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Toric ideals to hierarchical models are invariant under the action of a product of symmetric groups. Taking the
number of factors, say, m, into account, we introduce and study invariant filtrations and their equivariant Hilbert
series. We present a condition that guarantees that the equivariant Hilbert series is a rational function
in m—+1 variables with rational coefficients. Furthermore we give explicit formulas for the rational functions with
coefficients in a number field and an algorithm for determining the rational functions with rational coef-ficients. A
key is to construct finite automata that recognize languages corresponding to invariant filtrations.

1. Introduction

Hierarchical models are used in algebraic statistics to determine dependencies among random variables;
see, e.g., [17]. Such a model is determined by a simplicial complex and the number of states each random
variable can take. The Markov basis to any hierarchical model corresponds to a generating set of an
associated toric ideal; see [3]. This toric ideal is rather symmetric; that is, it is invariant under the action
of a product of symmetric groups. The number of minimal generators of the toric ideals grows rapidly
when the number of states of the considered random variables increases. However, the independent set
theorem (see Theorem 2.4) shows that the symmetry can be leveraged to describe, for a fixed simplicial
complex, simultaneously the generating sets and thus Markov bases for all numbers of states of the
random variables. The conceptional proof of this result by Hillar and Sullivant [7] introduces the notion
of an Syo-invariant filtration. Informally, this is a sequence ( ),y 0of compatible ideals /,, in polynomial
rings R, whose number of variables increases with n and where each I, is invariant under the action of a
symmetric group that permutes the variables of R,,. To such a filtration, the second author and Romer [14]
introduced an equivariant Hilbert series in order to analyze simultaneously quantitative properties of the
ideals in the filtration. Itis a formal power series in two variables and they showed thatitis rational with
rational coefficients [ 14, Theorem 7.8].

The variables occurring in the elements of a toric ideal to a hierarchical model can naturally be grouped
into m sets of variables, where m is the number of random variables. Permuting the variables in any
one of these groups gives a group action that leaves the ideal invariant. This suggests the introduction
of an Sso-invariant filtration (see Definition 2.2). Form =1 it specializes to the fil trations mentioned
above. Every See-invariant filtration n aturally gives rise to an e quivariant H ilbert s eries d efined as a
formal power series in m+-1 variables (see Definition 3 .1). Our main result gives a condition guaranteeing
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that this power series is a rational function in m + 1 variables with rational coefficients (see Theorem 3.5).
Furthermore, we present two methods to determine this rational function. One approach is more special
and produces an explicit rational function, but with coefficients in a suitable extension field of the rational
numbers (see Proposition 5.4). The other approach is much more general and gives directly a formula
for the rational function with rational coefficients. It determines the equivariant Hilbert series as the
generating function of a regular language (see Section 5).

The remaining part of this paper is organized as follows. In Section 2, we discuss the symmetry of toric
ideals to hierarchical models and introduce &7 -invariant filtrations. Their equivariant Hilbert series in
m+1 variables are studied in Section 3. Our main result about such Hilbert series is stated as Theorem 3.5.
We reduce its proof to a special case in that section, but postpone the argument for the special case to the
following section. In Section 4 we use regular languages and finite automata to establish the special case.
The idea is to encode the monomials that determine the Hilbert series by a language. We then construct
a deterministic finite automaton that recognizes this language. Thus, the language is regular. Using a
suitable weight function we then show that the corresponding generating function of the language is
essentially the desired Hilbert series. Since generating functions of regular languages are rational, this
completes the argument of our main result. Furthermore, using the finite automaton that describes a
regular language, there is an algorithm that determines the generating function of the language explicitly
as a rational function with rational coefficients. This is explained and illustrated in Section 5. We also
describe in that section a more limited direct approach that gives an explicit formula for the rational
function, but with coefficients in a number field.

2. Symmetry and filtrations

After reviewing needed concepts and notation we introduce S} -invariant filtrations in this section.

Throughout this paper we use N to denote the set of positive integers and Ny to denote the set of
nonnegative integers. For any g € N, we set [g] = {1, 2, ..., g}, and so [0] = @. We use #T to denote
the number of elements in a finite set 7.

A hierarchical model M = M(A, r) with m parameters is given by a collection A ={Fy, F>, ..., F;}
of nonempty subsets F; C [m] with | iclq) F; =[m] and a vector r = (r1, r2, ..., ry) € N". Each parameter
corresponds to a random variable, and r; denotes the number of values parameter i can take. We refer to r as
the vector of states. Every set F; indicates a dependency among the parameters corresponding to its vertices.
Thus, we may assume that no Fj is contained in some F; with i # j and refer to the sets Fj as facets.

Diaconis and Sturmfels [3] pioneered the use of algebraic methods in order to study statistical models.
We need some notation. For any subset F' = {i{, i, ..., is} C [m], we write

rp = (ril’ Tigs e nns ris) eN* and [rr] = [I’il] X [r,-z] X oo X [I’is] c N°.

In particular, [rp,1] = [r] C N™. Given a field K and a hierarchical model M = M(r, A), consider the ring

homomorphism
®pp: R =K[x; | i € [r]] —> Sp=Klyji, | Fj € A ig €lrp]l,

Xj —> 1_[ Vi -
FieA
22
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The kernel of this homomorphism, denoted by 14, is called the toric ideal to the hierarchical model M.
We also refer to R, /I, as the coordinate ring of the model M.

In the simplest cases explicit sets of generators of such ideals are known. We use the standard partial
order <on Z° givenby i = (iy,...,i5) <j=1,.--, o) if i1t < j1,...,is < js. lf g =1 then ®q is
an isomorphism, and so I, is zero.

Example 2.1. Let g =2;1i.e., A ={Fy, F»}.

(i) Suppose first that F; and F, are disjoint. Possibly permuting the positions of the entries of a vector
i €[r]=I[rrur], we write x; FpoiRy instead of x;. This corresponds to a bijection [rrur,] = [rF ] X [rF,].
Using this notation, a generating set of 14 is (see, e.g., [2; 3])

GM(r, {F1, F2)) = (Xigy iy Xi, iy, = Xig iy, Xl ipy | TR < iy, €lrrl ip, <ip €lrpl).

In the special case, where m =2 and, say, F| = {1}, F> = {2}, this set becomes

IA

. ./ . ./
i X — XX | L <0 <0y <, 1< i) <),

which is the set of 2 x 2 minors of a generic r; X rp matrix with entries x;, ;,. The image of the map ® 4
in this case is known in algebraic geometry as the coordinate ring of the Segre product P"1~! x Pr2~1
whose homogeneous ideal is 7.

(i) Consider now the general case, where F| and F; are not necessarily disjoint. Note that [m] is the
disjoint union of F| \ F», F> \ F1 and F; N F,. Thus, possibly permuting the positions of the entries
of i € [r] as above, We WIIte Xi, \p, ir,nr,.iry 10T Xi- Fixing a vector ¢ € [rpnp,], we define a set
G (M(rpmp\FinF» 11\ F2, F2\ F1})) whose elements are

Yir\ryir\py xi}l\Fz’c’i}z\Fl o xi/Fl\Fz’cvin\ﬂ xiF1\Fz""i}2\Fl ’
where
i <1 elr ] and i <, elr ]
FI\F, FI\F, FI\F, P\ Fy F>\F) ISAVARE
The collection

GM(r, {Fi, F})) = U G Mrpm\rink, {F1\ Fa, F2\ F1}))
c€lrp np,l
is a generating set for the ideal I (F,, Fy)); see [4; 8].

Even in the simple cases of Example 2.1, the number of minimal generators of a toric ideal 14 is large
if the entries of r are large. However, many of these generators have similar shape. This can be made
precise using symmetry.

Indeed, denote by S, the symmetric group in n letters. Set S;) = S, X Sy, X -+ x S, . This group
acts on the polynomial ring R, by permuting the indices of its variables, that is,

(O1, oy Om) * Xi = X(01(i1), 0,0 i) -

It is well known that toric ideals have minimal generating sets consisting of binomials. Thus, the definition
of the homomorphism ®  in (2-1) implies that the ideal I, is Sjyj-invariant, thatis, o - f € Ix4 whenever
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o € Sir)and f € . In some cases, this invariance can be used to obtain all minimal generators of /4
from a subset by using symmetry. For example, in the special case m = g =2, F; = {1}, F, = {2}, with
ri, rp > 2, the set G(M(r, {F1, F»})) can be obtained from

X1,1X2,2 — X1,2X2,1

using the action of S;, xS,,. Note that this is true for every vector r = (r1, r2). There is a vast generalization
of this observation using the concept of an invariant filtration.

The symmetric group S, is naturally embedded into S,4; as the stabilizer of {n 4 1}. Using this
construction componentwise, we get an embedding of Sj,; into Sp if r < r'. Set

st=|J S
reNm
Definition 2.2. An S” -invariant filtration is a family (I, ),en» of ideals I, C R, such that every ideal I,
is Spy)-invariant and, as subsets of R,,

Sy Ir C Iy whenever r <r'.

Note that fixing A, the ideals (Iaq(a r)) reNm form an S7. -invariant filtration. It is useful to extend these
ideas.

Remark 2.3. Let T be any nonempty subset of [m]. For vectors r € N, we want to fix the entries in
positions supported at 7, but vary the other entries. To this end write (r(,,\7, 7) instead of r.

Fix a vector ¢ € N"\*T_ Let I, C R, be an S” -invariant filtration. Restricting S, and its action to
components supported at 7, we get an ng—invariant filtration of ideals I, = I, C Ry, withrr € N#T.

Note that this idea applies to the ideals a4 ) With fixed A. We can now state the mentioned extension
of the example given above Definition 2.2. It is called independent set theorem and has been established
by Hillar and Sullivant in [7, Theorem 4.7]; see also [5].

Theorem 2.4. Fix A and consider a subset T C [m] such that #(F; NT) < 1 for every j € [q]. Assume
the number of states of every parameter j € [m]\ T is fixed, and consider the hierarchical models
M(A, rr) = M(A, (¢, rr)), where ¢ € N1 Then the ideals Iznqa rp) form an Sgg-invariantﬁltmtion
IA rnr = UM(a.rp))rpenit that is, there is some d € N*T such that Sirp1 - Inm(a.ay generates in R r,
the ideal 1rq(a r;) whenever rr > d.

In other words, this result says that a generating set of the ideal /x¢a ) can be obtained from a fixed
finite minimal generating set of /aq(a (¢,d)) by applying suitable permutations whenever the number of
states of every parameter in [m]\ T is large enough.

Theorem 2.4 is not true without an assumption on the set 7'; see [7, Example 4.3].

Remark 2.5. An S -invariant filtration can also be described using a categorical framework. Indeed, if
m = 1 this approach has been used in [15] to study also sequences of modules by using the category FI,
whose objects are finite sets and whose morphisms are injections. This approach can be extended to any
m > 1 using the category FI"" (see, e.g., [12] in the case of modules over a fixed ring). For conceptional
simplicity we prefer to use invariant filtrations in this paper.
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3. Equivariant Hilbert series

In order to study asymptotic properties of ideals in an Syo-invariant filtration, an equivariant Hilbert series
was introduced in [14]. Here we study an extension of this concept for S -invariant filtrations.

We begin by recalling some basic facts. Let / be a homogeneous ideal in a polynomial ring R in
finitely many variables over some field K. We will always assume that any variable has degree 1. Thus,
R/I =P j=olR/I1j is a standard graded [K-algebra. Its Hilbert series is the formal power series

HR/]([) = ZdimK[R/l]jlj.
j=0
By Hilbert’s theorem (see, e.g., [1, Corollary 4.1.8]), it is rational and can be uniquely written as

g()

HR/I(t) = 1- t)dirnR/I K

with g(¢) € Z[t] and g(1) > 0, unless / = R. The number g(1) is called the degree of I.

Definition 3.1. The equivariant Hilbert series of an S} -invariant filtration .# = (1) ,en» of ideals I, C R,
is the formal power series in variables si, ..., Sy, ¢

equivH,, (51, ... Sm. 1) = Y Hg,y1, (1) s} -+ sp

reNm

= 2 Do dimulRe /I s st

reN” j>0

If m =1, that is, .# is an Sy-invariant filtration, the Hilbert series of .# is always rational by [14,
Theorem 7.8] or [11, Theorem 4.3]. For m > 1, one can also consider another formal power series by
focusing on components whose degree is on the diagonal of N™. This gives

r>1
It is open whether this formal power series is rational if m > 2, even if the ideals are trivial.

Example 3.2. Let m = 2 and consider the filtration .# = (I,), where every ideal I, is zero. Since the
ring R, r,) has dimension rir2, one obtains

: 1 1-n"
equivH (51,520 = ) Heyy ) 05757 = 3 m-s?s%z[—”m*]'

(rl,r2)6N2 (rl,rz)ENz ri>1

We do not know if this is a rational function in sy, s, and . However, if one considers the more standard
Hilbert series with r = r; = r;, one gets

1
SH =Y
r>0 n>1 (=0

This is not a rational function because the sequence (1/(1 —¢)" ),en does not satisfy a finite linear
recurrence relation with coefficients in Q(z).
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For the remainder of this section we restrict ourselves to considering ideals of hierarchical models
M(A,r). As pointed out in Remark 2.3, for any subset T # & of [m], these ideals give rise to
S*T _invariant filtrations. To study their equivariant Hilbert series, it is convenient to simplify notation.
We may assume that T = {m —#T + 1, ..., m} and fix the entries of r in positions supported on [m]\ T’;
that is, we fix c € N #T and set n = (ny, ..., ny_sr) = rr for r € N to obtain r = (¢, n). We write
M(A, n) instead of M(A, (¢, n)) and denote the resulting S”~*7 -invariant filtration (Ixq(a n))penm—#7
bY ZA rir» @ in the independent set theorem. Its equivariant Hilbert series is

equiVHJA’r[m]\T (S1,82, ...,847,1) = Z HR(c,n)/IM(A,n) (1) - S;ll v S;;T.
neN#T

The independent set theorem (Theorem 2.4) guarantees stabilization of the filtration. This suggests the
following problem.
Question 3.3. If T C [m] satisfies #(F NT) <1 for every facet F of A, is the equivariant Hilbert series
Of I vy rational?

The answer is affirmative if T consists of exactly one element.
Proposition 3.4. If #T = 1, then the equivariant Hilbert series of I y,,, is rational.
Proof. The assumption means T = {m} and r = (¢, n) with ¢ € N"landneN. Setc=c;---cp_; and
fix a bijection

Vilel=lal x - x[ep-1] = [c].
For every n € N, it induces a ring isomorphism

Rienmy =Klxij | (i, j) €le]l x [n]] — Klxi,; | G, j) €[] x [n]] = R,
xi,j [ xw(i),j.

This isomorphism maps every ideal /() corresponding to the model M (A, (¢, n)) onto an S,-invariant
ideal I,. In particular, the rings R »)/Irma,ny and R}, /1, have the same Hilbert series and the family
(I)nen 18 an Syo-invariant filtration. Thus, its equivariant Hilbert series is rational by [14, Theorem 7.8]
or [11, Theorem 4.3]. U

Our main result in this section describes further cases in which the answer to Question 3.3 is affirmative.
Theorem 3.5. The equivariant Hilbert series of I y,,,, s a rational function with rational coefficients if
(1) F;N\F; = for any distinct F;, F; € A, and
) |[FNT|<1forany F € A.
This results applies in particular to the independence model, where it takes an attractive form.

Example 3.6. A hierarchical model describing m independent parameters is called independence model.
Its collection of facets is A = {{1}, {2}, ..., {m}}. Thus, we may apply Theorem 3.5 with any subset T
of [m]. Using T = [m], we show in Example 5.5 below that

equivH (51020 s S D) = D HRyflyginm (0) 5] - s = S
"JAvr[m]\T ’ ’ ) 2 = n/ M(A,n) 1 m (1 _ sl) . (1 _ Sm) —t
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The proof of Theorem 3.5 will be given in two steps. First we show that it is enough to prove the result
in a special case where every facet consists of two elements. Second, we use regular languages to show
the desired rationality in the following section.

In the remainder of this section we establish the reduction step.

Lemma 3.7. Consider a collection A = {Fy, ..., F;} on vertex set [m] and a subset T of [m] satisfying
() FNF; =3 forany F;, F; € A, and
) |[FNT|=1 forany F € A.

Then there is a collection N' = {F/, ..., F ‘;} on vertex set [m'] consisting of two element facets and also
satisfying conditions (1) and (2) with the property that for every ¢ € N #T there is some ¢/ € N —#T
such that the filtrations corresponding to the models M(A, (¢, n)) and M(A', (¢, n)) with n € N*T have
the same equivariant Hilbert series.

Proof. The assumptions imply that 7 must have ¢ elements. We may assume that every facet in A has at
least two elements. Indeed, if F € A has only one element then we may replace F by the union F’ of F
and a new vertex. Assigning to the parameter corresponding to the new vertex exactly one possible state
gives a new model whose coordinate ring has the same Hilbert series as the original model.

Given such a hierarchical model M, = M(A, (¢, n)) on vertex set [m], we will construct a new
hierarchical model M, = M(A’, (¢/, n)) on m" = 2q vertices that has the same Hilbert series. The new
vertex set is the disjoint union of the g vertices in F; NT with j € [¢] and a set V of g other vertices, say
V =Iq]. For j € [q], set F; ={j}U(F; NT). Thus, the sets F; are pairwise disjoint because Fi, ..., Fy
have this property, and each Fj/ has exactly two elements. In particular, A" = {Fj, ..., F/} and T satisfy
conditions (1) and (2).

Now let c;. =[1,c FAT Ce = #[cr,\r] be the number of states of the parameter corresponding to the
vertex j € Fj/ . Furthermore, for every j € [¢q], let the parameter corresponding to the vertex Fj/ N T have
the same number of states as F; N T has in M,,. This completes the definition of a new hierarchical model
M, = M(A', (¢/, n)). The passage from M, to M, is illustrated in the example below:

/ / /
1 ¢ c3 ci=cica ¢, =1 c3=c3

[ ]
ni ny ns n) ny ns

A =1{124,5,36}, r =(ci,ca2,c3,n1,n2,n3) —> A '={14,25,36}, r' =(c}, 1, ¢4, ny, na, n3).

Varying n € N9, the ideals I ¢, form an SZ.-invariant filtration. Thus, to establish the assertion it is
enough to prove that for every n € N, the quotient rings R, /I, and Ry, /I, are isomorphic.
For every F; € A, the sets [ernr] and [c;.] have the same finite cardinality. Choose a bijection

yjlepr] — [,
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These choices determine two further bijections
(W1, - Yg, idm) s lepn1] X -+ - X [ep\ 7] X [0] —> [e]] x - x [¢) ] x [n], (3-1)
(¥}, 1)) : [epaT] X [1] —> [€}] x [n)]. (3-2)
Bijection (3-1) induces the isomorphism of polynomial rings
Wi Ry = KIxXip o ing ok | EFAT € [T K € [0]] —> Klxiy, ik |ij € [¢)], k € [n]] = R,
Xip\rseensi ok 7 XY G5 ee Wg g 1) K
Similarly, bijection (3-2) induces the isomorphism of polynomial rings
VS, = K[yj,ipj\r,kj |1 <j=<gq,ir\r €lcr\rl k; € [njl]
— Klyjih; 11 =j < q.ij €lejl kj €njll =S,
Yiirprkj 7 YjwiGrnr).k;
We claim that the following diagram is commutative:

[
R(c,n) HM Sn

o l : (3-3)

Dy

R, —— S,
Indeed, it suffices to check this for variables. In this case commutativity is shown by the following diagram:

al It
N
A ITUAVORSRVA(FRVON - ? l_[jzl MRZTORYONS

Since W and W’ are isomorphisms, the commutativity of diagram (3-3) implies that im(®) = im(®’),
which concludes the proof. O

We also need the following result.

Proposition 3.8. Let .7 = {I,}nene be the S& -invariant filtration corresponding to hierarchical models

M(A, (¢, n)) with A consisting of q 2-element disjoint facets Fy, ..., F,, each meeting T in exactly
one vertex. Then the equivariant Hilbert series of .7 is a rational function in sy, .. ., s4, t with rational
coefficients.

This will be shown in the following section. Assuming the result, we complete the argument for
establishing Theorem 3.5.

Proof of Theorem 3.5. Let v be the number of facets in A whose intersection with 7" is empty. We use
induction on v > 0. If v =0, the claimed rationality follows by combining Lemma 3.7 and Proposition 3.8.

Let v > 1. We may assume that F| N7 = @ and that vertex 1 is in F;. By assumption, it has c; states. Set
n=ny,n), c=I(c,...,csr)and T=T U{1}. Then the hierarchical models /\71(A, (¢, n)) giverise to a
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filtration .7 = I 7+ BY induction on v, it has a rational equivariant Hilbert series. By definition, it is

equivH 7(s1, 52, ..., Sg—vt1, 1) = Z syt equivH (s, ..., Sgovg1, ).
ni>1
Hence equivH , is obtained by evaluating (1/c;!)(3°! equivH 7 /ds{") at s; = 0. It follows that also
equivH , is rational. |

4. Regular languages

The goal of this section is to establish Proposition 3.8. We adopt its notation.

Fix ¢ € N9. As above, we write x; j for Xioosig okt voniky where (i,k) = (i1,...,ig, ki,...,ky) €
[¢] x [n] € N24. Thus, Yiir, kr, is simply y; ;. x;- For any n € N7, the homomorphism associated to the
model M, = M(A, (¢, n)) is

®p Ry =WKxi | (0, k) € [e] x [n]] — Klyji;x; | ] €1ql, ij €lcjl, kj € [nj]]= Sy,
q
Xik > l—[ Yijijki-

j=1
Set

q

A, = im o, = K[l_[ Yijij.k; ij € [Cj], kj < [nj]j|.
j=1

We denote the sets of monomials in A, and S,, by Mon(A,) and Mon(S,,), respectively. Define Mon(A)

as the disjoint union of the sets Mon(A,) with n € N7 and similarly define Mon(S), where § = K[y, ;; « |

J €lql, ij €lc;], k € N]. Our next goal is to show that the elements of Mon(A) are in bijection to the

words of a suitable formal language.

Consider a set

T ={¢, 1;lielel, jelgl}

with g + ]_[3{:1 cj elements. Let ¥* be the free monoid on X. A formal language with words in the
alphabet ¥ is a subset of X* We refer to the elements of X as letters. The empty word is denoted by «¢.
In order to compare subsets of £* with Mon(A) we need suitable maps. For j € [¢], define a shift

operator 7; : Mon(S) — Mon(S) by
ekl 1=,
ik ifL# ],
extended multiplicatively to Mon(S). Define a map m : ¥* — Mon(S) inductively using the three rules
(a) m(e) =1,

(b) m(giw) =T1j_, yji;amw),

(¢) m(tjw) =Tj(m(w)),

Ti(yix) = {

where w € ¥*. In particular, this gives m(;) = ®,(x; 1) for any n € N9, where 1 is the g-tuple whose
entries are all equal to 1.
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Example 4.1. If c; =c; =g =2, o0ne has ¥ ={¢1,1, {12, £2.1, 2.2, T1, T2}, and, for any n > (2, 3),

m (1172612081171 = Ti(Ta(y11.1y2.21T2(01,1,1¥2.1.1T1(1))))
=Ti(T2(y1,1,1¥2,2,191,1,1¥2,1,2))
= Y1,1,2Y2,2,2Y1,1,2¥2,1,3
= Dp(x(1,2),2.2) Pn(x(1,1).2.3))-

The map m is certainly not injective because the variables y; ; x commute. For example, if ¢ =2 one has

m(t172) = m(t271) and m($2,1812) = m($1282,1) = m($1,162,2) and m(t18121280,1) = m(118227281,1).
Thus, we introduce a suitable subset of X*

Definition 4.2. Let £ be the set of words in X* that satisfy the following conditions:
(1) Every substring 7;7; hasi < j.

(2) In every substring with no t;, if ¢; occurs to the left of some ¢/, then the j-th entry of i is less than
or equal to the j-th entry of i’.

To avoid triple subscripts below, we denote the j-th entry of a g-tuple k; by k( j; that is, we write

ki = (kq.1y, ka2, - kag) € N7,

. .. . . a, . . . .
Using multi-indices, we write t¢ for ‘L'l“ ! tgz ...74" witha = (a1, as, ..., a,). A string consisting only of

t-letters can be written as t¥ if and only if it satisfies condition (1) in Definition 4.2. With this notation,
one gets immediately the following explicit description of the words in L.

Lemma 4.3. The elements of the formal language L are precisely the words of the form
rh &, rkzg‘,-z . tk"gidrkd“,

where iy, ..., ig €lc], ki,...,kq+1 € Ng, and iq_1 )y <1iq,j whenever k jy = 0 for some (I, j) with
2<l<dandj€lql

The following elementary observation is useful.

Lemma 4.4. Every monomial in Mon(A) can be uniquely written as a string of variables such that one
has the variable in any position | is of the form y; ;. x, with j =1 mod q and, for each j € [q], if a

variable y; ;. x; appears to the left ofyj’,-}’k.ri, then either k; < k;. ork;= k;. andij < l;

Proof. If for some j, two variables y;;; x; and y;, ik, appearing in a monomial do not satisfy the stated
condition, then swap their positions. Repeating this step as long as needed results in a string meeting
the requirement. It is unique, because the given condition induces an order on the variables y; ; x with
fixed j. In the desired string, for each fixed j, the variables y; ; ; occur in this order when one reads the

string from left to right. U

We illustrate the above argument.
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Example 4.5. Let g = 2. To simplify notation write y;; instead of y; ; and zj; instead of y; ;. Then
one gets, for example,

I Y22¥14Y31 y31y22)14 -

V22221 Y14211Y31221 V31211Y22221Y14221-
221211321 — 2113221221

We observed above that the map m sends each letter {; to the monomial ®,(x; 1). It follows that
m(X*) is a subset of Mon(A). In fact, one has the following result.

Proposition 4.6. For any n € Ng, denote by L, the set of words in L in which, for each j € [q], the
letter T; occurs precisely n; times. Then m induces for every n € Ng a bijection

my: Ly, — Mon(Apy1), wi— m(w).

Proof. The definition of m readily implies m(w) € Mon(A,+1) if w € L,,.
First we show that m,, is surjective. Let m € Mon(A,+1) be any monomial. Its degree is dg for some
d € No. By Lemma 4.4, m can be written as

d q d
o =T1(TTosct0, ) =TT ateia)
I=1 Vj=1 I=1

such that, for each j € [¢], one has

I=kajp=-=kap=n+1

i(l—l,j) < i(l’j) if k(l,j) =0 for some /.

The first condition implies that all the g-tuples k; — 1, ko —ky, ..., kg —ks—1 and n +1—k, are in Ng )
Hence the string
w = .L-klflé.il .L.kZ*kl é‘iz L. -L—kd*kdfl é_id_[n+1,kd

is defined. The two conditions together combined with Lemma 4.3 show that in fact m is in £,. Hence
m(w) = m proves the claimed surjectivity.

Second, we establish that m,, is injective. Consider any two words w, w’ € £, with m(w) = m(w’).
We will show w = w'".

Write w and w’ as in Lemma 4.3:

’ / ! k/
w=rhg Ty, g e =gy ey e

Since m(w) has degree dg and m(w’) has degree d’q, we conclude d = d’. Evaluating m we obtain

d q d q
l—[ (l_[ )’j,i(z,_/)sfa,j)) = 1_[ (1_[ yj,i{,’_n,f(’,‘j))a 4-1)
1 \j=1 e=1 \j=1

=
where fu,jy =ka.j+---+kaj+1and f ;) =k ;) +---+ky ;) + 1. Fixany j € [¢]. Comparing the
third indices of the variables whose first index equals j and using that every index is nonnegative, we get
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for each [ € [d]
k& otk =ko kg g

It follows that k; = k; for each [ € [d]. Since w and w’ are in £,,, we have kg1 =n— (ki +ko+- - - +kg)

and an analogous equation for k;__, which gives kg1 =k}, ;.

It remains to show i; =i l’ for every [ € [d]. Fix any j € [g]. If for some [ there is only one variable of
the form yj ., £, ;, With w € [¢;] that divides m(w), this implies i¢ j) =i{ ;, = 11, as desired. Otherwise,
there is a maximal interval of consecutive indices k(_ ;) that are equal to zero; that is, there are integers

a,bsuchthat ] <a <b<d and
e kg,jy=0ifa <l <b,
e k(a—1,j) > 0, unless a =1, and
o kip+1,j) > 0, unless b =d.

Thus, the number of variables of the form y; , , ., that divide m(w) isb—a+2ifa>2andb—a+1
if @ = 1. Considering these variables, Lemma 4.3 gives

. . . ./ ./ ./
la-1.j) Slaj) = Siwy) and iy ) Sig ) < Sl ),

where i(,—1, ;) and iéa_l ;) are omitted if @ = 1. Using (4-1), it now follows that i ;) = iEl ) whenever
a—1<I[<b,unless a=1. If a =1, the latter equality is true whenever a <[ < b.
Applying the latter argument to any interval of consecutive zero indices k, ), we conclude i jy =i fl P

for every [ € [d]. This completes the argument. (Il

Our next goal is to show that £ is a regular language. By [10, Theorems 3.4 and 3.7], this is equivalent
to proving that £ is recognizable by a finite automaton. Recall that a deterministic finite automaton on
an alphabet X is a 5-tuple A = (P, X, 68, po, F) consisting of a finite set P of states, an initial state
po € P, aset F C P of accepting states and a transition map 6 : D — P, where D is some subset of
P x X. We refer to A simply as a finite automaton because we will consider only deterministic automata.
The automaton A recognizes or accepts a word w = ajay - - -a, € &* if there is a sequence of states
ro, 1, - . ., s satisfying ro = pg, rs € F and

riz1=26(rj,ajy1) whenever0<j <s.

In words, the automaton starts in state po and transitions from state r; to a state r;; based on the
input a;41. The word w is accepted if r, is an accepting state. If 6(p, a) is not defined the machine halts.
The automaton A recognizes a formal language £ C ¥* if L is precisely the set of words in X* that are
accepted by A.

Returning to the formal language £ specified in Definition 4.2, we are ready to show:

Proposition 4.7. The language L is recognized by a finite automaton.

Proof. We need some further notation. We say that a sequence C of [ > 0 integers ji, jo, ..., j; is an
increasing chain in [q] if 1 < j; < jo <--- < j; < q. Define max(C) as the largest element j; of C. We
put max (&) = 0. We denote the set of increasing chains in [¢g] by C. Thus, the cardinality of C is 29. We
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write j € C if j occurs in the chain C. For any k € N, we define the sequence of indices j with k ;>0
as its support Supp(k). It is an element of C. For example, one has Supp(7, 0, 1, 5,0) = (1, 3, 4).
Now we define an automaton A as follows: Let

P =A{pj, pi.pick|0=j=q,iclc], CeC, keC}
be the set of states, where py is the initial state of A. Let
F={pj,pi, pick|0=j=gq,i€lc], CeC, k=max(C)}

be the set of accepting states. Furthermore, define transitions

S(pj.tp)=py ifj=0<j <qorl=<j<j <q, 4-2)
8(pj, &i) = pi if0<j=<gq,ieclcl (4-3)
8(pi,tj)=pic,; ifielc],Cel, jeC, 4-4)
§(pi, Sir) = pir ifi,i'ele], i <7, (4-5)
8(pi.c,j»w) =pick ifiele], Cel, jeC, kdirectly follows jin C or k = j, (4-6)
8(pi.c.j. tir) = pir ifi, i’ € [¢], j = max(C), iy <i, whenever k ¢ C. 4-7

If an element of P x ¥ does not satisfy any of the above six conditions then it is not in the domain of §.

We claim that A recognizes £. Indeed, let w € X* be a word with exactly d > 0 ¢-letters. We show by
induction on d that w is recognized by A if w € £, but any word in £* \ £ is not accepted by .A. It turns
out that w € L is accepted

e at a state p; forsome 0 < j <gqifd =0,
e at a state p; for some i € [c] if d > 1 and w ends with a ¢-letter, and
e at a state p; c,j forsome i € [c], C €C, j =max(C) if d > 1 and w ends with a t-letter.

In particular, this explains the set of accepting states.

Consider any word w € £* with exactly d > 0 ¢-letters. Assume d =0, that is, w = 7,7, - - - 7;,. By
transition rule (4-2), A transitions from state pg to any state p; with j € [g] using input 7;. From any p;
with j € [¢] the automaton can transition to any state p; with j < j* < ¢ by using input ;. Thus, w is
accepted by A if and only if [} <l <--- <[, thatis, w € L (see Lemma 4.3).

Assume now that d > 1. We proceed in several steps.

(I) Assume d = 1 and w ends with a ¢-letter, that is,
w=71,7, 17,8

for some ¢ > 0. The argument for d = 0 shows that 7;, 7, - - - 7;, is accepted if and only if it can be written
as some ¥, Processing input ¥, the automaton arrives at state pj with j =max(Supp(k)). Using input ¢;,
it then transitions to p; € F by rule (4-3). Hence w is accepted if and only if w € L.

(IT) Let d > 1 and assume w ends with a t-letter, that is, w can be written as
w= w/{i‘L’[l‘L’lz Cee Ty,
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with 7 > 1. Furthermore assume that w’¢; is accepted by A in state p;. We show that w is accepted by A
if and only if w = w'¢; ¥ for some k € Ng. If w is recognized, it is accepted in state p; ¢ max(c), Where
C = Supp(k).

Indeed, let C € C be the chain corresponding to the set {/i, ..., [;}. Processing input 7;,, rule (4-3)
yields that A transitions to state p; c,. If t = 1, then /; = max(C) and w is accepted in p; c;, € F, as
claimed. If > 2, rule (4-6) shows that A can transition from p; ¢, using input 7;, precisely if [ > [;. If
transition is possible, A gets to state p; ¢ ;,. Hence rule (4-6) guarantees that 7;, 7;, - - - 7;, can be processed
by A if and only if 7,7, - - - 7, = T¥ for some nonzero k € Ng. In this case w = w'¢; T¥ is accepted by A
in state p;, ¢ max(c), where C = Supp(k).

(III) Assume now w € X* ends with a ¢-letter; that is, w is of the form
w=w'rt,T, 7,8,

where w’ € L is either empty or ends with a ¢-letter and t > 0. We show by induction on d > 1 that w is
recognized by A if and only if w € L. In this case, w is accepted in a state p;.

Indeed, if d = 1, i.e., w’ is the empty word, this has been shown in step (I). If d > 2 write w’ = w” ;.
If w’ is not accepted by A, then neither is w. Furthermore, the induction hypothesis gives w’ ¢ £, which
implies w ¢ L.

If w' = w”¢; is recognized by A the induction hypothesis yields w’ € £ and w’ is accepted in state p;.
Step (IT) shows that w”¢;7;, 7y, - - - 7, is accepted by A if and only if it can be written as w”¢; t* for some
k e N!, and so

w=w"¢th.
We consider two cases.

Case I: Suppose k is zero, i.e., Supp(k) = @. Thus, A accepts w”¢; € L in state p;y. Using input ¢;,
rule (4-5) shows that A does not halt in p; if and only if i’ <i. By Lemma 4.3, this is equivalent to
w = w"¢i¢; € L. Furthermore, if w is in £ it is accepted in state p;, as claimed.

Case 2: Suppose Supp(k) # @. Set C = Supp(k). By step (II), w”¢; ¥ is accepted in state pi',c,j> Where
j =max(C). Hence rule (4-7) gives that input ¢; can be processed if and only if i; <i; whenever [ ¢ C.
By Lemma 4.3, this is equivalent to w = w” ¢ t¥¢; € £. Moreover, if w is recognized it is accepted in
state p;, as claimed.

(IV) By steps (I) and (II) it remains to consider the case where w ends with a t-letter, i.e., w =
w'¢it, T, - - - 1, with r > 1. By step (III), w’¢; is recognized by A if and only if w’¢; € £. Furthermore,
if w'¢; € L then it is accepted in state p;. Hence, the assumption in step (II) is satisfied and we conclude
that w is accepted if and only if w = w’¢; T*. The latter is equivalent to w'¢;T* € £ because w’'¢; is in L.
This completes the argument. O

Remark 4.8. Any finite automaton A = (P, X, §, po, F) can be represented by a labeled directed graph
whose vertex set is the set of states P. Accepting states are indicated by double circles. There is an edge
from vertex p to vertex p’ if there is a transition §(p, a) = p’. In that case, the edge is labeled by all
a € X such that §(p, a) = p'.
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73

Figure 1. The automaton for ¢ = (1,1, 1) and T = [3].

We illustrate the automata constructed in Proposition 4.7 using such a graphical representation.

Example 4.9. Let A be the automaton constructed in Proposition 4.7 if ¢ =3 and ¢ = (1, 1, 1). Note the
only elementin [c]is 1= (1, 1, 1). To simplify notation, we write ¢ for £; 1,1 and pq for p(1,1,1). We denote
the nonempty increasing chains in the interval [3] by C; ={1}, C, ={2}, C3={3}, C4=(1, 2}, Cs={1, 3},
Ce=1{2, 3}, C7={1, 2, 3} and write p; ; instead of pq c, ;. Using this notation, the constructed automaton
A is represented by the graph in Figure 1.

Remark 4.10. The automaton constructed in Proposition 4.7 is often not the smallest automaton that
recognizes the language £. Using the minimization technique described in [10, Theorem 4.26], one can
obtain an automaton with fewer states that also recognizes £. For example, if ¢ = (1, 1, 1), this produces
an automaton with only four states, shown in Figure 2.

In order to relate a language £ on an alphabet X to a Hilbert series we need a suitable weight function.
Let T = K[sy, ..., s¢] be a polynomial ring in k variables and denote by Mon(7") the set of monomials
in T. A weight function is a monoid homomorphism p : X* — Mon(7T') such that p(w) = 1 only if w is
the empty word. The corresponding generating function is a formal power series in variables sy, . . ., Sk:

P (st s =Y p(w).

weL
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BRPAX

Figure 2. The reduced automaton for ¢ = (1, 1, 1) and 7 = [3].

We will use the following result; see, e.g., [9] or [16, Theorem 4.7.2].

Theorem 4.11. If p is any weight function on a regular language L then P , is a rational function in

@(S], ey Sk).
We are ready to establish the ingredient of the proof of Theorem 3.5 whose proof we had postponed.

Proof of Proposition 3.8. Since I, = ker ®,, and @, is a homomorphism of degree g, we get R, /I, = A,
and, foreach d € Z,

dimy[Ry/Inla = dimy[An]ag-

Recall that the algebra A,, is generated by monomials. Hence, every graded component has a K-basis
consisting of monomials. It follows that dimy[A,]s; = #Mon([A,]sy). Therefore we get for the
equivariant Hilbert series of the filtration .#

equivH (51, ..., 84, 1) = Z Z#Mon([A,,]dq) s
neN? d>0
where s =7 .5, if n = (n1,...,n,).

Consider now the language £ described in Definition 4.2. Define a weight function p : ¥* —
Mon(K[s1, ..., 54, t]) by p(t;) =s; and p(¢;) =1 for i € [c]. Thus, for w € £, one obtains p(w) = st
if d is the number of ¢-letters occurring in w and n; is the number of appearances of 7; in w. Hence
Proposition 4.6 gives that the number of words w € £, with p(w) = s™t? is precisely #Mon([A,41]aq)-
Since L is the disjoint union of all £,, it follows

518 -equivH ,(s1, ..., 84, 1) = Z Z p(w) = Pr ,(s1,...,54,1). (4-8)
neNg weﬁ,,
As the right-hand side is rational by Theorem 4.11, the claim follows. ([l

Remark 4.12. The method of proof for Theorem 3.5 is rather general and can also be used in other
situations. An easy generalization is obtained as follows. Fix (ay, ..., a,) € N9. For n € N, consider the
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homomorphism

By 1 Ry = Klxix | (k) € [e] x [n]] —> Klyjix, | j € gl ij € lej] k; € [nj1] = Sa,

q
. 4
Yik > 1_[ Yjijk;o
Jj=1

and set

q
A, =im®, = K|:l_[ yj,jij,kj ij € [Cj], kj € [i’lj]:|a

- ~ j=I
I, =ker ®,,.

Then .# = {in}neNq also is an SZ -invariant filtration whose equivariant Hilbert series is rational. Indeed,
this follows using the language £ as above with the following modifications. In the definition of
the map m change rule (b) to m({;w) = ]_[31.:1 y?,jl.j’lﬁi(wz, but keep rules (a) and (c) to obtain a
map m : X* — Mon(S). It induces bijections £, — Mon(A,+1) as in Proposition 4.6. Observe that
[Rn/in]d = [An]da, where a = aj +- - - +a,. Thus, using the same weight function p as above, we obtain
51+ 8g-equivH (51, ..., 84,1) = Pz p(s1,...,54,1).

A systematic study of substantial generalizations will be presented in [13].

5. Explicit formulas

We provide explicit formulas for the Hilbert series of hierarchical models considered in Theorem 3.5.
It is useful to begin by discussing Segre products more generally. To this end we temporarily use some
new notation.

Lemma 5.1. Let A=Klay,...,a;] C Rand B=K[by, ..., b;] C S be subalgebras of polynomial rings
R=K[xq,...,xn]and S =Klyy, ..., yu] that are generated by monomials a, . .., as of degree d| and
monomials by, . .., b; of degree d,, respectively. Let C be the subalgebra of K[X1, ..., Xm, Y1, .+ Ynl
that is generated by all monomials a;b; with i € [s] and j € [t]. Using the gradings induced from the
corresponding polynomials rings one has, forall k € Z,

dimy[Clid, +d») = dimy[Alq, - dimy[Blia,-

Proof. This follows from the fact that the nontrivial degree components of the algebras A, B, C have
K-bases generated by monomials in the respective algebra generators of suitable degrees. O

It is customary to consider the algebras occurring in Lemma 5.1 as standard graded algebras that are
generated in degree 1 by redefining their grading. In the new gradings, the degree k elements of A are
elements that have degree kd;, considered as polynomials in R, and similarly the degree-k elements
of C have degree k(d| + d») when considered as elements of IK[x1, ..., X, V1, ..., yu]. Using this new
grading, the statement in the above lemma reads

dimK[C]d = dimK[A]d . dimK[B]d. (5—1)
This justifies calling C the Segre product of the algebras A and B. We denote it by A X B.
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Iterating the above construction we get the following consequence.

Corollary 5.2. Let Ay, ..., Ay be subalgebras of polynomial rings and assume every A; is generated
by finitely many monomials of degree d;. Regrade such that every A; is an algebra that is generated in

degree 1. Then one has
k

dimg[A| K- - K Ap]y = HdimK[A,-]d.

i=1

We need an elementary observation.

Lemma 5.3. Let w € C be a primitive k-th root of unity. If

o0

fO=> cut"

n=0
is a formal power series in t with complex coefficients, then

o0

S cnx = O+ f@n +-+ @)

n=0
Proof. Using geometric sums one gets, for every n € Ny,

< .., [k ifk dividesn,
Y (@)= .
0 otherwise.

The claim follows. ]

Proposition 5.4. Fix any g € N and let .7 be the S -invariant filtration considered in Proposition 3.8.
For j €[q), let w; be a c-th primitive root of unity. Then the equivariant Hilbert series of . is

1 my 1/ci w’”qsl/cq

Z U T B
my 1

1 /c :
a Cq mi€let],....mg€leq] (1 _a)Tlsl/Cl) T (1 — Wq Sq q) —1

equivH /(sq, ..., 54, 1) =

Proof. By definition of the map ® 4, its image is isomorphic to the Segre product of polynomial rings

of dimension c;n; with j =1, ..., q. Hence Corollary 5.2 gives for the equivariant Hilbert series
—1 d—1
equivH](sl,”"sq,t)z Z (C]l’ll-;d )...(anqjl' >s1111 ...Sthd

d>0,neN¢

q

cinj+d—1\ »;
=SS (] @

d=0 " j=15n;eN

For any integer d > 0, one computes

ST = () =

neN neNy
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Combined with Lemma 5.3 and using a c-th primitive root of unity @ € C, we obtain, for any integer ¢ > 0,

C()msl/c

cn+d—1\ , 1
Z( d )s ¢ Z (1 — @mgl/cyd+1"

neN me]c]

Applying the last formula to the inner sums in (5-2) we get

m /¢

q ng.
equiVHy(Sl,---’sq’t):Z{l_[[1 — i|}td

Cj (1 — s/ )]

d>0"j=1
my 1/ci my 1/¢q
-y 1 { 3 wy Sy L @ % d
Cl1---C _omy d/ciyg4 mg 1/cq\ g1
a=0 ! 4 Creter),omyeteg 1= @1 '8777) (I —wq"sq" ")
my 1/ci mg 1/cq
B 1 W s g Sy
Cl1-+-C _my /e _mg 1/cq . ’
! 9 mieler),..., mg€lcy] (1 w8 ) (1 Wy Sq )—t
as claimed. |

By Theorem 3.5, the above formula for the equivariant Hilbert series can be rewritten as a rational
function with rational coefficients.
Example 5.5. (i) Let ¢; =--- = ¢, = 1. Then Proposition 5.4 gives
S1...8¢
(I=s)-(I=s)—1

By the argument at the beginning of the proof of Lemma 3.7, this model has the same equivariant Hilbert

eqUiVHﬂ<sl’s2’ O ,Sq, t) =

series as the corresponding independence model (see Example 3.6).

(i1) Let ¢ = ¢ = ¢ = 2. Then Proposition 5.4 yields

512 - No
(=5 — s —1 (= s+ /52) — 1

- 5152 . 5152

A+ s —s)—t A+ s+ Js2)— 1

4.equivH , (51, 52, 1) =

Now a straightforward computation gives

s5152(s152 — 51 — 53 — %)

7 ,

equivH ; (s1, 82, 1) =

where
[ =s152(51 —2) (52— 2) +51(51 — 2) + 52052 — 2) — 2% (5152 + 51 + 82) — 4t (5152 — 51 — 82) + (1 — )*.

There is an alternative method to determine the equivariant Hilbert series whose rationality is guaranteed
by Proposition 3.8. It directly produces a rational function with rational coefficients. This approach
applies to any equivariant Hilbert series that is equal to the generating function P , determined by a
weight function p on a regular language £. Indeed, let A = (P, X, §, po, F) be a finite automaton that
recognizes L. Suppose P has N elements po, ..., py—1. For every letter a € X define a 0-1 matrix M 4 4
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of size N x N. Its entry at position (i, j) is 1 precisely if there is a transition 6 (p;, a) = p;. Let e; € K" be
the canonical basis vector corresponding to state p; ;. Letu =) pieF € € KV be the sum of the basis
vectors corresponding to the accepting states. Then, for any word w = w - - - wgy with w; € X, one has

1 if A accepts w

T ;

u M LA e =

A Awnl {0 if A rejects w.

Let p : ¥* — Mon(K[sy, ..., s¢]) be a weight function. Thus, p(wiw;) = p(wy) - p(wy) for any
wi, wy € X* It follows (see, e.g, [16, Section 4.7])

Pr (1,80 =Y p(w)

weL

= Z Z u' (p(wi - w)Maw, - Asw)er

d -1
=) u (Z p(a)MA,a> e1= uT(idN - p(a)MA,a) .

acx

Thus, the generating function P. ,(s1, ..., si) is rational with rational coefficients and can be explicitly
computed from the automaton A using linear algebra.

In the proof of Proposition 3.8, we showed (see (4-8)) that the equivariant Hilbert series of a considered
filtration is, up to a degree shift, equal to a generating function. Hence, the above approach can be used to
compute directly this Hilbert series as a rational function with rational coefficients. We implemented the re-
sulting algorithm in Macaulay2 [6]. It is available at http://www.sites.google.com/view/aidamaraj/research.

Example 5.6. In Proposition 3.8, consider the case where ¢ = (1, 1,...,1) € N9 The automaton
constructed in Proposition 4.7 can be reduced to one with only ¢ + 1 states (see Remark 4.10 if g = 3),
shown in Figure 3.

Figure 3. The reduced automaton for ¢c = (1,...,1) and T = [q].
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Hence, listing p; as the last state, we obtain for the equivariant Hilbert series of the filtration .7

-1
equivH (s, ..., 854, 1) = 5152+ 54 u’ (iqu — Zp(a)MA,w) el

acx
- -1
1—s 0 0 0 0 —51
T —52 1-— 2 0 Ce 0 0 —82
! 1 0 0 !
—s —s —s —s
1 3 3 3 3 0
=S5152 - -Sq . .
i —Sg—1 —Sg—1 —Sq—1 =521 0 —s4- 0
—Sq =S¢ S —sg 1=s4 =34
T e S -t 1-t ]
Sl “ e sq

(I=s1) (I —sp) —1’
where the first column of the inverse matrix can be determined using suitable minors. Of course, the
result is the same as in Example 5.5.
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