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ABSTRACT 

 In this paper, we present the initiative of type 3 multi fuzzy sets which is an extension of type3 fuzzy sets. we have attempted 

to propose an extension of type2 multi fuzzy sets into a type3 multi fuzzy sets. In the wake of characterizing type 3 multi fuzzy 

sets, we examine the algebraic properties of these sets including set- theoretic operation such as complement, inclusion, union, 

intersection with example. Also we illustrate some algebraic properties. 
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1.Introduction 

           L.A. Zadeh[4] defined a subset of a fuzzy set as one whose membership function  is dominated by the containing set. 

Since membership functions are themselves usually imprecise in practice, fuzzy sets were extended to type 2 and higher order 

fuzzy sets by Zadeh[4]. For n>1, type n fuzzy sets are sets whose membership function take values in type   (n-1) fuzzy sets 

on the unit interval. Such sets can model independent sources of uncertainty. 

     There has recently been renewed interest in applications of type n fuzzy set theory, although   most work has focused on 

type 2 fuzzy sets. But sometimes single fuzzy set is not possible for some real life applications . Now, many others focused on 

type 1 and type 2 multi fuzzy sets. Yager [1] proposed a new and more generalized concepts of multi sets named as multi fuzzy 

sets(MFS) which can deal with many real life problems with some degree of ease. Sebastian and Rama Krishnan [2] also 

studied multi fuzzy sets and concluded that multi fuzzy set theory is an extension of Zadeh’s fuzzy set theory, Atanassov’s 

intuitionistic fuzzy set theory and L-fuzzy set theory. Recently, Mohuya B.kar, Bikashkoli Roy [16] proposed theory of type2 

multi fuzzy sets and introduced complement, inclusion, union and intersection properties. In this paper, we introduce type3 

multi fuzzy sets using Zadeh’s extension principle.Type3 multi fuzzy sets will be an extension of the existing concepts and 

shall be helpful to deal with problems related to uncertainties.T3MFS is a type3 fuzzy set whose primary membership, 

secondary membership function has a sequence of tertiary membership values lying in the closed interval [0,1]. In this paper 

we first give definitions of MFS, T2FS, T2MFS. 

2.Preliminaries 

          Before introducing the notion of type3 multi fuzzy sets, we first present some vital concepts of multi fuzzy sets, type2 

fuzzy sets, type2 multi fuzzy sets. 

2.1 Multi Fuzzy Set (MFS) 

Let ℧ be a non empty set.  A multi fuzzy set (MFS) A in℧ is  a set of non increasing   ordered  sequences 

A = {(𝓊, 𝜇1
A(𝓊), 𝜇2

A(𝓊),,……… 𝜇m
A(𝓊): 𝓊 ϵ ℧} where m is a positive integer.  

Where 0 ≤  𝜇i
A(𝓊) ≤ 1 for i  = 1,2,..m. is a multi membership function of the multi fuzzy set A. Mathematically  A can be 

expressed as  
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        A = ʃ𝓊 ϵ ℧( 𝜇1
A(𝓊), 𝜇2

A(𝓊),, ……… 𝜇m
A(𝓊))/ 𝓊 

 

Where ʃ denotes union over all admissible 𝓊 . For a discrete universe of discourse, ʃ is replaced by ∑ . 

2.1.1 Remarks: 

1. If the sequences of the membership functions have only m- terms (finite number of terms), m is called the dimension 

of A. 

2. The set of  all multi – fuzzy sets in ℧ of dimension m is denoted by Mm  FS(℧) 

3. The multi  fuzzy membership function A is a function from ℧ to [0,1]m such that for all 𝓊 in ℧,  

A(𝓊) =( 𝜇1
A(𝓊), 𝜇2

A(𝓊),,……… 𝜇m
A(𝓊))    

            4. We denote the multi fuzzy set A as A = (𝜇1
A, 𝜇2

A,……… 𝜇m
A) where 𝜇1

A(𝓊) ≥  𝜇2
A(𝓊) ≥……… 𝜇m

A(𝓊).  

 2.1.2 Operations on MFS 

Let m be a positive integer and let A and B in Mm FS(℧),  

Where A = ( 𝜇1
A, 𝜇2

A,……… 𝜇m
A)  and B = (𝜇1

B, 𝜇2
B,……… 𝜇m

B)  

then  we have the following relations and operations  

1. Inclusion : A ⊆ B if and only if 𝜇i
A ≤ 𝜇i

B for all i=1,2……m 

2. Equality: A = B if and only if 𝜇i
A = 𝜇i

B for all i=1,2,…….m 

3.  Union : A ꓴB = {( 𝓊, max (𝜇1
A (𝓊), 𝜇1

B (𝓊)),…………max (𝜇m
A (𝓊), 𝜇m

B (𝓊))): 𝓊 ϵ ℧} 

4. Intersection : AꓵB  = {( 𝓊, min (𝜇1
A (𝓊), 𝜇1

B (𝓊))…….min (𝜇m
A (𝓊), 𝜇m

B (𝓊))): 𝓊 ϵ℧} 

a. Complement :The multi – fuzzy complement of multi fuzzy set A is Ac = { 𝓊, C(𝜇1
A (𝓊)), C(𝜇2

A (𝓊)),…….C(𝜇m
A 

(𝓊)): 𝓊 ϵ℧} where C(𝜇i
A (𝓊)) is the complement of 𝜇i

A (𝓊) for all i = 1 to m 

C(𝜇i
A (𝓊)) = 1- 𝜇i

A (𝓊) for all i = 1 to m 

Example 1: Let us consider fuzzy set A as follows A = {(𝓊 ,0.5),(𝓊, 0.4),(𝓊, 0.1),(𝓋,0.9),(𝓋,0.7),(𝓋,0.6),(𝓌,0.6),(𝓌,0.4)} 

of the universal set ℧ = {𝓊, 𝓋, 𝓌}. From this fuzzy set, we see that the element 𝓊 occurs three times with membership values 

0.5, 0.4 and 0.1 respectively; the element 𝓋 occurs three times with membership values 0.9,0.7,0.6 respectively and  the element 

𝓌occurs two times with a membership value 0.6 and 0.4 . Thus, the set A can be rewritten in the form as A= {(𝓊,0.5, 0.4, 

0.1) ,( 𝓋 ,0.9,0.7,0.6) ,( 𝓌 ,0.6,0.4) } which essentially is a multi-fuzzy set. 

That is, A= {(0.5, 0.4, 0.1)/ 𝓊+(0.9,0.7,0.6)/ 𝓋) +(0.6,0.4) / 𝓌 } 

2.2 Type-2 Fuzzy Set (T2FS) 

 A type-2 fuzzy set is a fuzzy set whose membership degree includes uncertainty i.e., membership degree is a type-1 fuzzy set. 

A T2FS introduces a third dimension to the membership function via the second membership grades. A T2FS A is 

mathematically expressed as follows according to (Mendel and John [14]) 

A= {(( 𝓊,𝜃), 𝜇A(𝓊,𝜃)): ∀ 𝓊 ϵ ℧   , ∀ 𝐽𝓊 ⊆ [0,1]} 

Where 0 ≤  𝜇A(𝓊,𝜃) ≤ 1 is the secondary membership function and 𝐽𝓊 is the primary membership of 𝓊 ϵ ℧   , which is the 

domain of 𝜇A(𝓊,𝜃). A can be expressed as  

A = ʃ𝓊 ϵ℧ (ʃ𝜃 ϵ 𝐽𝓊
 𝜇A(𝓊,𝜃)/ 𝜃)/ 𝓊 , 𝐽𝓊 ⊆ [0,1] 
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Where  ʃʃ denotes union over all admissible 𝓊 and 𝜃. For a discrete universe of discourse, ʃ is replaced by ∑ . 

Example2: A = {( (0.4/ 0.1) + (0.5.0.2) + (0.6/0.5))/ 𝓊+((0.9/0.7) + (1.0/0.6))/ 𝓋) +(0.6/0.4) / 𝓌 } 

2.3 Type2 multi fuzzy sets (T2MFS) 

Let ℧ be the universe of discourse. Let A be a type 2 fuzzy set defined on ℧ and 𝜃 ϵ 𝐽𝓊 ⊆ [0,1] 

be a primary membership value of an element 𝓊 ϵ℧. Then A is said to be a type2 multi fuzzy set if it has membership function 

of type1 defined on [0,1]. AT2MFS can be expressed according to (Mohuya B. Kar, Bikashkoli Roy [16]) 

For each 𝓊 ϵ℧, the secondary membership sequence is defined in non increasing order as 

𝜇1
A(𝓊,𝜃)≥ 𝜇2

A(𝓊,𝜃)≥…… 𝜇m
A(𝓊,𝜃) and is denoted by (𝜇1

A(𝓊,𝜃), 𝜇2
A(𝓊,𝜃),…… 𝜇m

A(𝓊,𝜃)) 

Then  the set A can be expressed mathematically as 

A = {(( 𝓊,𝜃), (𝜇𝐴
1 (𝓊, 𝜃), 𝜇𝐴

2(𝓊, 𝜃), … … 𝜇𝐴
𝑚(𝓊, 𝜃))): ∀ 𝓊 ϵ ℧   , ∀ 𝐽𝓊 ⊆ [0,1]} 

 

Where 0 ≤ 𝜇𝐴
𝑖 (𝓊, 𝜃) ≤1, where i = 1,2,…m is the sequence of secondary membership function and 𝐽𝓊 is the primary 

membership of 𝓊 ϵ ℧   then the set A can be expressed as  

A= ʃ𝓊 ϵ℧ (ʃ𝜃 ϵ 𝐽𝓊
 (𝜇𝐴

1 (𝓊, 𝜃), 𝜇𝐴
2(𝓊, 𝜃), … … 𝜇𝐴

𝑚(𝓊, 𝜃))/ 𝜃)/ 𝓊 , 𝐽𝓊 ⊆ [0,1] 

wheres ʃʃ denotes union over all admissible 𝓊 and 𝜃. For a discrete universe of discourse, ʃ is replaced by ∑ . 

Example 3: A = ((0.7,0.5,0.3)/0.8+ (0.5,0.7)/0.9)/ 𝓊 + ((0.5,0.4)/0.2+0.7/0.5+ (0.4,0.2,0.1)/0.7)/ 𝓋. 

2.3.1 Operations on T2MFS 

Let A and B be two T2MFS over some universe ℧ then we have the following arithmetic operations 

1. Inclusion: :A ⊆ B if and only if 𝜃 ≤ 𝜂 ,   𝜇𝐴
𝑖 (𝓊, 𝜃) ≤ 𝜇𝐵

𝑖 (𝓊, 𝜂) for all i=1,2……m 

2. Equality: A = B if and only if 𝜃 = 𝜂 ,   𝜇𝐴
𝑖 (𝓊, 𝜃) = 𝜇𝐵

𝑖 (𝓊, 𝜂) for all i=1,2……m  

3. Union : AUB = max(A(x),B(x))={ 𝜆  , 𝜇AUB(𝓊, 𝜆)/ 𝜆=max(𝜃, 𝜂) } 

                   Where 𝜇AuB(𝓊, 𝜆)  = 𝑠𝑢𝑝𝓊 ϵ℧{𝑚𝑖𝑛𝜆ϵ 𝐽𝓊⊆[0,1](𝜇𝐴
𝑖 (𝓊, 𝜃) , 𝜇𝐵

𝑖 (𝓊, 𝜂)): 𝜆=max(𝜃, 𝜂)}, i= 1,2,…m 

4. Intersection : A∩B = min(A(x),B(x))={ 𝜆  , 𝜇A∩B(𝓊, 𝜆)/ 𝜆=min(𝜃, 𝜂) } 

                   Where 𝜇A∩B(𝓊, 𝜆)  = 𝑠𝑢𝑝𝓊 ϵ℧{𝑚𝑖𝑛𝜆ϵ 𝐽𝓊⊆[0,1](𝜇𝐴
𝑖 (𝓊, 𝜃) , 𝜇𝐵

𝑖 (𝓊, 𝜂)): 𝜆=min(𝜃, 𝜂)}, i= 1,2,…m 

5. Complement: Ac=  ∑ (∑ (𝜇𝐴
1 (𝑢, 𝜁𝜁 ∈ 𝐽𝓊⊆[0,1]𝑢ϵΩ ), (𝜇𝐴

2(𝑢, 𝜁)……. (𝜇𝐴
𝑚(𝑢, 𝜁)) / 𝜁)/ 𝑢 

Where 𝜁 = 1- 𝜃 and 𝜃 is the primary membership function of A 

 

2.4  Type3 Fuzzy sets (T3FS): 

           A type3 fuzzy set is a fuzzy set whose membership degree includes un certainty i.e membership degree is a type2 fuzzy 

set. A type3 fuzzy set introduces a fourth dimension to the membership function via the 3rd membership grades. A type3 fuzzy 

sets A is mathematically expressed as follows 
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A = {(( 𝓊,𝜃, 𝜃ʹ), 𝜇A (𝓊,𝜃, 𝜃ʹ)): ∀ 𝓊 ϵ ℧  and 𝜃 ∈ 𝐽𝓊 ⊆[0,1] , 𝜃ʹ ∈ 𝐽𝜃 ⊆[0,1] 

Where 0 ≤ 𝜇A (𝓊,𝜃, 𝜃ʹ) ≤ 1is the tertiary membership function, 𝐽𝜃 is the secondary membership,𝐽𝓊 is the primary membership 

of 𝓊 ϵ ℧. Then A can be expressed as 

A = ∫
𝓊 ϵ ℧

(∫
𝜃∈𝐽𝓊

(∫
𝜃ʹ∈𝐽𝜃

 𝜇A (𝓊,𝜃, 𝜃ʹ)/ 𝜃ʹ)/ 𝜃)/ 𝓊, 𝐽𝓊, 𝐽𝜃 ⊆[0,1] 

Where∭ denotes the union overall admissible 𝓊,𝜃, 𝜃ʹ For a discrete universe of discourse ʃ is replaced by ∑ 

Example 4: The white color might be  modeled as a type3 fuzzy set on the set of colors samples. Let the whiteness be the 

primary membership function of A and the degree of whiteness be the secondary membership function and the degree of fabric 

on which the white is printed is the tertiary membership function. 

Example 5:LetΩ = { 𝑢 , 𝓋} 

A = ((0.8/0.9 + 0.6/0.8)/0.7 + 0.7/0.6/0.5)/ 𝑢 + ((0.4/0.3+0.4/0.5)/0.8+(0.6/0.8+0.5/1.0)/0.7)/𝓋 

3 .Type 3 Multi fuzzy sets (T3MFS): 

                            Let Ω be the universe of discourse. Let A be a type3 fuzzy set defined on Ω and 𝜃 ∈ 𝐽𝓊 ⊆[0,1] be a primary 

membership value of an element 𝑢ϵΩ and 𝜃′ϵ𝐽𝜃 ⊆[0,1] be the secondary membership value of 𝜃 ∈ 𝐽𝓊 then for each 𝑢ϵΩ , the 

tertiary membership sequence is defined in non increasing order as 

𝜇1
A(𝑢, 𝜃, 𝜃′) ≥ 𝜇2

A(𝑢, 𝜃, 𝜃′) ≥……………𝜇m
A(𝑢, 𝜃, 𝜃′) and is denoted by (𝜇1

A(𝑢, 𝜃, 𝜃′), 

𝜇2
A(𝑢, 𝜃, 𝜃′),……………𝜇m

A(𝑢, 𝜃, 𝜃′)). Then type 3 multi fuzzy set A can be expressed mathematically as 

A=∑ (∑ (∑ (𝜇𝐴
1

𝜃′ϵ𝐽𝜃 ⊆[0,1]𝜃 ∈ 𝐽𝓊⊆[0,1] (𝑢ϵΩ 𝑢, 𝜃, 𝜃′), 𝜇𝐴
2(𝑢, 𝜃, 𝜃′) ,……… 𝜇𝐴

𝑚(𝑢, 𝜃, 𝜃′))/ 𝜃′)/ 𝜃)/ 𝑢 

If the universe is discrete , where as if Ω is a continuous universe, then A can be written as  

A=ʃ𝑢ϵΩ(ʃ𝜃 ∈ 𝐽𝓊⊆[0,1](ʃ𝜃′ϵ𝐽𝜃 ⊆[0,1](𝜇𝐴
1  (𝑢, 𝜃, 𝜃′), 𝜇𝐴

2(𝑢, 𝜃, 𝜃′) ,……… 𝜇𝐴
𝑚(𝑢, 𝜃, 𝜃′))/ 𝜃′)/ 𝜃)/ 𝑢 

Example 6: Let us consider a type3 fuzzy set A defined in the universal  set Ω= { 𝑢 , 𝓋} 

A= {((0.8,0.5,0.2)/0.6+(0.7,0.3)/0.9)/0.7+((0.7,0.6)/0.5+(0.5,0.4)/0.8)/0.8}/ 𝑢 

+{((0.7,0.6)/0.3+0.8/0.5)/0.6+((0.8,0.7)/0.4+(0.3,0.2,0.1)/0.7)/0.7}/ 𝓋  

4.Operations on T3MFS 

In this section we discuss four fundamental arithmetic operations inclusion, equality, complement, union, intersection. By using 

zadeh’s extension principle we extend definition of T2MFS to T3MFS. 

Let us denote the collection of all T3MFS over the universe x by T3MF(Ω) 

Let A = (𝜇𝐴
1  (𝑢, 𝜃, 𝜃′), 𝜇𝐴

2(𝑢, 𝜃, 𝜃′) ,……… 𝜇𝐴
𝑚(𝑢, 𝜃, 𝜃′)) 

B = (𝜇𝐵
1  (𝑢, 𝜃, 𝜃′), 𝜇𝐵

2 (𝑢, 𝜃, 𝜃′) ,……… 𝜇𝐵
𝑚(𝑢, 𝜃, 𝜃′)) 

4.1 Inclusion 

Let A and B be two T3MFS over some universe Ω. Then we say that A⊆B if and only if  

𝜃 ≤  𝜂 , 𝜃′ ≤ 𝜂′, 𝜇𝐴
𝑖  (𝑢, 𝜃, 𝜃′) ≤ 𝜇𝐵

𝑖  (𝑢,𝜂,𝜂′) i=1,2,…m ,∀ 𝑢ϵΩ where   𝜃 and 𝜂 are primary membership functions of A and 

B, 𝜃′ 𝑎𝑛𝑑 𝜂1 are the secondary membership functions of A and B, 𝜇𝐴
𝑖  (𝑢, 𝜃, 𝜃′) and 
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  𝜇𝐵
𝑖  (𝑢,𝜂,𝜂′) are the tertiary membership functions of A and B respectively. These sets are said to be equal if  

 

𝜃 =  𝜂  , 𝜃′ = 𝜂1, 𝜇𝐴
𝑖  (𝑢, 𝜃, 𝜃′)= 𝜇𝐵

𝑖  (𝑢,𝜂,𝜂′) i=1,2,…m ,∀ 𝑢ϵΩ 

Let us illustrate this with an example 

 

Example 7: Let us consider two T3MFS, say A and B, where 

A = (((0.6,0.5)/0.5+ (0.7,0.4,0.3,0.1)/0.5))/0.7)/ 𝑢 + ((0.5,0.2)/0.5+0.1/0.4))/0.5)/ 𝓋) 

B = (((0.7,0.5,0.4,0.1)/0.7+ (0.8,0.7,0.5,0.2)/0.6))/0.8))/ 𝑢 +( ((0.6,0.4,0.2)/0.8+ (0.8,0.3)/0.4))/0.6)/ 𝓋) 

Then applying the above-mentioned definition, we can easily observe  that A⊆ B. 

4.2 Complement: L et A be a T3MFS over some universe Ω. Then, the complement of A denoted by Ac and is defined as 

Ac=  ∑ (∑ (∑ (𝜇𝐴
1

𝜁′ϵ𝐽𝜃 ⊆[0,1]𝜁 ∈ 𝐽𝓊⊆[0,1]𝑢ϵΩ (𝑢, 𝜁, 𝜁′), (𝜇𝐴
2(𝑢, 𝜁, 𝜁′),…….. (𝜇𝐴

𝑚(𝑢, 𝜁, 𝜁′)) )/𝜁′)/ 𝜁)/ 𝑢 

Where 𝜁 = 1- 𝜃 , 𝜁′= 1-𝜂 and 𝜃 is the primary membership function, 𝜂 is the secondary membership function of A. Let us 

illustrate with an example 

 

Example 8: A = {(0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.7)/0.6}/𝓊 

Ac = {(0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.3)/0.4}/𝓊 

 

4.3 Union : Let A and B are two T3MFS over the universe Ω. Then the union of A and B is defined as  

AUB = max(A(x),B(x))={ 𝜆, 𝜆′ , 𝜇AUB(𝜆, 𝜆′)/ 𝜆=max(𝜃, 𝜂) , 𝜆′=max(𝜃′, 𝜂′)} 

Where 𝜇AuB(𝜆, 𝜆′)  =       𝑠𝑢𝑝 𝜆′=max(𝜃′,𝜂′)     𝑚𝑖𝑛𝑢ϵΩ   {𝜇𝐴
𝑖  (𝑢, 𝜃, 𝜃′), 𝜇𝐵

𝑖  (𝑢,𝜂,𝜂1)}: 𝜆 = max(𝜃, 𝜂) 

                                               

                     

Example 9 : A={(0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.7)/0.6}/𝓊 

   B={(0.7,0.6,0.5)/0.8+(0.9,0.6)/0.6)/0.9}/ 𝓊 

 

 

 

 

AUB = {sup{((0.3,0.2,0.1),(0.7,0.6,0.5))/0.8} + (0.8,0.6,0.0)/0.7 + (0.3,0.2,0.0)/0.6}/ 𝓊 

        = ({(0.7,0.6,0.5)/0.8 + (0.8,0.6)/0.7 + (0.3,0.2)/0.6}/0.9)/ 𝓊 

𝜃 𝜂 𝜆=max(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=max(𝜃′, 𝜂′) 𝜇𝐴
𝑗
 𝜇𝐵

𝑗
 Min(𝜇𝐴

𝑗
, 𝜇𝐵

𝑗
) 

0.6 0.9 0.9 0.5 0.8 0.8 0.3,0.2,0.1 0.7,0.6,0.5 0.3,0.2,0.1 

0.6 0.9 0.9 0.5 0.6 0.6 0.3,0.2,0.1 0.9,0.6,0.0 0.3,0.2,0.0 

0.6 0.9 0.9 0.7 0.8 0.8 0.8,0.7,0.6 0.7,0.6,0.5 0.7,0.6,0.5 

0.6 0.9 0.9 0.7 0.6 0.7 0.8,0.7,0.6 0.9,0.6,0.0 0.8,0.6,0.0 
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4.4 Intersection :  Let A and B are two T3MFS over the universe Ω. Then the union of A and B is defined as  

A∩B = min(A(x),B(x))={ 𝜆, 𝜆′ , 𝜇A∩B(𝜆, 𝜆′)/ 𝜆=min(𝜃, 𝜂) , 𝜆′=min(𝜃′, 𝜂′)} 

Where 𝜇A∩B(𝜆, 𝜆′)  =       𝑠𝑢𝑝 𝜆′=max(𝜃′,𝜂′)     𝑚𝑖𝑛𝑢ϵΩ   {𝜇𝐴
𝑖  (𝑢, 𝜃, 𝜃′), 𝜇𝐵

𝑖  (𝑢,𝜂,𝜂1)}: 𝜆 = max(𝜃, 𝜂) 

                                            

                     

Example 10 :  

A={(0.7,0.6,0.4)/0.9+(0.5,0.4,0.2)/0.7)/0.8}/𝓊 

   B={(0.4,0.3,0.2)/0.8+(0.7,0.6)/0.6)/0.4}/ 𝓊 

 

 

 

 

A∩B = ({(0.4,0.3,0.2)/0.8 + (0.4,0.3,0.2)/0.7 + sup{(0.7,0.6,0.0)+( 0.5,0.4,0.0))/0.4}/0.4)/ 𝓊 

        = ({(0.4,0.3,0.2)/0.8 + (0.4,0.3,0.2)/0.7 + (0.7,0.6)/0.4}/0.4)/ 𝓊                            

5.Properties of T3MFS  

In this section, we discuss four fundamental properties of T3MFS. Let A, B and C be three T3MFS over a universe Ω. Then 

the following relations hold: 

(i) Idempotent Law : A∪ A = A, A∩ A = A.  

(ii) De Morgan’s law :  (A∪ B)c = Ac∩ Bc, (A∩ B)c = Ac∪ Bc.  

(iii) Commutative Law : A∪ B = B∪ A, A∩ B = B∩ A.  

(iv) Associative Law : A∪ (B∪ C) = (A∪ B)∪ C, A∩ (B∩ C) = (A∩ B)∩ C.  

(v) Distributive Law : (A∪ B)∩ C = (A∩ C) ∪ (B∩ C), (A∩ B) ∪ C = (A∪ C)∩ (B∪ C).  

 

Let us illustrate with example 

Example11: A={((0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.7)/0.6}/𝓊 

   B={((0.7,0.6,0.5)/0.8+(0.9,0.6)/0.6)/0.9}/ 𝓊 

   C={((0.6,0.5,0.4)/0.4+(1.0,0.4)/0.8)/0.8}/ 𝓊 

i) A∩ A = A 

 

𝜃 𝜂 𝜆=min(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=min(𝜃′, 𝜂′) 𝜇𝐴
𝑗
 𝜇𝐵

𝑗
 Min(𝜇𝐴

𝑗
, 𝜇𝐵

𝑗
) 

0.8 0.4 0.4 0.9 0.8 0.8 0.7,0.6,0.4 0.4,0.3,0.2 0.4,0.3,0.2 

0.8 0.4 0.4 0.9 0.4 0.4 0.7,0.6,0.4 0.7,0.6,0.0 0.7,0.6,0.0 

0.8 0.4 0.4 0.7 0.8 0.7 0.5,0.4,0.2 0.4,0.3,0.2 0.4,0.3,0.2 

0.8 0.4 0.4 0.7 0.4 0.4 0.5,0.4,0.2 0.7,0.6,0.0 0.5,0.4,0.0 

𝜃 𝜂 𝜆=min(𝜃, 𝜂

) 

𝜃′ 𝜂′ 𝜆′=min(𝜃′, 𝜂′

) 

𝜇𝐴
𝑗
 𝜇𝐴

𝑗
 Min(𝜇𝐴

𝑗
, 𝜇𝐴

𝑗
) 

0.6 0.6 0.6 0.5 0.5 0.5 0.3,0.2,0.1 0.3,0.2,0.1 0.3,0.2,0.1 
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A∩ A={{(sup((0.3,0.2,0.1) ,( 0.3,0.2,0.1) ,( 0.3,0.2,0.1)))/0.5 + (0.8,0.7,0.6)/0.7}/ 0.6}/ 𝓊 

= {((0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.7)/0.6}/𝓊 = A 

A∩ A = A 

Similarly we can prove the result AUA=A  

ii) (A∪ B)c = Ac∩ Bc 

Finding AUB 

 

AUB={{(sup((0.3,0.2,0.1), (0.7,0.6,0.5)))/0.8+ (0.8,0.6,0.0)/0.7 + (0.3,0.2,0.0)/0.6}/0.9}/ 𝓊 

={((0.7,0.6,0.5)/0.8+(0.8,0.6)/0.7+(0.3,0.2)/0.6)/0.9}/ 𝓊 

 

(AUB)c = {((0.7,0.6,0.5)/0.2+(0.8,0.6)/0.3+(0.3,0.2)/0.4)/0.1}/ 𝓊 

Ac={(0.3,0.2,0.1)/0.5+(0.8,0.7,0.6)/0.3)/0.4}/𝓊 

Bc={0.7,0.6 ,0.5)/0.2+(0.9,0.6)/0.4)/0.1}/ 𝓊 

 

 

 

 

Ac∩ Bc ={{(sup((0.3,0.2,0.1), (0.7,0.6,0.5)))/0.2+ (0.8,0.6,0.0)/0.3+ (0.3,0.2,0.0)/0.4}/0.1}/ 𝓊 

 

={((0.7,0.6,0.5)/0.2+(0.8,0.6)/0.3+(0.3,0.2)/0.4)/0.1}/ 𝓊 

 (A∪ B)c = Ac∩ Bc, 

Similarly we can prove the result  (A∩ B)c = Ac∪ Bc. 

0.6 0.6 0.6 0.5 0.7 0.5 0.3,0.2,0.1 0.8,0.7,0.6 0.3,0.2,0.1 

0.6 0.6 0.6 0.7 0.5 0.5 0.8,0.7,0.6 0.3,0.2,0.1 0.3,0.2,0.1 

0.6 0.6 0.6 0.7 0.7 0.7 0.8,0.7,0.6 0.8,0.7,0.6 0.8,0.7,0.6 

𝜃 𝜂 𝜆=max(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=max(𝜃′, 𝜂′) 𝜇𝐴
𝑗
 𝜇𝐵

𝑗
 Min(𝜇𝐴

𝑗
, 𝜇𝐵

𝑗
) 

0.6 0.9 0.9 0.5 0.8 0.8 0.3,0.2,0.1 0.7,0.6,0.5 0.3,0.2,0.1 

0.6 0.9 0.9 0.5 0.6 0.6 0.3,0.2,0.1 0.9,0.6,0.0 0.3,0.2,0.0 

0.6 0.9 0.9 0.7 0.8 0.8 0.8,0.7,0.6 0.7,0.6,0.5 0.7,0.6,0.5 

0.6 0.9 0.9 0.7 0.6 0.7 0.8,0.7,0.6 0.9,0.6,0.0 0.8,0.6,0.0 

𝜃 𝜂 𝜆=min(𝜃, 𝜂

) 

𝜃′ 𝜂′ 𝜆′=min(𝜃′, 𝜂′

) 

𝜇𝐴
𝑗
 𝜇𝐵

𝑗
 Min(𝜇𝐴

𝑗
, 𝜇𝐵

𝑗
) 

0.4 0.1 0.1 0.5 0.2 0.2 0.3,0.2,0.1 0.7,0.6,0.5 0.3,0.2,0.1 

0.4 0.1 0.1 0.5 0.4 0.4 0.3,0.2,0.1 0.9,0.6,0.0 0.3,0.2,0.0 

0.4 0.1 0.1 0.3 0.2 0.2 0.8,0.7,0.6 0.7,0.6,0.5 0.7,0.6,0.5 

0.4 0.1 0.1 0.3 0.4 0.3 0.8,0.7,0.6 0.9,0.6,0.0 0.8,0.6,0.0 
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iii) A∪ B = B∪ A 

Finding BUA 

 

BUA={{(sup((0.3,0.2,0.1), (0.7,0.6,0.5)))/0.8+ (0.8,0.6,0.0)/0.7 + (0.3,0.2,0.0)/0.6}/0.9}/ 𝓊 

={((0.7,0.6,0.5)/0.8+(0.8,0.6)/0.7+(0.3,0.2)/0.6)/0.9}/ 𝓊 = AUB from (ii) 

AUB=BUA 

Similarly we can prove the result  A∩ B = B∩ A 

 

iv) A∪ (B∪ C) = (A∪ B)∪ C  

  AUB={((0.7,0.6,0.5)/0.8+(0.8,0.6)/0.7+(0.3,0.2)/0.6)/0.9}/ 𝓊 from (ii) 

Finding (AUB)UC 

 

(AUB)UC={{(sup((0.6,0.5,0.4), (0.7,0.4,0.0) , (0.8,0.4,0.0) , (0.3,0.2,0.0))/0.8+ (0.6,0.5,0.0)/0.7 + (0.3,0.2,0.0)/0.6}/0.9}/ 𝓊 

={{(0.8,0.5,0.4)/0.8+(0.6,0.5)/0.7+(0.3,0.2)/0.6}/0.9}/ 𝓊 

Finding BUC 

 

BUC={{sup((0.6,0.5,0.4),( 0.7,0.4,0.0),( 0.9,0.4,0.0))/0.8+(0.6,0.5,0.0)/0.6}/ 0.9}/ 𝓊 

={{(0.9,0.5,0.4)/0.8++(0.6,0.5,0.0)/0.6}/0.9}/ 𝓊 

𝜃 𝜂 𝜆=max(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=max(𝜃′, 𝜂′) 𝜇𝐵
𝑗
 𝜇𝐴

𝑗
 Min(𝜇𝐵

𝑗
, 𝜇𝐴

𝑗
) 

0.9 0.6 0.9 0.8 0.5 0.8 0.7,0.6,0.5 0.3,0.2,0.1 0.3,0.2,0.1 

0.9 0.6 0.9 0.6 0.5 0.6 0.9,0.6,0.0 0.3,0.2,0.1 0.3,0.2,0.0 

0.9 0.6 0.9 0.8 0.7 0.8 0.7,0.6,0.5 0.8,0.7,0.6 0.7,0.6,0.5 

0.9 0.6 0.9 0.6 0.7 0.7 0.9,0.6,0.0 0.8,0.7,0.6 0.8,0.6,0.0 

𝜃 𝜂 𝜆=max(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=max(𝜃′, 𝜂′) 𝜇AUB
𝑗

 𝜇𝐶
𝑗
 Min(𝜇AUB

𝑗
, 𝜇𝐶

𝑗
) 

0.9 0.8 0.9 0.8 0.4 0.8 0.7,0.6,0.5 0.6,0.5,0.4 0.6,0.5,0.4 

0.9 0.8 0.9 0.8 0.8 0.8 0.7,0.6,0.5 1.0,0.4,0.0 0.7,0.4,0.0 

0.9 0.8 0.9 0.7 0.4 0.7 0.8,0.6,0.0 0.6,0.5,0.4 0.6,0.5,0.0 

0.9 0.8 0.9 0.7 0.8 0.8 0.8,0.6,0.0 1.0,0.4,0.0 0.8,0.4,0.0 

0.9 0.8 0.9 0.6 0.4 0.6 0.3,0.2,0.0 0.6,0.5,0.4 0.3,0.2,0.0 

0.9 0.8 0.9 0.6 0.8 0.8 0.3,0.2,0.0 1.0,0.4,0.0 0.3,0.2,0.0 

𝜃 𝜂 𝜆=max(𝜃, 𝜂) 𝜃′ 𝜂′ 𝜆′=max(𝜃′, 𝜂′) 𝜇𝐵
𝑗
 𝜇𝐶

𝑗
 Min(𝜇𝐵

𝑗
, 𝜇𝐶

𝑗
) 

0.9 0.8 0.9 0.8 0.4 0.8 0.7,0.6,0.5 0.6,0.5,0.4 0.6,0.5,0.4 

0.9 0.8 0.9 0.8 0.8 0.8 0.7,0.6,0.5 1.0,0.4,0.0 0.7,0.4,0.0 

0.9 0.8 0.9 0.6 0.4 0.6 0.9,0.6,0.0 0.6,0.5,0.4 0.6,0.5,0.0 

0.9 0.8 0.9 0.6 0.8 0.8 0.9,0.6,0.0 1.0,0.4,0.0 0.9,0.4,0.0 
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Finding AU(BUC) 

 

AU(BUC) = {{sup((0.3,0.2,0.1),( 0.8,0.5,0.4))/0.8+(0.6,0.5,0.0 )/0.7 +(0.3,0.2,0.0)/0.6}/ 0.9}/ 𝓊 

={{(0.8,0.5,0.4)/0.8+(0.6,0.5)/0.7+(0.3,0.2)/0.6}/0.9}/ 𝓊 

A∪ (B∪ C) = (A∪ B)∪ C,  

Similarly we can prove the result A∩ (B∩ C) = (A∩ B)∩ C. 

v) Easily we can prove the result (A∪ B)∩ C = (A∩ C)∪ (B∩ C), (A∩ B)∪ C = (A∪ C)∩ (B∪ C) 

 

6.  Conclusion:  

 In this manuscript we extend the concepts MFS to T3MFS. The T3MFS may be useful to various real life applications.  Also 

we established some algebraic properties. In the future, scholars may attempt to generalize this concept further by studying 

higher order multi fuzzy sets in abstract setting. 
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