the proof.

5.3 Theorem 6

n 2
n(n® +5)
The sum of first n outer diagonal numbers of even numbered triangle are given by E Vg = —3 (5-4) and
k=1

Zn:V _n(n+)(n+2) (55)

kk =
pam) 3

Proof: Using (5.1), we have

Zn:kal :Zn:[k(k _1)+2] :zkz —Zn:k+2n _ n(n+1)(2n+1) n(n+1) +an :@

k=1 k=1 k=1 6 2

=}

Sy, = S [kk=D +2k] = Sk + 3k =1 +1)6(2n +1) n(n2+l) _n(n +1:)3(n+2)

This completes the proof.
6. Ramanujan Summation

In this section, using the results obtained in sections 4 and 5. we will prove Ramanujan summation formulas for some of the
divergent series from Odd and Even numbered triangles presented in Figures 1 and 2 respectively.

6.1 Theorem 7

(RS)(1+3+5+7+---)=% (6.1), (RS)(2+4+6+8+---):—% 6.2)
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(RS)(1*+3 +5° +7° +.-) = —% (6.3), (RS)(2°+4°+6*+8°+--)=0(6.4)

(RS)(1+3+7+13+21+31+---):—% (6.5), (RS)(1+5+11+19+29+41+---):% (6.6)

(RS)(2+4+8+14+22+32+---):—% (6.7), (RS)(2+6+12+20+30+42+---)=—% (6.8)

Proof: Using (2.1) we can prove the stated results.

0
1
since 1+3+5+7+---+(2n—-1) =n* we get (RS)(L+3+5+7+--) = j nzdn:§
1

n=—

This proves (6.1).

0
Since2+4+6+8+---+2n=n°+n we get (RS)(2+4+6+8+--)= I (n2+n)dn=%—%=—%This proves

n=—1

(6.2).

Now we notice that 12 = 1, 32 =9, 52 = 25, 72 = 49, . . . are precisely the centered numbers of the odd numbered triangle.
Hence by (2.1) and (4.3), we get

* n(4n’ -1 11 1
(RS)X* +3° +5° +7% +--) = I Mdn=—§+E=—E.Thisproves(6.3).

n=-1
Since 2° +4° +6° +8> +---+(2n)* :22(12+22+32+---+n2)=%n3+2n2+§nwe have

0
(RS)(2° +4% +6° +8° +---) = I (ﬂns+2n2+gnjdn:—}+2—1:O.Thisproves(6.4).
3 3 3 33

n=-1

Since 1, 3,7, 13, 21, 31, ... forms south — west outer diagonal of odd numbered triangle of Figure 1, using (2.1) and (4.4),
we have

0
(RS)L+3+7+13+21+31+43+--) = j (1n3+gnjdn:—i—£:—£.Thisproves(6.5)
3 3 12 3 12

n=-1

Since 1, 5, 11, 19, 29, 41, ... forms south — east outer diagonal of odd numbered triangle of Figure 1, using (2.1) and (4.5),
we have

¢ (1 1 1 11 5
(RS)(1+5+11+19+29+41+--) = _[ (—n3+n2——njdn=——+—+—=—.Thisproves(6.6)
J\3 3 123 6 12
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Since 2, 4, 8, 14, 22, 32, . . . forms south — west outer diagonal of even numbered triangle of Figure 2, using (2.1) and (5.4),
we have

(RS)(2+4+8+14+22+32+--) = I (1n3+5n)dn——i—§=—g.Thisproves(6.7)
Jl3 '3 12 6 12

Since 2, 6, 12, 20, 30, 42, . .. forms south — east outer diagonal of even numbered triangle of Figure 2, using (2.1) and (5.5),
we have

t (1 2 1 11 1
(RS)(2+6+12+20+30+--) = J- =n*+n*+=n |dn=—-—+=—==—-This proves (6.8)
3 3 12 3 3 12

n=-1
This completes the proof.

6.2 Bernoulli Numbers

n

X
Bernoulli Numbers are numbers which occur as coefficients of - in the Taylor’s series expansion of — 1 about x = 0.
n? e —
= X"
We denote the nth Bernoulli Number by B, . Thus by definition we get 1 Z B n_ 6 9)
n=0

We notice that the constant term of

is 1 and so from (6.9) it follows that B, =1.
e’ -1

The first few values of Bernoulli Numbers are given by

1 1 1 1 1
BO :1, B]_:—E,BZZE,BB, :0, B4 :_%’BS :0, BG :E,B7 :O, BB :—%,Bg :0
5 691 7 3617
Blo:%’ B, =0, Blzz——2730 ,B,; =0, BM:E’ B =0,B; :_—510 (6.10)

From the above values we observe that except for B4, B, = 0 for all odd values of n.

Srinivasa Ramanujan proved a formula connecting Riemann zeta function with Bernoulli numbers (for proof see [2]). The
formulas called as Ramanujan Summation were given by

(RS)(L" +2% +3 +--) = j Zk?f dn=¢(-2r)=0 (6.11)
(ROYL™+2+3 ™ 4) = | (ik“j dn=§(1—2r)=—% (6.12)
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7. Ramanujan Summation for Odd and Even Numbered Triangles

In this section we will prove formulas related to general integer powers of entries of odd and even numbered triangles
considered in Figures 1 and 2.

7.1 Theorem 8

If B, is the nth Bernoulli number and if r is any positive integer then

T (o2r B 1

RS 12r+32r+52r+72r+“_ — 22r—2s+1 2r-2s+2  _ — 71

(RSX ) ;(23—1] 2r-2s+2 2 (0
r(2r-1 B 1

RS 12r—1_|_32r—1+52r—1+72r—1+___ - _ 22r—25+1 2r—25+2 += 72
(RSX ) ;[ZS—ZJ 2542 2
(RS)(2*" +4 +6* +8" +--)=0 (7.3)
(RS)(er_l+42r_l+62r_1+82r_1+"') :_22r—1% (74)

r

Proof: First, | will prove the results (7.3) and (7.4) corresponding to even and odd powers of entries of even numbered
triangle in Figure 2.

22r+42r+62r+82r+_”:22r(12r+22r+32r+42r+_”)l
Hence, using (6.11), we get
(RS)(2* +4* +6° +8" +--) =2 (RS)(1* +2* +3* +.-)=2*"x0=0.

This proves (7.3).
-1 p2r-1 | p2r-1 | q2r-1 2r-1gq2r-1 | a2r-1 | A2r-1 | p2r-1
Similarly, since 27T 48T =2 (1 27743+ ) using (6.12), we have

(RS)(er_1+42r_1+62r_1+82r_1+"’):22r_1(RS)(12r_1+22r_1+32r_1+42r_1+"')
BZ 2r-1 B
Bar _ _part Bor

2r 2r

This proves (7.4).

— 22!’—1 X —

For any natural number r, from (4.2), we have
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Zn:(uzm,k)r Zzn:(Zk—l)zr

n 2r 2r 2r-1 1 2r _— 5 or . - .
:;[(Zk) +[1 j(Zk) (-1 +{2j(2k) (-1) +m+(2r—1J(2k) (1) 4 (1) }
:22an:k2r —22f1(irJZn:k2r1+22rz(zzr]ikzﬂ__.._z( 2r jzn:k+n

k=1 k=1 k=1 2r-1

Hence using (2.1), (6.11) and (6.12), we get

(RS)I* +3* +5° +---) = T {Zn‘,(uzkl,k)’}dnﬂ“ T (ik“jdn—zzf-l[zlrj T (Zn:k“‘ljdn

k=1 k=1

2r-2 2r 0 C 2r-2
+2 [ZM(;k jdn—---—z[ jnjl[;kjdn+ j n dn
= 22r.§(—2r)—22r1[irjg“(1—2r)+22r2 ( 5 ]g’(Z—Zr)
araf 2r 2r 1
R I T
e (e (D) o () )
1 2r 3 2r-2 5 2r—4
2r B 1 2r - B 1
_2( J(__zj__zz( JZZr 2s+1 2r-2s+2 =
2r-1 2 2 <\ 2s-1 2r—2s+2 2

This proves (7.1).

Similarly, for any natural number r, from (4.2), we have

2r-1

n (2r-1) n
> s F =3 @k
3 2r-1 2r-1 2r-2 1 2r-1 2r-3 2 2r-1 1 2r-2 2r1
=kz=1‘,{(2k) { ) j(zk) 1) +[ . j(zk) 1) +---+(2r_zj(2k) (14 (1) }
2rANC | 214 2r-2 2r-1\3 2r-2 2r-3 2r-1\3 2r-3 _ 2r-1
=2 ;k -2 ( . jkz;k +2 ( ) jkz;k +2[2 _ijk n

Hence using (2.1), (6.11) and (6.12), we get

(RS +3" 7 +57 4. = I{Z(um) 1}dn ger j[zn:kz’ljdn

n=—1L k=1 ne_1\_k=1

L e (o AL e oo

n=-1
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=221 (1-2r) - 222 (zrl_lj;(z— 2r) 4273 (Zrz_ljg(s—zn o (Zr ;1j§(4— 2r) +

2r-1 1
+2(2r—2j§(_1)+_

2
_ 9211 2r-1 _& _ Q4023 2r-1 _ By s _ Q4 0%S 2r-1 _ By _
0 2r 2 2r-2 4 2r—4

R 2r-1 (__) __Z 2r-1 2f 2s+1 BZr 25+2 +1
2r—2 2s—2 2r—2s+2 2

This proves (7.2) and completes the proof.

8. Corollary

(RS)(13+33+53+73+---):% (8.1), (RS)I'+3° 15+ 7" +-)=——  (82)

10
(RS)(15+35+55+75+---):2—2 (8.3), (RS)(16+36+56+76+---):—$ (8.4)
(RS)(17+37+57+77+~-):—1 (8.5), (RS)(lS+38+58+78+---):—i (8.6)
15 18

Proof: Substituting r = 2 in (7.2), we get

2 3 3 3
(RS)(13+33+53+73+---):—§ 25*25h+l:_ 23E+ glﬁ +l:i
s=1 25_2 6_28 2 4 2

Similarly, taking r = 3 and 4 in (7.2), we get

3 5 B 1
RS 15 +35 +55 +75 4.0 == 27—25 3—2s i
e ) ;(2s—2j 8—2s 2

_|[° 2B, > 3B, > 28| 1 13
0 6 \2 4 \4 2| 2 63

. 7 B 1
RS)L" +3"+5"+7"+--)=— 092 1025 | =
(RSX ) ;[ZS—ZJ 10-2s 2

! 7B, ! 25Bs ! 9 Be | ! 7
0 8 \2 6 |4 4 \6 2| 2 15

Now substituting r = 2, 3 and 4 in (7.1), we get
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2 (4 4 4
(RS)L* +3'+5* + 7" +--) =" g5 Boge 1 2B [(HpB 1 1
2s-1 6-2s 2 1 4 |3 2| 2 10

s=1

2s5-1 8-2s 2
= 6 25%+ 6 23&+ 6 zlﬂ _lz_i
1 6 3 4 5 2 2 14

4 8 B 1
RS)(1® +3 +58 +78 +...) = 09-2s Proas _ 1
e ) ;(ZS—J 10-2s 2

_|[8 275, 8 2585 | 8 g9 Be | 8 B 1 1
1 8 \3 6 (5 4 \7 2 2 18

6 6 6 6 _ S 6 7-2s B8—25 _1
(RSYL°+3 +5°+7°+--)=>" p X
s=1

This completes the proof.
9. Conjecture

In view of equations (6.3), (8.2), (8.4) and (8.6), we make the following conjecture which is an alternate form of (7.1).

1
4r+2

(RS)(X*" +3" +5% + 7% +--)=— 9.1

10. Conclusion

In this paper, considering two number triangles as in Figures 1 and 2 comprising of odd and even natural numbers
respectively, we had proved interesting properties in first six theorems. The Ramanaujan summation values for eight
divergent series obtained in theorem 7 are new and done using the properties obtained in earlier theorems. After introducing
Bernoulli numbers and using its connection with Ramanujan summation we had proved four very interesting and new results
in theorem 8. These results helps us to determine Ramanujan summation for odd and even powers of the entries of odd and
even numbered triangles presented in Figures 1 and 2.

Using the new results obtained in theorem 8, we had determined Ramanujan summation values of third, fourth, fifth, sixth,
seventh and eighth powers of odd numbers through equations (8.1) to (8.6) respectively through a corollary. Further by
observing a pattern using equations (6.3), (8.2), (8.4) and (8.6), we had proposed a conjecture for Ramanujan summation
value of even powers of odd numbers in (9.1). Proving this equation would be an interesting task for anyone who stretches
their minds further. Thus, in this paper, by considering simple number triangles, we had obtained more than dozen new
results regarding determining Ramanujan summation values. These equations and the proposed conjecture would certainly
add more value to the methods of summability theory.

588



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 2, 2022, p. 579 - 589
https://publishoa.com

ISSN: 1309-3452

REFERENCES

[1] R. Sivaraman, Understanding Ramanujan Summation, International Journal of Advanced Science and Technology,
Volume 29, No. 7, (2020), 1472 — 1485.

[2] R. Sivaraman, “Remembering Ramanujan”, Advances in Mathematics: Scientific Journal, Volume 9 (2020), no.1, 489-
506.

[3] S. Ramanujan, Manuscript Book 1 of Srinvasa Ramanujan, First Notebook, Chapter VI1II, 66 — 68.

[4] Bruce C. Berndt, Ramanujan’s Notebooks Part 11, Springer, Corrected Second Edition, 1999

[5] G.H. Hardy, J.E. Littlewood, Contributions to the theory of Riemann zeta-function and the theory of distribution of
primes, Acta Arithmetica, Volume 41, Issue 1, 1916, 119 — 196.

[6] S.Plouffe, Identities inspired by Ramanujan Notebooks Il , part 1, July 21 (1998), and part 2, April 2006.

[7] Bruce C. Berndt, An Unpublished Manuscript of Ramanujan on Infinite Series Identities, Illinois University, American
Mathematical Society publication

[8] R. Sivaraman, Bernoulli Polynomials and Ramanujan Summation, Proceedings of First International Conference on
Mathematical Modeling and Computational Science, Advances in Intelligent Systems and Computing, Vol. 1292, Springer
Nature, 2021, pp. 475 — 484.

[9] A. Terras, Some formulas for the Riemann zeta function at odd integer argument resulting from Fourier expansions of
the Epstein zeta function, Acta Arithmetica XXIX (1976), 181-189.

[10] E. C. Titchmarsh , The theory of the Riemann zeta-function, Oxford University Press, 1951.

589



