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ABSTRACT 

The (Topp Leone) distribution as well as the (Rayleigh) distribution are among the continuous distributions that are 

widely used in the analysis of survival and failure functions. This study used rule called the (Topp Leone Generator 

family) to make a new probability distribution it was called the (Topp Leon G-Rayleigh Rayleigh (TLG-RR)) 

distribution. By adding one of the shape parameters for an existing probability distribution, it called(Expanding 

Rayleigh distribution).This study will extract the basic properties of the distribution and estimate its parameters using 

estimation methodslike method of greatest possibility (MLE), method of weighted least squares (WLS) and method of 

Shrinkage to estimate parameters and reliability function. The study concluded that the proposed distribution(TLG-RR) 

is the best probability distribution in representing the real data used in the study.And best way to estimate the reliability 

function it is shrinkage method. 

Keywords: Topp Leone Generator family, TLG- RR Distribution, Maximum likelihood estimation (MLE), Expansion 

Rayleigh   Distribution, weighted least squares (WLS), Shrinkage. 

1. Introduction 

The (Topp Leone) distribution, which first discovered in 1955 by the two scientists (C.W. Topp and F.C. Leone) [1] as 

well as the (Rayleigh) distribution, in 1880 by the English scientist (The Lord Rayleigh) [2]. Researchers over time 

have developed new distributions, which has high flexibility and accuracy in representing data to study the different real 

phenomenon. By expanding existing distributions such as (T-X Family) by Alzaatreh et al. [6]. Or performing different 

expansions of the probability distributions by adding one or more parameters of the shape to the original distribution 

Adeyemi, S. & Adebanji, T. [10], to produce a distribution new probability that is more flexible in representing data, 

than the original distributions. In this study we will use the Top Leone's rule by Nadarajah and Kotz [3] with a goal to 

propose a new distribution named (the Topp Leone G-Rayleigh Rayleigh distribution (TLG-RR)), by developing the 

original distribution (Rayleigh extension distribution) by Ateeq et al. [4]. As suggested to fit the values of the variables 

to failure times within the period (0, ∞). With the statement of its basic properties in order to estimate the reliability 

function. Because it is of great importance in measuring and extending the life of various devices. In this study, we will 

use the method of the greatest probability (MLE), [5] the method of weighted least squares (WLS) [7] and the method 

of Contraction [8] to estimate the parameters and reliability function, and we use simulation [9] to compare which is the 

best estimation method. 

 2. Methodology 

This sector presents the method used to derive the cdf and pdf of the new family of distributions named Topp-Leone G- 

RR Distribution. 

2.1. Topp Leone distribution 

The (Topp Leone) distribution is one of the continuous statistical distributions, which are widely used in the analysis of 

survival and failure functions, which was first discovered by the two scientists (C.W. Topp and F.C. Leone)Buckley. 
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[1], but the first to use it as a generating function for distributions are the two scientists (Nadarajah and Kotz). Year 

(2003)Buckley. [3].If ((y is a random variable with a y~TL(α,β) for the period [1,0], then pdf and cdf are, respectively: 

𝑓𝑇𝐿(𝑦, 𝜃) = 2𝜃𝑦
𝜃−1(1 − 𝑦)(2 − 𝑦)𝜃−1     ; 0 > 𝑦 > 1 , 𝜃 > 0                                                    (1) 

𝐹𝑇𝐿(𝑦, 𝜃) = 𝑦
𝜃(2 − 𝑦)𝜃       ; 0 > 𝑦 > 1 , 𝜃 > 0                                                                              (2) 

2.2.Topp Leone – G Familyrule 

The TLG-F base did not receive much attention until researchers revived it in 2003 by Nadarajah and Kotz. They used 

this method to build new distributions. The (Topp-Leone G- family) is given as follows:Buckley. [3] 

𝐹𝑇𝐿𝐺(𝑥) = 𝐺(𝑥)
𝜃(2 − 𝐺(𝑥))

𝜃
      (3) 

𝑓𝑇𝐿𝐺(𝑥) = 2𝛼𝑔(𝑥)(1 − 𝐺(𝑥))𝐺(𝑥)
𝜃−1(2 − 𝐺(𝑥))𝜃−1                                                                   (4) 

Where 𝑔(𝑥) =
𝑑𝐺(𝑥)

𝑑𝑥
 

2.3. An Extension of Rayleigh distribution 

The researchers Ateeq et al. called a Rayleigh distribution Buckley. [4] If x ~ RR (α, β), it has a pdf and cdf are give 

sequentially as follows: 

𝑔(𝑥, 𝛼, 𝛽) =
𝑥3

2𝛽4𝛼2
𝒆
−

𝒙𝟒

𝟖𝜷𝟒𝜶𝟐   ; 𝑥 > 0 ; 𝛼, 𝛽 > 0                                                                                (5) 

𝑮(𝑥, 𝛼, 𝛽) = 1 − 𝒆
−

𝒙𝟒

𝟖𝜷𝟒𝜶𝟐      ; 𝑥 > 0 ; 𝛼, 𝛽 > 0                                                                                  (6) 

 

2.3. Suggested Probability Distribution Topp Leone G-Rayleigh Rayleigh (TLG-RR) 

 

By using the (Topp Leone G-family) baseBuckley. [3]We get The CDF of Suggested distribution (TLG-RR)as follows: 

𝐹(𝑥, 𝜃)   = (𝐺(𝑥))
𝜃
(2 − 𝐺(𝑥))𝜃   = (1 − 𝑒

−
𝑥4

8𝛽4𝛼2)𝜃[2 − (1 − 𝑒
−

𝑥4

8𝛽4𝛼2)]𝜃                              (7)  

 

FTLGRR(x, α, β, θ)  = (1 − e
−

x4

8β4α2)θ   (1 + e
−

x4

8β4α2)θ          ; x > 0 ; 𝛼, 𝛽 > 0                                (8) 

 

The pdf of (TLG-RR) given as: 

𝑓𝑇𝐿𝐺𝑅𝑅(𝑥, 𝛼, 𝛽, 𝜃) =

{
 

 𝜃
𝑥3

𝛽4𝛼2
𝑒
−

𝑥4

4𝛽4𝛼2  (1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1  (1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1    ; 𝑥 > 𝛼, 𝛽, 𝜃 > 0 

0                               ;     e. w

     (9) 

Where, 𝛽,θ  are the shape parameters and 𝛼 is scale parameter. 

The pdf and cdf plots of the TLG-RR distribution are display in Fig. 1 
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The cdf plots of the TLPG distribution are display in Fig. 2. 

 

Figure (2) represents the cdf of (TLG-RR) distribution  

2.4. Reliability 

Reliability also defined as a function of the continuity of the work of any particular device, machine or machine for a 

specified time (t).The reliability function of the proposed distribution (TLG-RR) is the probability that the device or 

machine will not stop working. 

The reliability function and hazard rate of the (TLG-RR) distribution are give respectively by:Buckley. [11],[12] 

𝑅(𝑡) = 1 − [ (1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃]   ; 𝑥 > 0 ; 𝛼, 𝛽, 𝜃 > 0                                            (10) 

ℎ(𝑥) =
𝜃

𝑥3

𝛽4𝛼2
𝑒
−

𝑥4

4𝛽4𝛼2(1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1

1 −  (1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃
; 𝑥 > 0 ; 𝛼, 𝛽, 𝜃 > 0                        (11) 

The following graphs show that the shape of (TLG-RR) reliability, is skewed (Fig.3). And the (TLG-RR) hazard are 

shown in (Fig. 4). 

Figure (1) represents the pdf of (TLG-RR)  
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 FIGUARE 3. Reliability function of the TLG-RR    .FIGURE 4.Hazard Function The TLG-RR         

3. Statistical Properties of (TLG-RR) distribution 

3. 1. Decentralized Moment: 

Let x a random variable follows TLG-P Distribution then 𝑟𝑡ℎ order moment about origin of µ𝑟  is: 

𝝁𝒓 = 𝐸(𝑥
𝑟) = ∫ 𝑥𝑟𝜃

𝑥3

𝛽4𝛼2
𝑒
−

𝑥4

4𝛽4𝛼2(1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1𝑑𝑥
∞

0

                          (12) 

By the binomial expansion, we will get the following expressions: 

(1 + 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1 = ∑(
𝜃 − 1

𝑗
)

𝜃−1

𝑗=0

𝑒
−𝑗

𝑥4

8𝛽4𝛼2 

(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1 = ∑(
𝜃 − 1

𝑘
)

𝜃−1

𝑗=0

(−1)𝑘𝑒
−𝑘

𝑥4

8𝛽4𝛼2 

Therefore 

𝜇𝑟 = 𝐸(𝑥
𝑟) =

𝜃

4𝛽4𝛼2
∑∑(

𝜃 − 1

𝑘
)

⌈(𝜃)

⌈(𝜃 − 𝑗) 𝑗!
(−1)𝑘

𝜃−1

𝑘=0

𝜃−1

𝑗=0

[
1

4𝛽4𝛼2
(
𝑗

2
+
𝑘

2
+ 1)]

𝑟+4

4 ⌈(
𝑟 + 4

4
) (13) 

r=1,2,3,4,.,.,……, 

When we substitute the values of (r) into equation (13), we get the first and second arithmetic mean, and so on. 

Then the variance of the Suggested distribution (TLG-RR) given as follows:- 

𝑉𝑎𝑟(𝑥) =
𝜃

4𝛽4𝛼2
∑∑(

𝜃 − 1

𝑘
)

⌈(𝜃)

⌈(𝜃 − 𝑗) 𝑗!
(−1)𝑘

𝜃−1

𝑘=0

𝜃−1

𝑗=0

[
1

4𝛽4𝛼2
(
𝑗

2
+
𝑘

2
+ 1)]

6

4 ⌈(
6

4
)

− (
𝜃

4𝛽4𝛼2
∑∑(

𝜃 − 1

𝑘
)

⌈(𝜃)

⌈(𝜃 − 𝑗) 𝑗!
(−1)𝑘

𝜃−1

𝑘=0

𝜃−1

𝑗=0

[
1

4𝛽4𝛼2
(
𝑗

2
+
𝑘

2
+ 1)]

5

4

⌈(
5

4
))

2

                    (14) 

3.2. Central moments:  

The central moments or the so-called moments about the arithmetic mean and their formula given as follows: 

𝐸(𝑥 − 𝜇)𝑟 = ∫ (𝑥 − 𝜇)𝑟𝜃
𝑥3

𝛽4𝛼2
𝑒
−

𝑥4

4𝛽4𝛼2(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1(1 − 𝑒
−

𝑥4

8𝛽4𝛼2)𝜃−1𝑑𝑥
∞

0

                  (15) 

And the same way 
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(𝑥 − 𝜇)𝑟 =∑(
𝑟

𝑖
) (−1)𝑟𝜇𝑟

𝑟

𝑖=1

𝑥𝑟−𝑖                                                                                                        (16) 

𝐸(𝑥 − 𝜇)𝑟 =
𝜃

4𝛽4𝛼2
∑ ∑ (

2

𝑖
) (
𝜃 − 1

𝑘
) (
𝜃 − 1

𝑗
) (−1)2+𝑘𝜇2

𝜃−1

𝑘,𝑗=0

⌈(
𝑟 − 𝑖 + 4

4
)  [

1

4𝛽4𝛼2
(
𝑗

2
+
𝑘

2
+ 1)]

𝑟−𝑖+4

4

𝑟

𝑖=1

 (17) 

r=1,2,3,4,.,.,……, 

3.3. COEFFICIENTS OF VARIATION (CV) 

C. V =
σ

μ
 × 100 

C. V

=
√

𝜽

𝟒𝜷𝟒𝜶𝟐
∑ (𝜽−𝟏

𝒌
)

⌈(𝜽)

⌈(𝜽−𝒋) 𝒋!
(−𝟏)𝒌𝜽−𝟏

𝒋,𝒌=𝟎 [
𝟏

𝟒𝜷𝟒𝜶𝟐
(
𝒋

𝟐
+

𝒌

𝟐
+ 𝟏)]

𝟔

𝟒 ⌈(
𝟔

𝟒
) − [

𝜽

𝟒𝜷𝟒𝜶𝟐
∑ (𝜽−𝟏

𝒌
)

⌈(𝜽)

⌈(𝜽−𝒋) 𝒋!
(−𝟏)𝒌𝜽−𝟏

𝒋,𝒌=𝟎 [
𝟏

𝟒𝜷𝟒𝜶𝟐
(
𝒋

𝟐
+

𝒌

𝟐
+ 𝟏)]

𝟓

𝟒 ⌈(
𝟓

𝟒
)]𝟐

𝜽

𝟒𝜷𝟒𝜶𝟐
∑ (𝜽−𝟏

𝒌
)

⌈(𝜽)

⌈(𝜽−𝒋) 𝒋!
(−𝟏)𝒌𝜽−𝟏

𝒋,𝒌=𝟎 [
𝟏

𝟒𝜷𝟒𝜶𝟐
(
𝒋

𝟐
+

𝒌

𝟐
+ 𝟏)]

𝟓

𝟒 ⌈(
𝟓

𝟒
)

 

× 100 (19) 

3.4. COEFFICIENT OF SKEWEDNESS (C.S) 

C. S =  
E(x − μ)3

σ3
 

C. S =

𝜃

4𝛽4𝛼2
∑ ∑ (𝜃−1

𝑘
)

⌈(𝜃)

⌈(𝜃−𝑗) 𝑗!
(−1)𝑘𝜃−1

𝑘=0
𝜃−1
𝑗=0 [

1

4𝛽4𝛼2
(
𝑗

2
+

𝑘

2
+ 1)]

7

4 ⌈(
7

4
)

(
𝜃

4𝛽4𝛼2
∑ ∑ (𝜃−1

𝑘
)

⌈(𝜃)

⌈(𝜃−𝑗) 𝑗!
(−1)𝑘𝜃−1

𝑘=0
𝜃−1
𝑗=0 [

1

4𝛽4𝛼2
(
𝑗

2
+

𝑘

2
+ 1)]

6

4 ⌈(
6

4
))

3

2

                         (18) 

3.5. COEFFICIENT OF KURTOSIS (KS)  

K. S =  
E(x − μ)4

σ4
 

K. S =  

𝜃

4𝛽4𝛼2
∑ ∑ (𝜃−1

𝑘
)

⌈(𝜃)

⌈(𝜃−𝑗) 𝑗!
(−1)𝑘𝜃−1

𝑘=0
𝜃−1
𝑗=0 [

1

4𝛽4𝛼2
(
𝑗

2
+

𝑘

2
+ 1)]2⌈2

(
𝜃

4𝛽4𝛼2
∑ ∑ (𝜃−1

𝑘
)

⌈(𝜃)

⌈(𝜃−𝑗) 𝑗!
(−1)𝑘𝜃−1

𝑘=0
𝜃−1
𝑗=0 [

1

4𝛽4𝛼2
(
𝑗

2
+

𝑘

2
+ 1)]

6

4 ⌈(
6

4
))
2 − 3                (19) 

4. Estimation 

4.1. Maximum likelihood method 

(𝑥1, 𝑥2, 𝑥3, …… . , 𝑥𝑛 , 𝛼, 𝛽, 𝜃) =∏𝑓(𝑥𝑖 , 𝛼, 𝛽, 𝜃)                                                                           (20)

𝑛

𝑖=1

 

𝑳 =∏𝑓(𝑥𝑖 , 𝜃, 𝛽, 𝛼) =∏𝜃
𝑥𝑖
3

𝛽4𝛼2
𝑒
−

𝑥𝑖
4

4𝛽4𝛼2(1 − 𝑒
−

𝑥𝑖
4

8𝛽4𝛼2)𝜃−1(1 + 𝑒
−

𝑥𝑖
4

8𝛽4𝛼2)𝜃−1
𝑛

𝑖=1

𝑛

𝑖=1

(21) 

𝑙𝑛𝐿 = 𝑛 𝑙𝑛 𝜃 − 4𝑛 𝑙𝑛 𝛽 − 2𝑛 𝑙𝑛 𝛼 + 3𝑛∑𝑙𝑛𝑥𝑖

𝑛

𝑖=1

−
∑ 𝑥𝑖

4𝑛
𝑖=1

4𝛽4𝛼2
+ (𝜃 − 1) 𝑙𝑛 (1 − 𝑒

−
∑ 𝑥𝑖

4𝑛
𝑖=1
4𝛽4𝛼2 )                (22) 

By partially differentiating equation (22) for the parameter (𝛼, 𝛽, 𝜃,) and setting it equal to zero, we get 

𝜕𝑙𝑛𝐿

𝜕𝜃
=
𝑛

𝜃
+ 𝑙𝑛 (1 − 𝑒

−
∑ 𝑥𝑖

4𝑛
𝑖=1
4𝛽4𝛼2 ) = 0 

�̂� = −
𝑛

𝑙𝑛 (1 − 𝑒
−
∑ 𝑥𝑖

4𝑛
𝑖=1
4𝛽4𝛼2 )

(23) 

�̂� =
√∑ 𝑥𝑖

4𝑛
𝑖=1 − (𝜃 − 1)∑ 𝑥𝑖

4𝑛
𝑖=1 (1 − 𝑒

−
∑ 𝑥𝑖

4𝑛
𝑖=1
4𝛽4𝛼2 )

4𝑛𝛼2

4

(24) 
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�̂� =
√
∑ 𝑥𝑖

4𝑛
𝑖=1 − (𝜃 − 1)∑ 𝑥𝑖

4 (1 − 𝑒
−
∑ 𝑥𝑖

4𝑛
𝑖=1
4𝛽4𝛼2 )𝑛

𝑖=1

4𝑛𝛽4
(25) 

4.2. Least‑Squares and Weighted Least‑Squares Methods 

Weighted Least Squares (WLS) method differs from Ordinary Least Squares (OLS) method by having weight (wi).The 

general formula for the weighted least squares is give as follows: 

𝑄 =∑𝑤𝑖 (𝐹(𝑥𝑘) −
𝑘

𝑚 + 1
)
2𝑚

𝑘=1

(26) 

Where 𝑤𝑖 = 1 for LSE and 𝑤𝑖 = 
(�̅�+1)2(�̅�+2)

𝑖(�̅�−𝑖+1)
  for WLSE with respect to α,β and 𝜃 furthermore, 

by resolving the nonlinear equations follow: 

𝜕𝑄

𝜕𝜃
= 2∑𝑤𝑘 [𝐹(𝑥𝑘) −

𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [
𝜕𝐹(𝑥𝑘)

𝜕𝜃
] = 0                                                                      (27) 

∑
(�̅� + 1)2(�̅� + 2)

𝑖(�̅� − 𝑖 + 1)
[(1 − 𝑒

−
𝑥4

4𝛽4𝛼2)𝜃 −
𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [(1 − 𝑒
−

𝑥4

4𝛽4𝛼2)𝜃 ln(1 − 𝑒
−

𝑥4

4𝛽4𝛼2)] = 0  (28) 

𝜕𝑄

𝜕𝛽
= 2∑𝑤𝑘 [𝐹(𝑥𝑘) −

𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [
𝜕𝐹(𝑥𝑘)

𝜕𝛽
] = 0                                                                                     (29) 

∑
(�̅� + 1)2(�̅� + 2)

𝑖(�̅� − 𝑖 + 1)
[(1 − 𝑒

−
𝑥4

4𝛽4𝛼2)𝜃 −
𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [
𝜃𝑥4𝑒

−
𝑥4

4𝛽4𝛼2(1 − 𝑒
−

𝑥4

4𝛽4𝛼2)𝜃−1

𝛽5𝛼2
] = 0      (30) 

𝜕𝑄

𝜕𝛼
= 2∑𝑤𝑘 [𝐹(𝑥𝑘) −

𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [
𝜕𝐹(𝑥𝑘)

𝜕𝛼
] = 0                                                                                      (31) 

∑
(�̅� + 1)2(�̅� + 2)

𝑖(�̅� − 𝑖 + 1)
[(1 − 𝑒

−
𝑥4

4𝛽4𝛼2)𝜃 −
𝑘

𝑚 + 1
)

𝑚

𝑘=1

 ] [
𝜃𝑥4𝑒

−
𝑥4

4𝛽4𝛼2(1 − 𝑒
−

𝑥4

4𝛽4𝛼2)𝜃−1

2𝛽4𝛼3
]  = 0                  (32) 

After we solve the nonlinear equations (28,30,32) using the programMathmatica, we get estimated values for the 

parameters(𝛼, 𝛽, 𝜃) of the proposed distribution (TLG-RR). 

4.3. Shrinkage Technique 

This method summarizes that when there are two estimators for the parameters of the proposed model from two 

different methods, we can in this method form a third estimator that is a linear combination of the two known 

estimators. If we assume that (�̂�1,�̂�1,�̂�1)the estimators of the greatest possibility method, and (�̂�2,�̂�2,�̂�2)are weighted 

least squares estimators, the new estimators that are a mixture of the above estimators and can be symbolized by the 

symbol(�̂�𝑚,�̂�𝑚,�̂�𝑚).The new estimate byShrinkage Techniquegive as follows: 

�̂�𝑚 = P�̂�1 + (1 − 𝑃)�̂�2                                                                                                                    (33) 

Similar others parameter (β̂m,α̂m). Moreover,in this method we will solve numerical equations using the program to 

gate the value estimates(�̂�𝑚,�̂�𝑚,�̂�𝑚)of (TLG-RR) distribution. 

5. Simulation  

In this section, we will the details of simulation experiments is presented in terms of taking the real values 

Of the parameters α,𝛽 and 𝜃 the generated sample sizes, and replicating them through the followingStages: 

1. We take sample size (n=25, 50, 100 and 200) and replicate sample (N=1000). 

2. We take several values for the parameters (α,𝛽 and 𝜃), as shown in Table No. (1) 

Table No. (1) Default values for parameters and suggested models 

Table No. (1) 
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MODLE Θ β α 

1 1.5 1.5 1.5 

2 1.5 1.5 3 

3 1.5 4 1.5 

 

3. At this point, we are generating random data using Mathematica version 12.2 software. 

Then we find the estimators and reliability function, finding the criterion 𝑀𝑆𝐸. Table No. (2) It shows the real values of 

the reliability function and its estimators, the mean squared error (MSE) and the ranks for all the estimation methods 

used for the first model and according to the assumed sample sizes. 

Mse �̂�. 𝑺𝒉𝒓 Mse �̂�.𝑾𝒍𝒔 Mse �̂�.𝑴𝒍𝒆 𝑹.𝑹𝒆𝒂𝒍 ti n 

0.0003944

05 

0.0002013

66 

0.0003037

86 

0.0005275

15 

0.0006395

12 

0.0005575

04 

0.0005627

04 

0.0001470

42 

0.0003418

91 

0.0003035

62 

0.9402

01 

0.8622

86 

0.8279

43 

0.7644

19 

0.7354

16 

0.4583

84 

0.4217

94 

0.2583

15 

0.2431

63 

0.0162

85 

0.002048 

0.004198

68 

0.004919

45 

0.005916

4 

0.006240

71 

0.006604

31 

0.006417

34 

0.005057

64 

0.004877

31 

0.003704

32 

0.9256

65 

0.8473

39 

0.8137

71 

0.7522

33 

0.7242

62 

0.4581

3 

0.4230

45 

0.2663

38 

0.2517

9 

0.1743

45 

0.001283

8 

0.003232

5 

0.004014

7 

0.005259 

0.005729

5 

0.007182

2 

0.007020 

0.005399

6 

0.005168

6 

0.003689

5 

0.9393

07 

0.8640

95 

0.8305

13 

0.7676

78 

0.7387

15 

0.4574

02 

0.4201

27 

0.2552

2 

0.2401

39 

0.1609

77 

0.9421

87 

0.8667

74 

0.8334

55 

0.7716

82 

0.7434

13 

0.4709

34 

0.4345

49 

0.2704

41 

0.2550

75 

0.1730

33 

1.648

15 

1.926

4 

2.013

23 

2.148

54 

2.203

23 

2.637

28 

2.691

27 

2.950

32 

2.977

31 

3.138

28 

 

 

 

25 

0.0003979 

1 

0.004998 

3 

0.004798 

2 

IMSE 

Rank of method 

Mse �̂�. 𝑆ℎ𝑟 Mse �̂�.𝑊𝑙𝑠 Mse �̂�. 𝑀𝑙𝑒 𝑹. 𝑅𝑒𝑎𝑙 ti n 

5.56542E-

05 

0.0001771

12 

0.0002329

92 

0.0003299

24 

0.0003695

18 

0.0005191

99 

0.0005045

24 

0.9496

47 

0.8800

82 

0.8487

19 

0.7898

46 

0.7626

35 

0.4937

2 

0.4570

11 

0.000714

672 

0.001527

46 

0.001800

63 

0.002186

39 

0.002319

39 

0.002913

87 

0.002947

34 

0.9360

94 

0.8622

14 

0.8300

96 

0.7708

31 

0.7437

62 

0.4821

04 

0.4469

12 

0.000576

262 

0.001385

74 

0.001679

33 

0.002104

73 

0.002251

46 

0.002756

53 

0.002757

58 

0.9416

98 

0.8692

6 

0.8371

41 

0.7772

65 

0.7497

21 

0.4806

27 

0.4443

49 

0.9421

87 

0.8667

74 

0.8334

55 

0.7716

82 

0.7434

13 

0.4709

34 

0.4345

49 

1.648

15 

1.926

4 

2.013

23 

2.148

54 

2.203

23 

2.637

28 

2.691

27 

 

 

 

50 
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0.0003498

05 

0.0003292

73 

0.0002095

93 

0.2891

44 

0.2732

21 

0.1875

1 

0.002853

86 

0.002807

81 

0.002370

19 

0.2868

25 

0.2716

76 

0.1900

19 

0.002511

05 

0.002452

75 

0.001974

72 

0.2801

62 

0.2647

44 

0.1822

29 

0.2704

41 

0.2550

75 

0.1730

33 

2.950

32 

2.977

31 

3.138

28 

0.000308 

1 

0.002244 

3 

0.002045 

2 

IMSE 

Rank of method 

Mse �̂�. 𝑆ℎ𝑟 Mse �̂�.𝑊𝑙𝑠 Mse �̂�. 𝑀𝑙𝑒 𝑹. 𝑅𝑒𝑎𝑙 ti n 

5.46633E-

06 

0.0000182

91 

2.45002E-

05 

3.57549E-

05 

4.05621E-

05 

6.36765E-

05 

6.27782E-

05 

4.66402E-

05 

4.42135E-

05 

2.93202E-

05 

0.9445

25 

0.8710

5 

0.8384

05 

0.7776

62 

0.7497

81 

0.4789

14 

0.4424

73 

0.2772

71 

0.2617

24 

0.1784

48 

0.000356

274 

0.000781

485 

0.000921

582 

0.001113

4 

0.001176

69 

0.001366

49 

0.001358

05 

0.001190

35 

0.001158

22 

0.000913

412 

0.9396

92 

0.8648

84 

0.8319

93 

0.7710

69 

0.7431

9 

0.4740

12 

0.4379

86 

0.2751

73 

0.2598

9 

0.1780

95 

0.000262

863 

0.000591

857 

0.000704

453 

0.000866

615 

0.000924

089 

0.001166

87 

0.001166

69 

0.001020

59 

0.000990

245 

0.000763

882 

0.9414

42 

0.8669

21 

0.8339

92 

0.7728

67 

0.7448

58 

0.4739

76 

0.4377

12 

0.2739

51 

0.2585

98 

0.1765

26 

0.9421

87 

0.8667

74 

0.8334

55 

0.7716

82 

0.7434

13 

0.4709

34 

0.4345

49 

0.2704

41 

0.2550

75 

0.1730

33 

1.648

15 

1.926

4 

2.013

23 

2.148

54 

2.203

23 

2.637

28 

2.691

27 

2.950

32 

2.977

31 

3.138

28 

 

 

 

10

0 

3.71E-05 

1 

0.001034 

3 

0.000846 

2 

IMSE 

Rank of method 

Mse �̂�. 𝑆ℎ𝑟 Mse �̂�.𝑊𝑙𝑠 Mse �̂�. 𝑀𝑙𝑒 𝑹. 𝑅𝑒𝑎𝑙 ti n 

1.25733E-

07 

2.53542E-

07 

2.79232E-

07 

2.85713E-

07 

2.74817E-

07 

4.4056E-

08 

2.39587E-

08 

6.2259E-

09 

9.46188E-

09 

3.03743E-

08 

0.9425

42 

0.8672

77 

0.8339

84 

0.7722

17 

0.7439

37 

0.4711

44 

0.4347

04 

0.2703

62 

0.2549

78 

0.1728

59 

0.000135

813 

0.000309

888 

0.000368

549 

0.000451

213 

0.000479

802 

0.000601

822 

0.000604

251 

0.000546

236 

0.000532

116 

0.000419

174 

0.9403

85 

0.8646

61 

0.8313

41 

0.7696

67 

0.7414

72 

0.4702

05 

0.4340

27 

0.2709

23 

0.2556

51 

0.1740

85 

0.000123

638 

0.000291

481 

0.000350

277 

0.000434

935 

0.000464

443 

0.000562

044 

0.000556

591 

0.000467

538 

0.000452

157 

0.000342

849 

0.9411 

0.8655

15 

0.8321

77 

0.7704

01 

0.7421

38 

0.4699

2 

0.4336

05 

0.2699

66 

0.2546

57 

0.1729

63 

0.9421

87 

0.8667

74 

0.8334

55 

0.7716

82 

0.7434

13 

0.4709

34 

0.4345

49 

0.2704

41 

0.2550

75 

0.1730

33 

1.648

15 

1.926

4 

2.013

23 

2.148

54 

2.203

23 

2.637

28 

2.691

27 

2.950

32 

2.977

31 

3.138

28 
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Table No. 

(2) 

 

6. Application 

This section of the application includes the real (real) data obtained by the researcher from the National Card 

Department in Karbala, which represents the working times of the printers until they stopped working for the period 

(2016) to (2021), see Table No. (2) in order to apply it in the form The proposed probability of estimating the reliability 

function, the following table No. (3) Represents the values offor the test criteria (AIC, AICc, BIC)  the quality criteria 

of fit for the Rayleigh distribution and the proposed distribution (TL G-RR). And the table No. (3) Shows the values of 

the goodness of fit criteria for choosing the best distribution. 

Table No. (3) 

 

 

 

7. C

onclus

ions 

 

1. Based on the foregoing, we can conclude from the simulation results and from the tables (2), that the shrinkage 

method is the best method in the process of estimating the reliability function at all sample sizes with respect to the 

proposed probability distribution (TLG-RR), as it has the partial and total rank. First and lowest percentage of total 

ranks. 

2. We note from Table (3) above that the proposed distribution (TLG-RR), has a lower value for the test criteria 

(AIC, AICc, BIC) than the original distribution (Rayleigh Rayleigh), and thus the proposed distribution (TLG-RR), is 

the best distribution in representing the data of the research sample. 

Availability of real data 

Table (4) represents real data for the study sample, representing the period of operation of the printer until its failure, in 

years, drawn from the National Card Department in Karbala 

Table (4) 

1.5 2 2.4 3.1 3.3 3.5 3.6 3.8 3.9 4.4 

1.5 2.1 2.5 3.2 3.4 3.5 3.6 3.8 3.9 4.4 

1.5 2.1 2.6 3.2 3.4 3.5 3.6 3.8 4 4.5 

1.5 2.2 2.7 3.2 3.4 3.5 3.6 3.8 4 4.6 

1.6 2.3 2.7 3.2 3.4 3.5 3.7 3.8 4.1 4.6 

1.7 2.3 2.8 3.3 3.4 3.5 3.7 3.8 4.1 4.6 

1.8 2.3 2.9 3.3 3.4 3.6 3.8 3.8 4.1 4.6 

1.9 2.3 3 3.3 3.4 3.6 3.8 3.8 4.2 4.7 

1.9 2.4 3 3.3 3.4 3.6 3.8 3.8 4.3 4.7 

2 2.4 3.1 3.3 3.4 3.6 3.8 3.8 4.3 4.7 

please visit: https://www.nid-moi.gov.iq.com. 

1.33E-07 

1 

0.000445 

3 

0.000405 

2 

IMSE 

Rank of method 

14 312 28 Overall Rank  

distribution Parameter estimation AIC AICc BIC 

 
α β θ 

TL G-RR 1.68 1.54 1.336 205.313 205.563 213.128 

Rayleigh 

Rayleigh 

1.51096 1.4367 - 208.003 208.127 213.214 

https://www.hindawi.com/research.data/#statement
http://www.nid-moi.gov.iq.com/
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