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ABSTRACT 

Measuring irregular strength of a network mathematically is a problem of concern in communication networks.  This can be 

achieved by establishing edge irregular k- labeling of graph of the corresponding network.  A function from collection of 

vertices and edges to first k- nonnegative integers set is an edge irregular k-labeling if the labels of edges induced as sum of 

labels of the edges together with the labels at end vertices are all different.  The least k-value of all such edge irregular k-

labeling is known as total edge irregular strength of the graph and denoted by  tes(G). Baca M  has found lower bound for all 

graphs.  In this paper, we find total edge irregularity strength of extended duplicate graphs of few path generated graphs. 
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1. PRELIMINARIES 

Definition 1.1: Consider a graph G with vertex set V.  The duplicate graph DG of G is obtained as follows: It is graph with 

vertex set 𝑉 ∪ 𝑉′ where V and V' are disjoint and for each vertex 𝑣  in V there is a vertex  𝑣' in V' such that 𝑢𝑣 is an edge in 

the graph G if and only if 𝑢𝑣′ and 𝑢′𝑣 are edges in its duplicate graph DG. 

Definition 1.2 : A path 𝑷𝒏 is a sequence of arrangement of vertices 𝑣1, 𝑣2, … , 𝑣𝑛 where the edges are in the form of 

𝑣𝑖𝑣𝑖+1, 𝑖 = 1,2, … , 𝑛 − 1.  A path 𝑷𝒏 has n vertices and n-1 edges and its duplicate graph has 2n vertices and 2n-2 edges.  As 

this duplicate graph is disconnected, connecting any two vertices one from 𝑣𝑖,  and one from 𝑣𝑖
′  (preferably other than 

terminal vertices) makes it connected and called extended duplicate graph of 𝑷𝒏 and denoted by 𝑬𝑫(𝑷𝒏) 

Definition 1.3: A comb 𝑪𝑩𝒏 is obtained by connecting a new  pendant edge with each vertex of path 𝑃𝑛. Comb 𝑪𝑩𝒏 has 2𝑛 

vertices and 2𝑛 − 1 edges and its duplicate graphs has 4𝑛 vertices and 4𝑛 − 2 edges. As this duplicate graph is disconnected 

,  connecting any two vertices one from 𝑣𝑖 and one from 𝑣𝑖
′ makes it connected and called extended duplicate graph of 𝑪𝑩𝒏.  

Here, the vertices 𝑣2𝑛−1, 𝑣2𝑛−1
′  are connected by an edge to get extended duplicate graph  𝑬𝑫(𝑪𝑩𝒏). 

Definition 1.4: A twig 𝑻𝒏 is a graph obtained by connecting two new pendant edges with each of the internal vertices in 

𝑷𝒏+𝟐 . Twig 𝑻𝒏  has 3𝑛 + 2 vertices and 3𝑛 + 1 edges and its duplicate graph has 6𝑛 + 4 vertices and 6𝑛 + 2 edges.  The 

vertices 𝑣3𝑛−1, 𝑣3𝑛−1
′  are connected by an edge to get extended duplicate graph  𝑬𝑫(𝑻𝒏). 

Definition 1.5:  The ladder graph 𝐿𝑛 is a planar undirected graph with 2𝑛 vertices and 2𝑛 − 2 edges. It is obtained as the 

Cartesian product of two path graphs, one of which has only one edge: 𝐿𝑛 = 𝑃𝑛𝑋𝑃1.  Its duplicate graph has 4𝑛 vertices and 

4𝑛 − 4 edges.  The vertices 𝑣2𝑛−1, 𝑣2𝑛−1
′  are connected to get extended duplicate graph 𝐸𝐷𝐺(𝐿𝑛) 
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2. MAIN RESULTS 

Definition 2.1:A graph G with vertex set V and edge set E, has an edge irregular total k-labeling ( k is a positive integer) if 

there is a function 𝑓: 𝑉 ∪ 𝐸 → {1,2, … , 𝑘} such that  

 (i)the edge induced sums 𝑓∗ defined for an edge 𝑥𝑦 in the graph by 𝑓∗(𝑥𝑦) = 𝑓(𝑥) + 𝑓(𝑦) + 𝑓(𝑥𝑦) 

(ii) for any two edges 𝑥𝑦 and 𝑢𝑣 in the graph  𝑓∗(𝑥𝑦) ≠ 𝑓∗(𝑢𝑣) 

Definition 2.2 :The minimum k for which G has an edge irregular total k-labeling is called as total edge irregularity strength 

of G and denoted by tes(G). 

We state the following theorem without proof due to ‘Baca’ which is a major significant result giving a lower bound for 

tes(G). 

Theorem 2.3: For any graph G which maximum vertex degree Δ(𝐺), it follows that           

 𝑡𝑒𝑠(𝐺) ≥ max {
|𝐸(𝐺)|+2

3
,
|Δ(𝐺)|+1

2
} .  

Algorithm 2.4 : Mapping labels to the vertices and edges of extended duplicate graph of path graph. 

The vertices of  𝑬𝑫𝑮(𝑷𝒏) are labeled as below: 

𝜒(𝑣𝑖) = {

𝑖 + 1

2
+ ⌊
𝑖 + 1

6
⌋ ,       𝑖 = 5,7, … ,2 ⌈

𝑛

2
⌉ − 1

𝑖

2
+ 1 + ⌊

𝑖

6
⌋ ,    𝑖 = 2,4,6… ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′𝑖) = {

𝑖 + 1

2
+ ⌈
𝑖 − 1

6
⌉ ,       𝑖 = 3,5, … ,2 ⌈

𝑛

2
⌉ − 1

𝑖

2
+ 1 + ⌊

𝑖 − 1

6
⌋ ,    𝑖 = 4,6… ,2 ⌊

𝑛

2
⌋

 

  𝜒(𝑣1) = 1  ;     𝜒(𝑣3) = 3  ;       𝜒(𝑣′1) = 2  ;       𝜒(𝑣′2) = 1  ;          

The edges of 𝑬𝑫𝑮(𝑷𝒏)   are labeled as below: 

𝜒(𝑣1𝑣
′
2) = 1  ;    𝜒(𝑣′1𝑣2) = 1   ;     𝜒(𝑣2𝑣

′
2) = 1  ;    𝜒(𝑣3𝑣

′
4) = 2    

𝜒(𝑣2𝑖−1𝑣
′
2𝑖) = 𝑖 + ⌈

𝑖 − 1

3
⌉ ,       𝑖 = 3,4,5,6, … . , ⌊

𝑛

2
⌋ 

𝜒(𝑣2𝑖𝑣
′
2𝑖+1) = 𝑖 + 1 + ⌈

𝑖 − 1

3
⌉,          {

 𝑖 = 1,2,3, … . , ⌊
𝑛

2
⌋    𝑖𝑓   𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑖 = 1,2,3, … , ⌊
𝑛

2
⌋ − 1,    𝑖𝑓  𝑛 𝑖𝑠  𝑒𝑣𝑒𝑛

 

𝜒(𝑣′2𝑖−1𝑣2𝑖) = 𝑖 + ⌈
𝑖

3
⌉ ,          𝑖 = 2,3, … . , ⌊

𝑛

2
⌋ 
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𝜒(𝑣′2𝑖𝑣2𝑖+1) = 𝑖 + ⌈
𝑖 + 1

3
⌉,          {

 𝑖 = 1,2,3, … . , ⌊
𝑛

2
⌋    𝑖𝑓   𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑖 = 1,2,3, … , ⌊
𝑛

2
⌋ − 1,    𝑖𝑓  𝑛 𝑖𝑠  𝑒𝑣𝑒𝑛

 

Theorem 2.5 : Total edge irregularity strength 𝑡𝑒𝑠(𝐸𝐷𝐺(𝑃𝑛)) of the extended duplicate graph of path graph  is ⌈
2𝑛+1

3
⌉ 

Proof:By algorithm 2.5 , it is clear that the vertex 𝑣′𝑛  has maximum label  
𝑛

2
+ ⌈

𝑛

6
⌉ = ⌈

2𝑛+1

3
⌉ when  n is even and 

𝑛+1

2
+

⌈
𝑛−1

6
⌉ = ⌈

2𝑛+1

3
⌉ when n is odd  and all other vertices and edges are labeled with lesser numbers. 

The induced edge sums (weights) of the edges are computed using  

 𝜒∗(𝑢𝑣) = 𝜒(𝑢) + 𝜒(𝑢𝑣) + 𝜒(𝑣) as 

𝜒∗(𝑣1𝑣
′
2) = 3  ;    𝜒∗(𝑣′1𝑣2) = 5   ;     𝜒

∗(𝑣2𝑣
′
2) = 4  ;    𝜒

∗(𝑣3𝑣
′
4) = 8    

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) =

2𝑖 − 1 + 1

2
+ ⌊
2𝑖 − 1 + 1

6
⌋ + 𝑖 + ⌈

𝑖 − 1

3
⌉ +

2𝑖

2
+ 1 + ⌊

2𝑖 − 1

6
⌋ = 4𝑖,                𝑖 = 3,4,5,6, … . , ⌊

𝑛

2
⌋ 

𝜒∗(𝑣2𝑖𝑣
′
2𝑖+1) =

2𝑖

2
+ 1 + ⌊

2𝑖

6
⌋ + 𝑖 + 1 + ⌈

𝑖 − 1

3
⌉ +

2𝑖 + 2

2
+ ⌈
2𝑖 + 1 − 1

6
⌉

= 4𝑖 + 3,                     {
 𝑖 = 1,2,3, … . , ⌊

𝑛

2
⌋    𝑖𝑓   𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑖 = 1,2,3, … , ⌊
𝑛

2
⌋ − 1,    𝑖𝑓  𝑛 𝑖𝑠  𝑒𝑣𝑒𝑛

 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) =
2𝑖 − 1 + 1

2
+ ⌈
2𝑖 − 1 − 1

6
⌉ + 𝑖 + ⌈

𝑖

3
⌉ +

2𝑖

2
+ 1 + ⌊

2𝑖

6
⌋ = 4𝑖 + 1,                     𝑖 = 2,3, … . , ⌊

𝑛

2
⌋ 

𝜒∗(𝑣′2𝑖𝑣2𝑖+1) =
2𝑖

2
+ 1 + ⌊

2𝑖 − 1

6
⌋ + 𝑖 + ⌈

𝑖 + 1

3
⌉ +

2𝑖 + 1 + 1

2
+ ⌊
2𝑖 + 1 + 1

6
⌋ 

                       = 4𝑖 + 2,                            {
 𝑖 = 1,2,3, … . , ⌊

𝑛

2
⌋    𝑖𝑓   𝑛 𝑖𝑠 𝑜𝑑𝑑

𝑖 = 1,2,3, … , ⌊
𝑛

2
⌋ − 1,    𝑖𝑓  𝑛 𝑖𝑠  𝑒𝑣𝑒𝑛

 

All the induced edge sums (weights) are distinct, and so it is a ⌈
2𝑛+1

3
⌉ − labeling and hence the extended duplicate graph of 

path graph has total edge irregularity strength 𝑡𝑒𝑠(𝐸𝐷𝐺(𝑃𝑛)) = ⌈
2𝑛+1

3
⌉.      Illustration of irregular 4 labeling is given in 

Figure 1.       

Algorithm 2.6: Assignment of  labels to the vertices and edges of extended duplicate of Ladder graph . 

The vertices of  𝐸𝐷𝐺(𝐿𝑛) are labeled as follows: 

For  𝑖 = 1 𝑡𝑜 2𝑛 
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𝜒(𝑣𝑖) =

{
  
 

  
 𝑛 − (

𝑖−2

2
) ,      𝑖 ≡ 0  𝑚𝑜𝑑 4 

𝑛 − (
𝑖−1

2
) ,    𝑖 ≡ 1   𝑚𝑜𝑑 4

 

𝑛 + (
𝑖

2
) ,         𝑖 ≡ 2   𝑚𝑜𝑑  4

𝑛 + (
𝑖−1

2
) ,          𝑖 ≡ 3   𝑚𝑜𝑑  4

         𝜒(𝑣′𝑖) =

{
  
 

  
 𝑛 + (

𝑖

2
) ,    𝑖 ≡ 0   𝑚𝑜𝑑 4  

𝑛 + (
𝑖+1

2
) ,         𝑖 ≡ 1   𝑚𝑜𝑑  4

𝑛 − (
𝑖−2

2
) ,          𝑖 ≡ 2   𝑚𝑜𝑑  4

𝑛 − (
𝑖−1

2
) ,          𝑖 ≡ 3   𝑚𝑜𝑑  4

 

 

The edges of 𝐸𝐷𝐺(𝐿𝑛) are labeled as below: 

𝜒(𝑣2𝑖−1𝑣
′
2𝑖+1) = {

𝑛 − 𝑖,             𝑖 = 1,3,5, … ,2 ⌈
𝑛 − 1

2
⌉ − 1

𝑛 + 𝑖,                𝑖 = 2,4,6, … ,2 ⌊
𝑛 − 1

2
⌋

 

𝜒(𝑣2𝑖−1𝑣
′
2𝑖) = {

𝑛 − 𝑖 + 1,     𝑖 = 1,3,5, … ,2 ⌊
𝑛 + 1

2
⌋ − 1

𝑛 + 𝑖,   𝑖 = 2,4,6, … ,2 ⌈
𝑛 − 1

2
⌉

 

𝜒(𝑣′2𝑖−1𝑣2𝑖+1) = {
𝑛 + 𝑖,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 − 𝑖,           𝑖 = 2,4,6, … ,2 ⌊
𝑛 − 1

2
⌋

 

𝜒(𝑣′2𝑖−1𝑣2𝑖) = {
𝑛 + 𝑖 − 1,     𝑖 = 1,3,5, … ,2 ⌊

𝑛 + 1

2
⌋ − 1

𝑛 − 𝑖 + 1,         𝑖 = 2,4,6, … ,2 ⌈
𝑛 − 1

2
⌉

 

𝜒(𝑣2𝑖𝑣
′
2𝑖+2) = {

𝑛 + 𝑖,     𝑖 = 1,3,5, … ,2 ⌈
𝑛 − 1

2
⌉ − 1

𝑛 − 𝑖 + 1,   𝑖 = 2,4,6, … ,2 ⌊
𝑛 − 1

2
⌋

 

𝜒(𝑣′2𝑖𝑣2𝑖+2) = {
𝑛 − 𝑖 + 1,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 + 𝑖,   𝑖 = 2,4,6, … ,2 ⌊
𝑛 − 1

2
⌋

 

𝜒(𝑣2𝑣
′
2) = 𝑛 

THEOREM 2.7:  Total edge irregularity strength 𝑡𝑒𝑠(𝐸𝐷𝐺(𝐿𝑛))  of extended duplicate graph of ladder graph is ⌈
6𝑛−1

3
⌉ 

Proof:By algorithm 2.6 , ⌈
6𝑛−1

3
⌉  is the maximum value of label   for the vertex  𝑣2𝑛  𝑜𝑟  𝑣′2𝑛  according as n is odd or even. 

The induced edge sums (weights) of the edges are computed using  

 𝜒∗(𝑢𝑣) = 𝜒(𝑢) + 𝜒(𝑢𝑣) + 𝜒(𝑣) as 
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𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖+1) = {

𝑛 − (
2𝑖 − 1 − 1

2
) + 𝑛 − 𝑖 + 𝑛 − (

2𝑖 + 1 − 1

2
) = 3𝑛 − 3𝑖 + 1,             𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 + (
2𝑖 − 1 − 1

2
) + 𝑛 + 𝑖 + 𝑛 + (

2𝑖 + 1 + 1

2
) = 3𝑛 + 3𝑖,                𝑖 = 2,4,6, … ,2 ⌊

𝑛 − 1

2
⌋

 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = {

𝑛 − (
2𝑖 − 1 − 1

2
) + 𝑛 − 𝑖 + 1 + 𝑛 − (

2𝑖 − 2

2
) = 3𝑛 − 3𝑖 + 3,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 + 1

2
⌉ − 1

𝑛 + (
2𝑖 − 1 − 1

2
) + 𝑛 + 𝑖 + 𝑛 + (

2𝑖

2
) = 3𝑛 + 3𝑖 − 1,                𝑖 = 2,4,6, … ,2 ⌈

𝑛 − 1

2
⌉

 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = {
𝑛 + (

2𝑖 − 1 + 1

2
) + 𝑛 + 𝑖 + 𝑛 + (

2𝑖 + 1 − 1

2
) = 3𝑛 + 3𝑖,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 − (
2𝑖 − 1 − 1

2
) + 𝑛 − 𝑖 + 𝑛 − (

2𝑖 + 1 − 1

2
) = 3𝑛 − 3𝑖 + 1,           𝑖 = 2,4,6, … ,2 ⌊

𝑛 − 1

2
⌋

 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = {
𝑛 + (

2𝑖 − 1 + 1

2
) + 𝑛 + 𝑖 − 1 + 𝑛 + (

2𝑖

2
) = 3𝑛 + 3𝑖 − 1,     𝑖 = 1,3,5, … ,2 ⌊

𝑛 + 1

2
⌋ − 1

𝑛 − (
2𝑖 − 1 − 1

2
) + 𝑛 − 𝑖 + 1 + 𝑛 − (

2𝑖 − 2

2
) = 3𝑛 − 3𝑖 + 3,         𝑖 = 2,4,6, … ,2 ⌈

𝑛 − 1

2
⌉

 

𝜒∗(𝑣2𝑖𝑣
′
2𝑖+2) = {

𝑛 + (
2𝑖

2
) + 𝑛 + 𝑖 + 𝑛 + (

2𝑖 + 1 + 1

2
) = 3𝑛 + 3𝑖 + 1,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 − (
2𝑖 − 2

2
) + 𝑛 − 𝑖 + 1 + 𝑛 − (

2𝑖 + 2 − 2

2
) = 3𝑛 − 3𝑖 + 2,   𝑖 = 2,4,6, … ,2 ⌊

𝑛 − 1

2
⌋

 

𝜒∗(𝑣′2𝑖𝑣2𝑖+2) = {
𝑛 − (

2𝑖 − 2

2
) + 𝑛 − 𝑖 + 1 + 𝑛 − (

2𝑖

2
) = 3𝑛 − 3𝑖 + 2,     𝑖 = 1,3,5, … ,2 ⌈

𝑛 − 1

2
⌉ − 1

𝑛 + (
2𝑖

2
) + 𝑛 + 𝑖 + 𝑛 + (

2𝑖 + 2

2
) = 3𝑛 + 3𝑖 + 1,       𝑖 = 2,4,6, … ,2 ⌊

𝑛 − 1

2
⌋

 

𝜒∗(𝑣2𝑣
′
2) = 𝑛 + 1 + 𝑛 + 𝑛 = 3𝑛 + 1 

All the induced edge sums (weights) of the edges are distinct.  For, if for some 𝑖, 𝑗  

  3𝑛 + 3𝑖 + 1 = 3𝑛 + 3𝑗 + 2 then 𝑖 − 𝑗 =
1

3
 which contradicts the fact that 𝑖, 𝑗 are integers .  Hence, the extended duplicate 

graph of ladder graph has total edge irregularity strength  𝑡𝑒𝑠(𝐸𝐷𝐺(𝐿𝑛)) = ⌈
6𝑛−1

3
⌉.  An illustration of edge irregular total 6-

labeling of 𝐸𝐷𝐺(𝐿3)  is given in Figure 2. 

Algorithm 2.8: Assignment of  labels to the vertices and edges of extended duplicate graph of comb graph 

Case(i) 𝒏 ≡ 𝟎 𝒎𝒐𝒅 𝟑 

Take  𝛼 = ⌈
2𝑛+3

3
⌉ 

The vertices of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1) = {
𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖 − 2

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 



JOURNAL OF ALGEBRAIC STATISTICS  

Volume 13, No. 2, 2022, p. 634 - 647 

https://publishoa.com  

ISSN: 1309-3452  

 

639 
 

𝜒(𝑣2𝑖) =

{
 
 

 
 
𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖−1) =

{
 
 

 
 
𝛼 + (

𝑖 − 1

2
) + ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌈

𝑖 − 2

6
⌉ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖) = {
𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

The edges of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1𝑣′2𝑖) = {
𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖 − 2

2
) + ⌈

𝑖 − 2

6
⌉ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣2𝑖−1𝑣′2𝑖+1) = {
𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌊

𝑛

2
⌋ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣′2𝑖−1𝑣2𝑖+1) = {
𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌊

𝑛

2
⌋ − 1

𝛼 − (
𝑖 + 2

2
) − ⌊

𝑖 − 2

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣′2𝑖−1𝑣2𝑖) =

{
 
 

 
 
𝛼 + (

𝑖 − 1

2
) + ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖 + 2

2
) − ⌊

𝑖 − 2

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣2𝑣
′
2) = 𝛼 − 1 

Case(ii) 𝒏 ≡ 𝟏 𝒎𝒐𝒅 𝟑 

Take 𝛼 = ⌈
2𝑛+1

3
⌉ 

The vertices of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1) = {
𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌈

𝑖 − 2

6
⌉ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋
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𝜒(𝑣2𝑖) =

{
 
 

 
 
𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖 − 2

2
) − ⌊

𝑖 + 2

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖−1) =

{
 
 

 
 
𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖 − 2

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖) = {
𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌈

𝑖

6
⌉ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

The edges of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1𝑣′2𝑖) = {
𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣2𝑖−1𝑣′2𝑖+1) = {
𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌊

𝑛

2
⌋ − 1

𝛼 + (
𝑖

2
) + ⌈

𝑖

6
⌉ ,              𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣′2𝑖−1𝑣2𝑖) = {
𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖−1𝑣2𝑖+1) =

{
 
 

 
 
𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌊

𝑛

2
⌋ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ ,              𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣2𝑣
′
2) = 𝛼 

Case(iii) 𝒏 ≡ 𝟐 𝒎𝒐𝒅 𝟑 

Take 𝛼 = ⌈
2𝑛+1

3
⌉ 

The vertices of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1) = {
𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋
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𝜒(𝑣2𝑖) =

{
 
 

 
 

𝛼,       𝑖 = 1

𝛼 + (
𝑖 − 1

2
) + ⌈

𝑖 + 1

6
⌉ , 𝑖 = 3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖 − 2

6
⌋ ,           𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖−1) =

{
 
 

 
 

𝛼 + 1,       𝑖 = 1

𝛼 + (
𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ , 𝑖 = 3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖) = {
𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌈

𝑖 − 2

6
⌉ ,            𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

The edges of 𝐸𝐷𝐺(𝐶𝐵𝑛) are labeled as follows: 

𝜒(𝑣2𝑖−1𝑣′2𝑖) = {
𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 + (
𝑖

2
) + ⌊

𝑖 − 2

6
⌋ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣2𝑖−1𝑣′2𝑖+1) = {
𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌊

𝑛

2
⌋ − 1

𝛼 + (
𝑖

2
) + ⌈

𝑖 − 2

6
⌉ ,             𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣′2𝑖−1𝑣2𝑖) = {
𝛼 + (

𝑖 − 1

2
) + ⌊

𝑖 + 1

6
⌋ , 𝑖 = 1,3,5, . . ,2 ⌈

𝑛

2
⌉ − 1

𝛼 − (
𝑖

2
) − ⌈

𝑖 − 2

6
⌉ ,             𝑖 = 2,4,6, … ,2 ⌊

𝑛

2
⌋

 

𝜒(𝑣′2𝑖−1𝑣2𝑖+1) =

{
 
 

 
 

𝛼,                                           𝑖 = 1

𝛼 + (
𝑖 − 1

2
) + ⌈

𝑖 + 1

6
⌉ , 𝑖 = 3,5, . . ,2 ⌊

𝑛

2
⌋ − 1…

𝛼 − (
𝑖

2
) − ⌈

𝑖 − 2

6
⌉ ,             𝑖 = 2,4,6, … ,2 ⌈

𝑛

2
⌉ − 2

 

𝜒(𝑣2𝑣
′
2) = 𝛼 

Theorem 2.9: Total edge irregularity strength 𝑡𝑒𝑠(𝐸𝐷𝐺(𝐶𝐵𝑛))  of extended duplicate graph of comb graph is ⌈
4𝑛+3

3
⌉ 

Proof: By algorithm 3.8 , ⌈
4𝑛+3

3
⌉ is  the maximum value of label for the vertex 𝑣2𝑛

′ .   

The induced edge sums (weights) of the edges are computed using  

 𝜒∗(𝑢𝑣) = 𝜒(𝑢) + 𝜒(𝑢𝑣) + 𝜒(𝑣) as 

Case(i)  𝒏 ≡ 𝟎 𝒎𝒐𝒅 𝟑 
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For 𝑖 = 1,3,5, . . ,2 ⌈
𝑛

2
⌉ − 1 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ + 𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 + 1

6
⌋ = 3𝛼 − 2𝑖 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 + (
𝑖 − 1

2
) + ⌊

𝑖 + 1

6
⌋ + 𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ + 𝛼 + (

𝑖 − 1

2
) − ⌊

𝑖 − 1

6
⌋ = 3𝛼 + 2𝑖 − 2 

For 𝑖 = 1,3,5, . . ,2 ⌊
𝑛

2
⌋ − 1 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 − (
𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ + 𝛼 − (

𝑖 + 1

2
) − ⌈

𝑖 − 1

6
⌉ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 + 1

6
⌋ = 3𝛼 − 2𝑖 − 1 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 + (
𝑖 − 1

2
) + ⌊

𝑖 + 1

6
⌋ + 𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ + 𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 − 1

6
⌋ = 3𝛼 + 2𝑖 − 1 

  For  𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 + (

𝑖

2
) + ⌊

𝑖 − 2

6
⌋ + 𝛼 + (

𝑖

2
) + ⌊

𝑖

6
⌋ + 𝛼 + (

𝑖 − 2

2
) + ⌈

𝑖 − 2

6
⌉ = 3𝛼 + 2𝑖 − 2 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 − (
𝑖

2
) − ⌈

𝑖 − 2

6
⌉ + 𝛼 − (

𝑖 + 2

2
) − ⌊

𝑖 − 2

6
⌋ +  𝛼 − (

𝑖

2
) − ⌊

𝑖

6
⌋ = 3𝛼 − 2𝑖 

For 𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ − 2 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 + (
𝑖

2
) + ⌊

𝑖 − 2

6
⌋ + 𝛼 + (

𝑖

2
) + ⌈

𝑖 + 2

6
⌉ + 𝛼 + (

𝑖

2
) + ⌊

𝑖

6
⌋ = 3𝛼 + 2𝑖 − 1 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 − (
𝑖

2
) − ⌈

𝑖 − 2

6
⌉ + 𝛼 − (

𝑖 + 2

2
) − ⌊

𝑖 − 2

6
⌋ + 𝛼 − (

𝑖 + 2

2
) − ⌊

𝑖

6
⌋ = 3𝛼 − 2𝑖 − 1 

𝜒(𝑣2𝑣
′
2) = 𝛼 + 𝛼 − 1 + 𝛼 = 3𝛼 − 1 

Case(ii)  𝒏 ≡ 𝟏 𝒎𝒐𝒅 𝟑 

For 𝑖 = 1,3,5, . . ,2 ⌈
𝑛

2
⌉ − 1 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 + 1

6
⌋ + 𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ + 𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 − 1

6
⌋ = 3𝛼 − 2𝑖 + 2 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 + (
𝑖 + 1

2
) + ⌊

𝑖 − 1

6
⌋ + 𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 + 1

6
⌋ + 𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ = 3𝛼 + 2𝑖  

For 𝑖 = 1,3,5, . . ,2 ⌊
𝑛

2
⌋ − 1 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 − (
𝑖 − 1

2
) − ⌊

𝑖 + 1

6
⌋ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ + 𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ = 3𝛼 − 2𝑖 + 1 
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𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 + (
𝑖 + 1

2
) + ⌊

𝑖 − 1

6
⌋ + 𝛼 + (

𝑖 + 1

2
) + ⌈

𝑖 − 1

6
⌉ + 𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 + 1

6
⌋ = 3𝛼 + 2𝑖 + 1 

  For  𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 + (

𝑖

2
) + ⌈

𝑖 − 2

6
⌉ + 𝛼 + (

𝑖

2
) + ⌈

𝑖

6
⌉ + 𝛼 + (

𝑖

2
) + ⌊

𝑖

6
⌋ = 3𝛼 + 2𝑖 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 − (
𝑖

2
) − ⌊

𝑖 − 2

6
⌋ + 𝛼 − (

𝑖 − 2

2
) − ⌊

𝑖 + 2

6
⌋ +  𝛼 − (

𝑖

2
) − ⌊

𝑖

6
⌋ = 3𝛼 − 2𝑖 + 2 

For 𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ − 2 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 + (
𝑖

2
) + ⌈

𝑖 − 2

6
⌉ + 𝛼 + (

𝑖 + 2

2
) + ⌊

𝑖

6
⌋ + 𝛼 + (

𝑖

2
) + ⌈

𝑖

6
⌉ = 3𝛼 + 2𝑖 + 1 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ + 𝛼 − (

𝑖

2
) − ⌊

𝑖 − 2

6
⌋ + 𝛼 − (

𝑖

2
) − ⌊

𝑖 + 2

6
⌋ = 3𝛼 − 2𝑖 + 1 

𝜒(𝑣2𝑣
′
2) = 𝛼 + 1 + 𝛼 + 𝛼 = 3𝛼 + 1 

Case(iii)  𝒏 ≡ 𝟐 𝒎𝒐𝒅 𝟑 

For 𝑖 = 1,3,5, . . ,2 ⌈
𝑛

2
⌉ − 1 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 − (

𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ + 𝛼 − (

𝑖 − 1

2
) − ⌊

𝑖 + 1

6
⌋ = 3𝛼 − 2𝑖 + 1 

𝜒∗(𝑣′1𝑣2) = 𝛼 + 1 + 𝛼 + 𝛼 = 3𝛼 + 1 For 𝑖 = 3,5, . . ,2 ⌈
𝑛

2
⌉ − 1 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 + (
𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ + 𝛼 + (

𝑖 − 1

2
) + ⌊

𝑖 + 1

6
⌋ + 𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 + 1

6
⌉ = 3𝛼 + 2𝑖 − 1 

For 𝑖 = 1,3,5, . . ,2 ⌊
𝑛

2
⌋ − 1 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 − (
𝑖 − 1

2
) − ⌈

𝑖 − 1

6
⌉ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 − 1

6
⌋ + 𝛼 − (

𝑖 + 1

2
) − ⌊

𝑖 + 1

6
⌋ = 3𝛼 − 2𝑖 

𝜒∗(𝑣′1𝑣3) = 𝛼 + 1 + 𝛼 + 𝛼 + 1 = 3𝛼 + 2  

For 𝑖 = 3,5, . . ,2 ⌊
𝑛

2
⌋ − 1 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 + (
𝑖 − 1

2
) + ⌈

𝑖 − 1

6
⌉ + 𝛼 + (

𝑖 − 1

2
) + ⌈

𝑖 + 1

6
⌉ + 𝛼 + (

𝑖 + 1

2
) + ⌊

𝑖 + 1

6
⌋ = 3𝛼 + 2𝑖 

  For  𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ 

𝜒∗(𝑣2𝑖−1𝑣
′
2𝑖) = 𝛼 + (

𝑖

2
) + ⌊

𝑖

6
⌋ + 𝛼 + (

𝑖

2
) + ⌊

𝑖 − 2

6
⌋ + 𝛼 + (

𝑖

2
) + ⌈

𝑖 − 2

6
⌉ = 3𝛼 + 2𝑖 − 1 



JOURNAL OF ALGEBRAIC STATISTICS  

Volume 13, No. 2, 2022, p. 634 - 647 

https://publishoa.com  

ISSN: 1309-3452  

 

644 
 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖) = 𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ + 𝛼 − (

𝑖

2
) − ⌈

𝑖 − 2

6
⌉ +  𝛼 − (

𝑖

2
) − ⌊

𝑖 − 2

6
⌋ = 3𝛼 − 2𝑖 + 1 

For 𝑖 = 2,4,6, … ,2 ⌈
𝑛

2
⌉ − 2 

𝜒∗(𝑣2𝑖−1𝑣′2𝑖+1) = 𝛼 + (
𝑖

2
) + ⌊

𝑖

6
⌋ + 𝛼 + (

𝑖

2
) + ⌈

𝑖 − 2

6
⌉ + 𝛼 + (

𝑖

2
) + ⌈

𝑖

6
⌉ = 3𝛼 + 2𝑖 

𝜒∗(𝑣′2𝑖−1𝑣2𝑖+1) = 𝛼 − (
𝑖

2
) − ⌊

𝑖

6
⌋ + 𝛼 − (

𝑖

2
) − ⌈

𝑖 − 2

6
⌉ + 𝛼 − (

𝑖

2
) − ⌈

𝑖

6
⌉ = 3𝛼 − 2𝑖 

𝜒(𝑣2𝑣
′
2) = 𝛼 + 𝛼 + 𝛼 = 3𝛼 

All the induced edge sums (weights) of the edges are distinct in all the above three cases.  For if for some 𝑖, 𝑗  3𝛼 + 2𝑖 + 1 =

3𝛼 − 2𝑗 − 1 then  𝑖 + 𝑗 = −
2

3
 which contradicts the fact that 𝑖, 𝑗  are integers.  Hence, the total edge irregularity strength of  

extended duplicate of comb graph is 𝑡𝑒𝑠(𝐸𝐷𝐺(𝐶𝐵𝑛)) = ⌈
4𝑛+3

3
⌉.  Illustration of irregular 5 labeling of  𝐸𝐷𝐺(𝐶𝐵3) is given in 

Figure 3. 

Algorithm 2.10 :Assignment of labels to the vertices and edges of extended duplicate graph of twig graph. 

The vertices of 𝐸𝐷𝐺(𝑇𝑛) are labeled as below: 

𝛼 = ⌈
6𝑛 + 5

3
⌉ 

𝜒(𝑣1) = 1                       𝜒(𝑣1
′ ) =  2𝑛 + 2                    

𝜒(𝑣3𝑖) = {
𝑖 + 1, 𝑖 = 1,3,5, … . ,2 ⌈

𝑛

2
⌉ − 1

2𝑛 + 2 − 𝑖, 𝑖 = 2,4,6, … . ,2 ⌊
𝑛

2
⌋
 

𝜒(𝑣3𝑖+1) = {
𝑖 + 1, 𝑖 = 1,3,5, … .2 ⌈

𝑛

2
⌉ − 1

2𝑛 + 2 − 𝑖 + 1, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋
 

𝜒(𝑣3𝑖−1) = {
2𝑛 + 2 − 𝑖, 𝑖 = 1,3,5, … .2 ⌈

𝑛

2
⌉ − 1

𝑖 + 1, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

 

𝜒(𝑣3𝑖
′ ) = {

𝑖,           𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

2𝑛 + 2 − 𝑖, 𝑖 = 1,3,5, … . .2 ⌈
𝑛

2
⌉ − 1

 

𝜒(𝑣′3𝑖−1) = {
𝑖, 𝑖 = 1,3,5, … .2 ⌈

𝑛

2
⌉ − 1

2𝑛 + 2 − 𝑖, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋
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𝜒(𝑣3𝑖+1
′ ) = {

𝑖 + 1, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

2𝑛 + 3 − 𝑖, 𝑖 = 1,3,5, … . . ,2 ⌈
𝑛

2
⌉ − 1

 

𝜒(𝑣3𝑛+2) = {
𝑛 + 2,   𝑛 𝑖𝑠 𝑜𝑑𝑑
𝑛 + 1,   𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 

𝜒(𝑣3𝑛+2
′ ) = 𝑛 + 1 

The edges of  𝐸𝐷𝐺(𝑇𝑛)  are labeled as below: 

𝜒(𝑣1𝑣2
′ ) = 1                           𝜒(𝑣1

′𝑣2) = 2𝑛 + 2                       𝜒(𝑣3𝑛−1𝑣3𝑛−1
′ ) = {

𝑛 + 1, 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑛 + 2, 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

𝜒(𝑣3𝑖−1𝑣3𝑖
′ ) = {

2𝑛 + 2 − 𝑖, 𝑖 = 1,3,5, ,2 ⌈
𝑛

2
⌉ − 1

𝑖, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

           

  𝜒(𝑣3𝑖−1
′ 𝑣3𝑖) = {

𝑖, 𝑖 = 1,3,5, … ,2 ⌈
𝑛

2
⌉ − 1

2𝑛 + 2 − 𝑖, 𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋
 

𝜒(𝑣3𝑖−1𝑣3𝑖+1
′ ) = {

2𝑛 + 2 − 𝑖, 𝑖 = 1,3,5, … ,2 ⌈
𝑛

2
⌉ − 1

𝑖,             𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

         

 𝜒(𝑣3𝑖−1
′ 𝑣3𝑖+1) = {

𝑖 + 1  ,             𝑖 = 1,3,5… , ⌈
𝑛

2
⌉ − 1

2𝑛 + 3 − 𝑖,         𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋
 

𝜒(𝑣3𝑖−1𝑣3𝑖+2
′ ) = {

2𝑛 + 2 − 𝑖,   𝑖 = 1,3,5, … ,2 ⌈
𝑛

2
⌉ − 1

𝑖 + 1,       𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

         𝜒(𝑣3𝑖−1
′ 𝑣3𝑖+2) = {

𝑖 + 1,                   𝑖 = 1,3,5, … ,2 ⌈
𝑛

2
⌉ − 1

2𝑛 + 2 − 𝑖,          𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋

 

Theorem 2.11 Total edge irregularity strength  𝑡𝑒𝑠(𝐸𝐷𝐺(𝑇𝑛)  of extended duplicate graph of twig graph is 2𝑛 + 2 

Proof: By algorithm 2.10 , 2𝑛 + 2 is   the maximum value of label  for the vertex 𝑣1
′ . 

The induced edge sums (weights) of the edges are computed using  

 𝜒∗(𝑢𝑣) = 𝜒(𝑢) + 𝜒(𝑢𝑣) + 𝜒(𝑣) as 

𝜒∗(𝑣1𝑣2
′ ) = 3                           𝜒∗(𝑣1

′𝑣2) = 6𝑛 + 5                   

For 𝑖 = 1,3,5, ,2 ⌈
𝑛

2
⌉ − 1  

𝜒∗(𝑣3𝑖−1𝑣3𝑖
′ ) = 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 = 6𝑛 + 6 − 3𝑖           

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖) = 𝑖 + 𝑖 + 𝑖 + 1 = 3𝑖 + 1  
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𝜒∗(𝑣3𝑖−1𝑣3𝑖+1
′ ) = 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 3 − 𝑖 = 6𝑛 + 7 − 3𝑖          

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖+1) = 𝑖 + 𝑖 + 1 + 𝑖 + 1 = 3𝑖 + 2  

𝜒∗(𝑣3𝑖−1𝑣3𝑖+2
′ ) = 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 − 1 = 6𝑛 + 5 − 3𝑖          

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖+2) = 𝑖 + 𝑖 + 1 + 𝑖 + 2 = 3𝑖 + 3    

For  𝑖 = 2,4,6, … ,2 ⌊
𝑛

2
⌋ 

𝜒∗(𝑣3𝑖−1𝑣3𝑖
′ ) = 𝑖 + 1 + 𝑖 + 𝑖 = 3𝑖 + 1   

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖) = 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 = 6𝑛 + 6 − 3𝑖           

𝜒∗(𝑣3𝑖−1𝑣3𝑖+1
′ ) = 𝑖 + 1 + 𝑖 + 𝑖 + 1 = 3𝑖 + 2        

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖+1) = 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 3 − 𝑖 = 6𝑛 + 7 − 3𝑖    

𝜒∗(𝑣3𝑖−1𝑣3𝑖+2
′ ) = 𝑖 + 1 + 𝑖 + 1 + 𝑖 + 1 = 3𝑖 + 3           

𝜒∗(𝑣3𝑖−1
′ 𝑣3𝑖+2) =  2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 + 2𝑛 + 2 − 𝑖 − 1 = 6𝑛 + 5 − 3𝑖  

𝜒∗(𝑣3𝑛−1𝑣3𝑛−1
′ ) = {

2𝑛 + 2 − 𝑛 + 𝑛 + 2 + 𝑛,                𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
𝑛 + 1 + 𝑛 + 1 + 2𝑛 + 2 − 𝑛,        𝑛 𝑖𝑠 𝑜𝑑𝑑

     

                           = 3𝑛 + 4 

The induced edge sums (weights) are distinct.  For if, for any 1 ≤ 𝑖 ≤ 𝑛, 3𝛼 − 3𝑖 + 1 = 3𝑛 + 4 then 𝑖 = 𝑛 + 1 which 

contradicts the choice of range of values taken by i.  Hence, total edge irregularity strength of extended duplicate graph of 

twig graph is 𝑡𝑒𝑠(𝐸𝐷𝐺(𝑇𝑛))= 2𝑛 + 2.  Illustration of irregular 6-labeling  of  𝐸𝐷𝐺(𝑇2) is given in Figure 4. 

ILLUSTRATION 

                                

                                  Figure 1                                                                 Figure 2 
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                  Figure 3            Figure 4 
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