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ABSTRACT

Measuring irregular strength of a network mathematically is a problem of concern in communication networks. This can be
achieved by establishing edge irregular k- labeling of graph of the corresponding network. A function from collection of
vertices and edges to first k- nonnegative integers set is an edge irregular k-labeling if the labels of edges induced as sum of
labels of the edges together with the labels at end vertices are all different. The least k-value of all such edge irregular k-
labeling is known as total edge irregular strength of the graph and denoted by tes(G). Baca M has found lower bound for all
graphs. In this paper, we find total edge irregularity strength of extended duplicate graphs of few path generated graphs.
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1. PRELIMINARIES

Definition 1.1: Consider a graph G with vertex set V. The duplicate graph DG of G is obtained as follows: It is graph with
vertex set V U V' where V and V' are disjoint and for each vertex v in V there is a vertex v'in V' such that uv is an edge in
the graph G if and only if uv’ and u'v are edges in its duplicate graph DG.

Definition 1.2 : A path P, is a sequence of arrangement of vertices v,,v,, ..., v, where the edges are in the form of
Vivisq, i = 1,2,...,n— 1. A path P, has n vertices and n-1 edges and its duplicate graph has 2n vertices and 2n-2 edges. As
this duplicate graph is disconnected, connecting any two vertices one from v; and one from v; (preferably other than
terminal vertices) makes it connected and called extended duplicate graph of P,, and denoted by ED(P,,)

Definition 1.3: A comb CB,, is obtained by connecting a new pendant edge with each vertex of path B,. Comb CB,, has 2n
vertices and 2n — 1 edges and its duplicate graphs has 4n vertices and 4n — 2 edges. As this duplicate graph is disconnected
, connecting any two vertices one from v; and one from v; makes it connected and called extended duplicate graph of CB,,.
Here, the vertices v,,_;, V3,4 are connected by an edge to get extended duplicate graph ED(CB,,).

Definition 1.4: A twig T,, is a graph obtained by connecting two new pendant edges with each of the internal vertices in
P,., . Twig T,, has 3n + 2 vertices and 3n + 1 edges and its duplicate graph has 6n + 4 vertices and 6n + 2 edges. The
vertices vs,_1, V3,4 are connected by an edge to get extended duplicate graph ED(T,,).

Definition 1.5: The ladder graph L,, is a planar undirected graph with 2n vertices and 2n — 2 edges. It is obtained as the
Cartesian product of two path graphs, one of which has only one edge: L,, = B,XP,. Its duplicate graph has 4n vertices and
4n — 4 edges. The vertices v,,_4, V5,_; are connected to get extended duplicate graph EDG(L,,)
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2. MAIN RESULTS

Definition 2.1:A graph G with vertex set V and edge set E, has an edge irregular total k-labeling ( k is a positive integer) if
there is a function f: V U E — {1,2, ..., k} such that

(i)the edge induced sums f* defined for an edge xy in the graph by f*(xy) = f(x) + f(y) + f(xy)
(ii) for any two edges xy and uv in the graph f*(xy) # f*(uv)

Definition 2.2 :The minimum k for which G has an edge irregular total k-labeling is called as total edge irregularity strength
of G and denoted by tes(G).

We state the following theorem without proof due to ‘Baca’ which is a major significant result giving a lower bound for
tes(G).

Theorem 2.3: For any graph G which maximum vertex degree A(G), it follows that

tes(G) = max {—lE(G;HZ,—lA(GZ)lH} .

Algorithm 2.4 : Mapping labels to the vertices and edges of extended duplicate graph of path graph.

The vertices of EDG(P,,) are labeled as below:

i+1+li+1J =57 z[n] 1
X(v)= 2 6 y l_yv-"! 2
L i+1+l1 = 246..2]
2 611'_1:---; 2
i+1+[i—1] =35 z[n] 1
) L=23,9 .., S
xwy=12 16 2

i+1+r;w,i=&&wﬂg

2

xw)=1; xw)=3; x@W)=2; xW)=1;
The edges of EDG(P,,) are labeled as below:
x(wv'y)=1; x@Wiv)=1,; x(wv',)=1; x(sv',) =2

i—1
3

], i=3A5ﬁw”¢q

X(WpiqV'p) =i+ [ >

n
-1 i =123, [5] if nisodd
XV i) =i+ 1+ [T]' n

i=1,23.., IEJ —1, if nis even

’ . i B n
X(Wpii1vp) =1 4 [gl , i=23..., IEJ
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n
P41 (=123, [5| if nisodd
X(Wavaipg) =1+ [ 3 ]'

n
i=1,2,3 ’lEJ —1, if nis even

Theorem 2.5 : Total edge irregularity strength tes(EDG(B,)) of the extended duplicate graph of path graph is [Z"“]

2n+1 . +1
"3 ] when n is even and "T+

Proof:By algorithm 2.5 , it is clear that the vertex v',, has maximum label g+ E] = [

[nTl = [2";1] when n is odd and all other vertices and edges are labeled with lesser numbers.

The induced edge sums (weights) of the edges are computed using
X () =y + x(uv) + x(v) as

X' (wv'y)=3; W) =5; x'(wy)=4; x(v;v'y) =8

) S 2141 2i-1+1 20-1 n
X (Wpi_1V'3) = > +l J [ +l 6 J=4’l, i=34,5,6,. lZJ
o 2i =1y, 2i+2 p2i+1-1
X (v 5i41) = 2+1+[ J+l+1+[ 5 [ 5 ]
n
i= 1’2'3"""IEJ if nisodd
=4i+ 3, n
i=123.., IEJ —1, if nis even
. _2i—1+1 20—1—-1 o n
X Waiava) = —— +[ . ]+z+[3] +1+[ J_4z+1 1_2,3,....,[§J

[l+1 21+1+1 l2i+1+1J

. 21 2i—1
X(UZiU2i+1)=?+1+l 6 3

i = 123[%] if nisodd

=4i+ 2, "
i=123,.., IEJ —1, if nis even

All the induced edge sums (weights) are distinct, and so it is a [2"3—+1] — labeling and hence the extended duplicate graph of

path graph has total edge irregularity strength tes(EDG(B,)) = [2"3“]

Figure 1.

Illustration of irregular 4 labeling is given in

Algorithm 2.6: Assignment of labels to the vertices and edges of extended duplicate of Ladder graph .
The vertices of EDG(L,,) are labeled as follows:

For i=1to2n
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[ (l ), i =0 mod4 [ n+ (%) =0 mod4
12), i=1 mod4 n+(1+1) i=1 mod 4
x(w) = i L x(W') = iz2 L
n+(—) i=2 mod 4 (—) i=2 mod 4
2 2
i— . i-1 .
n+(T), i=3 mod 4 (T) i =3 mod 4
The edges of EDG(L,,) are labeled as below:
n—1
n—i, i=135,..,2 [—] -1
' _ 2
X(W2i-1V"2041) = n—
n+i, i=246,..,2 l—

n+1
n—i+1, i=135,..,2 I—J —
N 2
X(Wpi_qV'3) = n—
n+i, i=24,6,..,2 [—

n+i, i=135,. 2[——1
X' 1V2i44) =
n-— i, l = 2:4;61 l J

. . n+1
n+i—1, i=13)5..,2 I—J -1
/ _ 2
X(W'pio1v5) = n—
n—i+1, i=246,..,2 [—

n—1
n+i, i=13,5..2 — -1

XV 2i42) = n—
n—i+1, i=24,6,..,2 l—

n—1
n—i+1, i=13)5..,2 [—] -1
XV 21V2102) = 2
2i1Y2i+2 n— 1
n+i, i=24,6,..,2 ITJ

x(v'y) =n
THEOREM 2.7: Total edge irregularity strength tes(EDG(L,,)) of extended duplicate graph of ladder graph is [%]
Proof:By algorithm 2.6 , [ ] is the maximum value of label for the vertex v,, or v',, according as n is odd or even.

The induced edge sums (weights) of the edges are computed using

x (u) = y(w) + y(uv) + x(v) as
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2i—1-1 ) 2i+1-1 ) ) n—1
n—(7)+n—l+n—<7)=3n—3l+1, l=1,3,5,...,2[—]—1
X ' _ 2 2 2
X (W2i1V'2001) = 2i—1-1 2i+1+1 n—1
n+(T>+n+i+n+<—)=3n+3i, i=2,4,6,...,2[ > J

2i—1-1 2i—2
n—(—>+n—i+1+n—< > >=3n—3i+3, i=1,3,5,...,2[

n+1] 1
2

X Wi V'2i) = 2i—1-1 2i n—1
n+<#)+n+i+n+(?)=3n+3i—1, i=2,4,6,...,2[T

2i—1+1 2i+1-1 n—1
n+(T>+n+i+n+<—)=3n+3i, i=1,3,5,...,2[T -1

* (g 2
X Wai1Vainn) = 2i—1-1 2i+1-1 n—1
n—<7)+n—i+n—(7>=3n—3i+1, i=2,4,6,...,2[ J
2 2 2
2i—1+1 , 2i _ _ n+1
n+<7)+n+1—1+n+(—)=3n+3l—1, l=1,3,5,...,2[ J—l
(ot _ 2 2 2
X WV3ioqvy) = 2i—1—-1 20— 2 n—1
n—(T)+n—i+1+n—< > )=3n—3i+3, i=2,4,6,...,2[T

20+1+1
2

20— 2 20+2—2

n—( > )+n—i+1+n—<T)=3n—3i+Z, i=2,4,6,...,2l
20— 2 N i1+ 2i

= (T )Hn-ir (3

204+ 2

2i n—1
n+(?)+n+i+n+< )=3n+3i+1, i=1,3,5,...,2[T]—1

X (W3 2i42) =

n—1J
2

n—1
) =3n—-3i+2, i=135..,2 [T] -1
X (V'3iV3i42) =

21 n—1
n+(7>+n+i+n+( )=3n+3i+1, i=2,4,6,...,2[T
X)) =n+1l+n+n=3n+1

All the induced edge sums (weights) of the edges are distinct. For, if for some i, j

3n+3i+1=3n+3j+2theni—j= § which contradicts the fact that i, j are integers . Hence, the extended duplicate

6n

graph of ladder graph has total edge irregularity strength tes(EDG(L,)) = [ _1]. An illustration of edge irregular total 6-

3
labeling of EDG(L3) is given in Figure 2.0

Algorithm 2.8: Assignment of labels to the vertices and edges of extended duplicate graph of comb graph

Case(i) n = 0 mod 3

Take a = [2n3+3]

The vertices of EDG(CB,,) are labeled as follows:

i+1 i—1 . n
a—( . )—[ - J z=1,3,5,..,2[§]—1

i i—2 . n
a+ (5) +[ - J i=246,..2 IEJ

xX(Wpiq) =
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(

i—1 i—1 . n
a+(T)+[ - ] l=1,3,5,..,2[§]—1

- (%) - [%J i =246,..2 [;J

x(y) =

+(i_1)+li+1j i =135 z[n] 1
’ a Y ) 1= 159.., Pl
x(Whio) = 2 6 2

Q[ i-ase-al)
a 2 6 ’ L= y My ey 2
(i_l) [i_ll i =135 z[n] 1
a 2 6 ’ L= Oy ey 2
a+(£)+FJ i =246 ZIEJ
2 6 ) — &Y e 2
The edges of EDG(CB,) are labeled as follows:

i+1y |i+1 , n
a—( . )—[ - J z=1,3,5,..,2[5]—1

xW'sy) =

X(ai_1V'5) =

+(i_2)+[i_2] | = 2,46 2["]
a 2 6 ’ L= 2 Iy ey 2
(i+1) li+1J =135 Zlnl 1
, _ a 2 6 ) L= 10y ey 2
X(Wai—1V 5141) = i i n
a+ (5) + IEJ’ i =246,..2 [E] —2
+(i_1)+[i_1] =135 zln] 1
, _ a 2 6 ) L= 1 0ydy ey 2
X(WV'2i-1V2i41) = i+ 2 i—2 n
a—( . )—[ - J z=2,4,6,...,2[5]—2

+<i_1)+li_1j i =135 z[n] 1
1 a I ) L= 1Dy ey S
X(Wi1vp) = 2 6 2

P+2\ |i-2 , n
a—( . )—[ - J 1:2,4,6,...,2[5]

xpv'y) =a—1

Case(ii) n = 1 mod 3

Take a = [2n3+1]

The vertices of EDG(CB,,) are labeled as follows:

i—1 i+1 . n
a—( . )—[ - J z=1,3,5,..,2[§]—1

i i—2 ) n
a+(§) +[ - ] i=246,..2 lEJ
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(

i+1 i+1 o c n
a+(T)+l - J 1_1,3,,..,2[5]—1

i—2 i+2 . n
a—( . )—[ - J l=2,4,6,...,2[§J

x(y) =

+(i+1)+li_1j i =135 z[n] 1
’ a Y ) = 1359.., el
x(Whiog) = 2 6 2

a— (%) - [i ; ZJ, i =2,46,..2 EJ
a—(igl)—[iglj, i=1,3,5,..,2[g]—1
i i ) n
a+ (E) + H, i =246,..2 [5]

The edges of EDG(CB,,) are labeled as follows:

i—1 i—1 . n
a—( . )—[ - ] l=1,3,5,..,2[5]—1

x(W'y) =

X(ai_1V'5) =

i i o n
a+ (5) + IEJ’ i=246,..2 IEJ
(i_l) [i_ll =135,..2|2] -1
, _ a 2 6 ] L= Iy ey 2
xX(Wqi_qv 2i+1) = i i n
a+ (E) + H, i =246,..,2 [5] -2

i—1 i—1 ) n
a+( . )+[ c ] z=1,3,5,..,2[5]—1

X(Vlzi—lvzi) = i i n
a— (5) - IEJ’ i=246,..2 IEJ

+(i+1)+li+1J =135 Zan 1
’ a — ’ L= 1Ty ey S
X(W'i1V2i41) = 2 6 2

i i i =24,6,..,2 2
a_(i)_ng' ' AR [E]_
x(v'y) = a

Case(iii) n = 2 mod 3

2n+1]

Take a = [
3
The vertices of EDG(CB,,) are labeled as follows:

a—(izl)—[igll, i=1,3,5,..,2[g]—1

i i . n
a+ (E) + IE , i =246,..2 IEJ

X(Wai-1) =
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( a, i=1
i—1\ [i+1 , n
o) = 0(+(T>+[ c ] l=3,5,..,2[§]—1
i i—2 . n
“_(E)_l - J l=2,4,6,...,2lEJ
a+1, i=1

+(i_1)+[i_1] i =35 z[n] 1
i a '] l= ) L - -
x(Whig) = 2 6 2

a— (%) - [éJ i =246,..2 E]

i—1 i+1 n
a—( . )—[ c J i=1,3,5,..,2[2]—1

iN o i—2 , n

a+(§)+[ - ] l=2,4,6,...,2lEJ

The edges of EDG(CB,) are labeled as follows:

i+1y |i—1 , n
a—( . )—[ - J z=1,3,5,..,2[5]—1

xW'y) =

X(ai_1V'5) =

+(i)+[i_2J | = 2,4,6 2["]

a 2 6 1) l_lll"'l 2

i+1 i—1 o . n
(e el

X1V 3i41) = i i—2 n
a+(§)+[ - ] l=2,4,6,...,2[§]—2

+(i_1)+li+1j =135 z[n] 1
a i= L2 = =
, 2 ) ) ) ) ) 2
X(Woi1vp) = ; 6

a— (é) - [i ; 2], i =246 .2 E]

a, i=1

+(i_1)+[i+1] =35,.2[0] -1
’ a I , 1=23,9,.,2|=|—1..
X(Wi1V2i41) = 2 6 2

i i—2 ) n
a—(i —[ - ] 1:2,4,6,...,2[5]—2

x(pv'y) = a

Theorem 2.9: Total edge irregularity strength tes(EDG(CBn)) of extended duplicate graph of comb graph is [4n3+3]

4n+3
3

Proof: By algorithm 3.8, [ ] is the maximum value of label for the vertex v;,,.

The induced edge sums (weights) of the edges are computed using
X (uv) = x@W) + x(wv) + x(v) as

Case(i) n = 0mod 3
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FmizLiauﬂﬂ—l

. o i+l i—1 i—1\ qi—1 D il
X(%“Wzo_“_<2 )_l6J+“_(z )’[6]+“_<2 >_I6J_ @
. i—1\ qi+1 i—1\ qi—1 i
X(vzi—1172i)=a+( > )+lTJ+a+< > )+[ z ]+0{+( >

Fmi:L&a”4H—1
2
. , i+1\ li—1 i+1\ fi—1 P+1\ i+l _
X(%“W““)Z“_(z )_I6J+“_<z )’[6]+“_(2 >_I6J=3“_m_1
. i—1\ Ji+1 i—1\ qi—1 i+1y Ji—1 _
)((vzl-_lvzi+1)=a+( > )+ITJ+a+< > )+[ 3 ]+a+( > >+l 3 J=3a+21—1
Fmizz&&WZH
2
. , i i-2 i—2\ [i—2 _
X(UZi'1v2i)=a+(§)+lTJ+a+() l6J+a+( > )+[ 5 ]=3a+21—2

N N L N N R

Fmizzaamzm—a

|
[uy
N———
|
—_—
~—.
|
Juny
e—
Il
w
R
+
N
~
|
N

i+2

s () [f] =30 201

X*(UIZi—1V2i+1)=a—(%)—[igzl+a—<i;2)—li;2J+a—(l+2> I6J—3a—21—1

xvv'y))=a+a—-1+a=3a—-1

Xz 1U21+1)—“+(;) l_ +a+<i) [

Case(ii) n = 1mod 3

Fmi=L&awﬂﬂ—1
. , i—1y li+1 i—1\ -1 i—1\ li—1 ,
X(WFWZJ=“_<2 )_I6J+“_(2 y_[6]+“_<2 >_l6J:3“_m+2
y i+1 i+1 N ri-1 ,
)((vzi_lvzi)=a+( > ) l—+a+( > ) l— +a+( > >+[T]=3a+21

Fmi=L&&uqﬂ—1

) , i—1\ li+1 i+1\ ji—1 i—1\ [i—1 ,
X(%“””“)za_(z )_I6J+“_<2 y_l6J+“_<2 >_[6]:3“_m+1
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. i+1 i—1 i+1 i—1 i+1 i+1 .
x(vzi_1v2i+1)=a+( > >+l 5 J+a+< 5 )+[ 3 ]+a+( > >+l 3 J=3a+21+1

For i =2,4,6,..,2 E]

o =as (O[T s @)+ e (o g =aev

== (5) - e ([ -0
For i = 2,46,.. 2|3 - 2

X(v211v21+1)—a+() [ <l+2) l6J+a+<) [6]—3a+21+1

x*<v'zx-—m>=a—(%)—léJ+a—(%>—li;2J+a—<é>—li22J=3a—2i+1

x(vv'y)=a+1l4+a+a=3a+1

Case(iii) n = 2 mod 3

Fori=1,35,..,2 [g] ~1

O B = [P U TP LU LA

x@Wwiv)=a+1l+a+a=3a+1Fori=35,..,2 E]_l

‘W ) = +<i—1)+[i—1]+ +(i—1)+li+1J+ +<i—1>+[i+1]_3 +2i—1
X (W v) = a > 3 a > G a > o | =3at2

Fori=13,5,..,2 EJ ~1

) , i—1\ ri—1 P+1\ qi—1 P+1y i+l ,
X(”Z"‘l’“”l):“_( 2 )_[ 6 ]J’“_( 2 )_l 6 J+“_( 2 >_l 6 J=3“_21

yWv)=a+l+a+a+1=3a+2

Fori=3,5,..,2EJ—1

. i—1 i—1 i—1 i+1 i+1 i+1 )
v = (G s (G [ e (5[ £ =

For i =246,..2[%]
X (Vg 11721)—0(4—( ) I6J+a+( ) l—J+a+(;>+[i;2]=3a+2i—1
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P B RPN = PP = PR

Fori=2,46,..2 E] —2

it - () [ffeas (o[ s (o sev

A I R N = P | B

x(wv',)=a+a+a=3a

All the induced edge sums (weights) of the edges are distinct in all the above three cases. For if for some i,j 3a+2i+1 =
3a—2j—1then i+j= —2 which contradicts the fact that i,j are integers. Hence, the total edge irregularity strength of

extended duplicate of comb graph is tes(EDG(CB,)) = [4";3]. [llustration of irregular 5 labeling of EDG(CBs) is given in
Figure 3.

Algorithm 2.10 :Assignment of labels to the vertices and edges of extended duplicate graph of twig graph.

The vertices of EDG(T,,) are labeled as below:

_[6n+5]
A

x(w) =1 x(wp) = 2n+2

i+1,i=135,..2 [g] ~1

x(ws;) = n
M+2—ii=246...2 lEJ
n
i +1,i=135,..2]-|-1
xX(W3i41) = L L [2] n
MA2—i+1,i=246..,2 IEJ
m+2—ii=135..2 [E] 1
x(3i-1) = n2
i+1,i=246,...2 IEJ
n
/ i =246,..2|=
X(Véi) = l l IZnJ
2n+2—ii=135..2 [Zl -1
n
i=135,..2[=] -1
X(Vlsi—ﬂ = v [2]

M +2—ii=246..,2 [;J
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i+1, =246 .2 E]

X(W3i41) = n
2n+3—i,i=1,3,5,.....,2[—]—1
2
(v )_{n+2,nisodd
A\Vsn+2) = n+1, niseven

X(W3n42) =n+1
The edges of EDG(T,,) are labeled as below:

n+ 1,nis even

x(wvy) =1 x(ivy,) =2n+2 X(W3n_1V3-1) = {n +2 nisodd

2n+2—1ii=135,02 E] -1
x(3i_1v3;) = o n
ii=246,..2 IEJ

ii=135,..,2 [g] -1
x(W3;_403;) = o N
2n+2—1i,i=246,..2 [5]

n
2n+2—ii=135,..,2 [E] 1
X(W3i-1V3141) = n
i i=246,..2 [5]

i+1, i=1,3,5...,[§]—1
X(3i_1V3i41) = . . n
n+3—i, i=246.2 [;j

m+2—1i, i=135,..2 E] -1 i+1, i=135,..,2 E] -1
] ] n XW3i_1V3142) = ) ) n
i+1,  i=246..2 [5] MA2—i,  i=246..2 IEJ

X(V3i1V3142) =
Theorem 2.11 Total edge irregularity strength tes(EDG(T,) of extended duplicate graph of twig graph is 2n + 2
Proof: By algorithm 2.10, 2n + 2 is the maximum value of label for the vertex v;.

The induced edge sums (weights) of the edges are computed using

X (wv) = x(w) + x(uwv) + x(v) as

x (vvy) =3 x (viv,) =6n+5

Fori =135,2[% - 1

X (wgi_qvg) =2n+2—-i+2n+2—-i+2n+2—-i=6n+6-3i

X Wyiqv) =i+i+i+1=3i+1
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X (W3iqvgip) =2n+2—i+2n+2—-i+2n+3—-i=6n+7-3i

X (W3i_qVgip) =i +i+14+i+1=3i+2

X (W3iqVgip)=2n+2—-i+2n+2—-i+2n+2—-i—1=6n+5-3i
X (W3 1Vgi42) =i +i+14+i+2=3i+3

For i =2,46,..,2[3]

X (yiovs)=i+1+i+i=3i+1

X' wyvg)=2n+2—-i+2n+2—-i+2n+2—-i=6n+6—3i

X gz =i+1+i+i+1=3i+2

X Wi qvsip) =2n+2—i+2n+2—-i+2n+3—-i=6n+7—3i

X (Wgi_qV3i4) =i +1+i+1+i+1=3i+3

X Wi qVsip) =2n+2—-i+2n+2—-i+2n+2—-i—1=6n+5-3i

(v vl )_{2n+2—n+n+2+n, nis even
X Wan-1V3n-1) =y 41 4n+1+42n+2—n, nisodd

=3n+4

The induced edge sums (weights) are distinct. For if, for any 1 <i<n, 3a—3i+1=3n+4 then i =n + 1 which
contradicts the choice of range of values taken by i. Hence, total edge irregularity strength of extended duplicate graph of
twig graph is tes(EDG (T,))= 2n + 2. lllustration of irregular 6-labeling of EDG(T,) is given in Figure 4.
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