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ABSTRACT

In this paper, we have solved integral equation involving Bessel Maitland function. In case of single kernel the
equations have been transform by using Erdélyi-Kober operators to one having Fox’s H-function while the equations
having summation of two or more Bessel Maitland functions have been transformed into a summation of two or
more H-functions as kernel. In first case the solutions are expressed in terms of H-function while in second, the
solutions are in terms of Saxena’s I-function. The particular case is also obtained.

Keywords: Bessel Maitland function, Erdélyi-Kober fractional integral operators, Fox’s H- function, Saxena’s |-
function.

1 Introduction

The fractional integrals have played an important role in the definitions and development of theory of special
function. The theory of fractional integral operators is very useful in the solution of various integral equations.
Various definitions of fractional integrations have been given by many authors viz., Kober [6], Erdélyi [2], Saxena
[8] etc.

In this paper we have obtained solution of an integral equation in which Bessel Maitland function occurs as a part of
kernel. Erdélyi-Kober fractional integral operators have been applied to transform the kernel in desired form, so that
the conditions of unsymmetrical fourier kernels are satisfied. These results may be useful in many applications of
integral equations.

Throughout this paper, we shall follow the following notations and definitions.
e Fractional Integrals

Fox [9] has used following generalized Erdélyi- Kober operators

m t
(1.1 Sly,em]lg®) = Et"g‘ym”m'lf (™ —u™)tuf g(u)du
0
and
¢ _m . ° m myy—-1,,e—ym+m-1
(1.2) Ry, em]glt) = Et ™ —-t™r—tu gwdu
t

where 3 exists if g(t) € L,(0,0),p =20,y > 0.e > 1%”. If in addition g(t) can be differentiated sufficiently often,
then the operator 3 exists for both negative and positive values of y.
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R exists if g(t) € L,(0,0),p = 1. If g(t) can be differentiated sufficiently often, then R exists if m > 0,& > —%
while y can take any negative or positive values.

The Beta function in the integral forms are most useful for the application of the above mentioned 3 and R
operators. These integrals are given as

t 1 1 T — — a; 1
(13) f (to1 — uﬁ)al—fl—lug_i_l_s du = 911 (ay — 1) (t1 — g18) tg—i—a—f ‘
0 I'(a; — 9:¢)

provided a, > 7, and ;—1 >c, (8§ =c+it).
1

_ ATy — p)T (s + £i8) -
r(by+£$)

provided b; > p, at the lower limitand f;Re (&) + p, > 0 at the upper limit.

*© i i i_b_l_f_l
(14) f (ufl - tf1)b1_#1—1uf1 1 du
t

e Mellin Transform

Let g(x) be a function on the positive real axis 0 < x < co. The Mellin transformation M is the operation mapping
the function g into the function G defined on the complex plane by the relation [1]

(1.5) M{g(x):p} = G(p) = f g0 xPdx .
0

The function G (p) is called the Mellin transform of g(x).
e Inversion Formula

The inversion formula of Mellin transform [1] is given as

1 c+ioo
(16) MG = 9@ =5 Gt

where, the integration is along a vertical line through Re(p) = c.
e Parseval's Theorem (Convolution theorem)

Parseval's theorem for the Mellin transform is given as follows [9]
oo 1 c+iT
1.7 f f(tx) h(t) dt = lim —J x"PF(p) H(1 — p)dp ,
0 T 27t Jo_ip
Additional conditions, for the validity of (1.7), are that
H(p) € L,(c — i, c + i) and x17¢ f(x) € L,(0,00) ;n > 1,

where we denote by L, the class of functions f(x) such that f0°°|f(x)|" % < o0,

e Bessel Maitland function

The special function of the form defined by the series representation [12]
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_17"7"
18)  Ji(z) = m(T)fm ,
r=0

is known as Wright generalized Bessel function or Bessel Maitland function. It has a wide application in the
problem of physics, chemistry, biology, engineering and applied sciences.

e The I- Function

The I-function defined by V.P.Saxena is the latest and most general form of hyper geometric functions. This
function emerged by itself while solving a class of dual integral equations involving Fox's H- function as kernel. The
I- function [12] is defined in terms of following Mellin - Barnes type integral

(4 ),,5 (@oan),,,
(1.9) [(Z) jmn r[Z] mn - |z § D1
PLaL pLau (b]' '31)1,m' (bjl: ‘Bﬂ)m+1.q1
= — [ 0@z d¢

where
m F(b-—ﬁjf) 7= (1 - a; + a;¢)
[H, s T(U=bp+p) TIL n+1r(aﬂ—“ﬂf)]

pi-q (L =12,..,7), mand n are integers satisfying 0 <n<p,0<m<gq, (I =12,..,7), r is finite, a;, f;,
@, Bj; are real and positive and a;, bj, a;;, bj; are numbers such that

Q@) =

ap(by, +u) # Bplay—1—k) fork,u=012..; h=12,..,m; l=12,..,r

L is contour running form ¢ — ioo to a + ico,where ¢ is real in the complex p-plane such that the points

11—
_ u j=12.n;u=012-
aj
b.
_ (}B;u)’ ] =12--,m;u=0,1.2,--
j

lie to the left- and right-hand sides of L respectively.

The I-function converges absolutely in &-plane if

(i) A>0,largz| < g A
(ii) A>0,l|argz| ng,Re(B+1)<o ,
where
n m 142} q1
(1.10) A= zaj+23j—ﬁlas{ Z aj + Z By
j=1 j=1 jen+1 jEmH
and
m n
b q
(1.11) B=ij+Zaj—ﬂ§1§$ Z aj — Z b..|_7_7
j=1 Jj=1 j=n+1 j=m+1

If we put r = 1in (1.9), it reduces Fox’s H-function (see [4], [7], [10] and [11]).
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2. Problem and solution.

We consider the integral equation of the type
(2.1)J. u® ]ﬁ(ux) f(u)du = g(x), x>1 ,
0

Here a,A and p are arbitrary real numbers and the kernel does not satisfy condition for direct inversion. Hence we
transform the same to Fox’s H-function which makes the equation eligible to find the solution. Here g(x) is known
and f(x) is to be determined. ]ﬁ(u) is Bessel Maitland function defined in (1.8).

We have [3]

Ia+¢§)

22) MR} =t e

Applying Parseval's theorem of the Mellin transforms in (2.1) from (1.7), we obtain

_E _ —
t—e0 27 xSF(1-9dg = gx),x>1,

1 oot T(a +8)
(2.3) llm—Lo_it T+ u—ta—20

where § = o, + it and F(&) is Mellin transform of f (u).

Now we shall use operator R defined in (1.2) and the following definition of Beta function [5]

o [[(Eod) e D
x (b, +£;%)

For convergence of (2.4), we require b; > e, at the lower limit and f; Re(§) + e; > 0 at the upper limit. But when
the fractional integral operator R is introduced, some of these conditions may no longer be necessary.

Now we replace x by v in (2.3), multiply both the sides by
oo 1 1 bi—e;—-1 l_h_l
f <Vf1 — Xfl) Vf1 fq
X
and integrate with respect to v from x to o and using (2.4).Consequently we have

(2.5) xSF(1 — §)dg

if I'(a+ &TI(e; +£;8)
2mi) T(1+ pu—Aa — A8)I(b, + £;§)

1 ppor® o1 aybimerml o1 by
= —  xf f (vf1 - xf1> vfi f1 (v)dv )
fil'(b; —e;) X &

Now, we introduce fractional integral operator R defined in (1.2), we write
(26)  9[by— eyt 2] g(x) = 9 [g)] -
1 1

Again, if we apply the operator
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e, 1

‘R[b —e, 2L
2 26, 6,

Then the equation (2.5) becomes

1 f T'(a+ &)l (e; + ;9 (e; + £,8)

C7) 26 ) T w— e~ 10T (b, + 60T, 15D T %= Ml 0l

2mi
L

Continuing in same manner up to m-times, we obtain

2.8) % f Lo+ ) [Ty ey + £id)

) F(1+ p—2Aa —2A8) [T, T'{by + f&}

X P - D= | [ lgeo1 x> 1,
k=1

where

(2.9) 81 (%) = [k, (R [8)] 1 x > 1.

Now applying Parseval's theorem of Mellin transforms (1.7), we have obtained the transformation of the given
equation (2.1) as

( ...... ), (bk' fk)l,m' ( ...... )

(@ 1), (e fd e (1 + = A2 | FWAU= 8100,x>1.

(2.10) f HR Y, [ux
0

In this way our problem has been reduced to finding the solution of integral equation (2.10).Now from (1.5) and
(2.8), we get

(o +8) [Ikz, Mex + £:8}
1+ p—2Aa —A%) Hkm:1 I'{by + ka}

(2.11) G®) = F1-¢9),

where G(&) is the Mellin transform of g,(x) and the parameters ey, by, and f, are chosen in such a way that the
kernel fulfills the conditions for inversion.

From (2.11), we have

F'(1+p—2Aa— A+ 2As) [Tie, T{by + fi, — fis}
F(a+1—s) ][I, I'{ex + f — fis}

(2.12) F(s) = GA-s) ,

Taking Mellin inverse on both sides, we have

1 fI‘(l+u—la—k+7\s)]_[km:1F{bk+fk—fks}
L

—_— -=S —
(2.13) 09 = 73 Pt =), Mo+ f —Fs) X cd—sds,

Again, applying Parseval's theorem of defined in (1.7), we find that (2.13) takes the form

( ...... )’ (bk + fk' fk)l,m' ( ...... )

_ . 1,m
(2.14) f(x) = fo Hime2 [UX (14— — AN, (e + fio frm, (a + 1,1) | B

(uw)du.

Now we will extend the above result. If we take an integral equation involving summation of N-Bessel Maitland
functions instead of single function and apply the same process of above result, then we will find the transformation
of this equation in terms of summation of H-functions and solution in term of I-function.
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Theorem 1. If f(x) is the solution of the integral equation
(2.15) Jy 2y u“fjﬁj(ux)f(u)du =g(x), x>1,
where a, A and p are arbitrary real numbers.

Then

(A 'y])lm ( Jl’yﬂ)lN 1

(2.16) f(x) :f ITIXJTN 1,m+N+1;r ( 5) ( 0; )
1N’ jir Cji 1,m+1

g1(wdu ,

where

g1(x) = 1{"7fk [g()]}, yf[bk_ek:f r gx) = 9 [g(x)]tAjz1_bk_fk:yj=fk'(jrk=
1,2,.m);Bj =1—A +uj —4a;,6; =14, =12,..,N); Ajy =1 — A + i — Ay vy = A, =
1,2, ,N - 1,l = 1,2, ...,T),Bji =1- Cri _fki '6ji = fki ,(j,k = 1,2, m,l = 1,2, ...,T‘); Bm+1,i =
—ai,5m+1li = 1, (l = 1,2, ...,T),

provided

M A>0, larg x| < %l’n
(i) A=0, largx| < %A’R,Re w+1<o

where
m N m+1
@I X =D y+ ) 8- Z et 2,
j=1 j=1 T
and
N m N-1 m+1
(218) l,l, = Z B] A] - ]lelg Z A]L - z B]l -1
j=1 j=1 j=1 j=1
Proof. Applying Parseval's theorem of the Mellin transforms in (2.15) from (1.7), we obtain
oo +it a] + E) c
(2.19) llm— Z XxF(1—-8)d¢é = gx),x>1
t—c0 2701 ao-it 4= F(l + U= lja]’ - Ajf)

where & = g, + it and F (&) is Mellin transform of f (u).

Proceeding on the same lines of above and apply the second fractional integral operator $7defined in (1.2).we
obtain the transformation of the equation (2.15) as

Gy (b fid 1mo Coo o)

* (@,1), (ex, fidrm (1 + 1; — A, 4)) f@du = g,(x),
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where g;(x) is defined in (2.9).Proceeding on the similar lines as above, we obtain

(221 fx) = f 5 =i (1 +py = Ajay = 4 + A5) Ty T{by + fie = fies} x7° G(1 = s)ds

‘{=1 [I"(ai +1- S) H1]V=_11F(1 + ,u]l - Ajiaﬁ - /111 + /1]',15) H;(nzl F{eki + fki - fkis}] '
Again, applying Parseval's theorem defined in (1.7), in this way we finally obtain solution of Theorem I.
Theorem Il. If a,A and u are arbitrary real numbers and if

(2.22) [EXN, e jﬁ]fj(ux)f(u)du = g(x), 0<x <1, Then

(ak — g 9k )1,m' (1= A + i — Az, ’11'1')1,1\1_1

h,(w)du ,
(1 - Aj + uj — Ajaj: Aj)l,N' (Tk — Yk gk)l,m' (_aj‘ 1) '

(2.23) f(x) = f A [ux
0

where

e = | |G 90N, Flg@ol = Jla, - rumege = 11051 g, 0<x <1,

k=1

provided a; > 1, and ;—k >c, (E=c+it),m>0,N >0,Re(ty, —mina,) >0,(k=1,2,..,m) and other
k
conditions of I-function are same as given in (1.9).

Proof. Now, to establish the next inversion, we shall use the operator J, defined in (1.1) and the definition of Beta
function (1.3).

Further we replace x by v in (2.19) and multiply both the sides by

1 a\atatl g
(xéh — U.91) V91

and integrate under the integral sign with respect to 0 to x and apply the same process as above.

We obtain the transformations of the integral equation (2.22) is given as

o N 1im
(2.24) f Z H; [ux
0 o=
j=1 mm+2

(- ), (T, G 1ms G e ) ;
(a7, 1), (@ gid 1 (1 + 1 — Ly, 2y)

Wdu = hy(x) ,

where

(2.25) hy () = [I=a{ T [9(0)] ), 0<x<1.

by proceeding on similar lines as above, we will obtain solution of Theorem II.

Particular case: If we put N = 1 in (2.22), then solution (2.23) of the theorem |1 reduces to the form (2.26)
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( ...... )’ (ak — Ik Ik )1_m

hy(W)du,
(1 + u—= Aa — A' A)' (Tk —Ir gk)l,m ) (_a' 1)

£ = | HS [ux
0

where h, (x) is defined in (2.25). Provided m > 0, Re(t, — mina;) > 0, (k = 1,2, ...,m) and other conditions of
I-function are same as given in (1.9) withr = 1.

Conclusion

The integral transform theory in mathematical analysis was given time to time which involves various
transcendental functions as kernel. The theory of fractional integral operators is very useful in the solution of various
integral equations. In this work, we define the integral transform involving Bessel Maitland function as
unsymmetrical Fourier kernel. We have used Erdélyi-Kober operators in the form of fractional integral to make head
way to arrive at an integral equation which involves H-function and solutions in terms of I-function has been
obtained. These results may be useful in finding solutions of problems in mathematical physics and engineering
which are expressed as integral equations.
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