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ABSTRACT

Ranking of fuzzy numbers is one of the important studies in the development of fuzzy set theory and decision making process.
Wang and Lee [1] while highlighting the drawback of the method - ranking fuzzy numbers with an area between the centroid
point and origin point method, proposed by Chu and Tsao [2000] presented a revised method. In this paper these two methods
are compared with another method RANFUW: RANking EUzzy Weights proposed by Anand Raj [12] where a maximizing
set, minimizing set and total utility concepts were proposed for the ranking of fuzzy numbers. For the comparative study the
fuzzy numbers used by Chu and Tsao were considered. In addition, ranking of some special types of fuzzy numbers are also
tried to compare the results. From this study, it is observed that RANFUW method is as simple as the other methods. It gives
better results in both normalized and non-normalized fuzzy numbers without checking further the intermediate steps or
requirements as required in the other methods.
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Introduction

Different methods of fuzzy ranking have been proposed by many authors in the last three decades. A method of maximizing
set is being proposed by Jain [5] for ordering the alternatives. Bass and Kwakernaak [6] proposed the concept of membership
level. Baldwin and Guild [7] pointed out some drawbacks of comparing the alternatives and have presented some difficulties
with above two methods. Bortlan and Degani [8] studied and presented some alternative methods of ranking of fuzzy numbers.
Fuzzy multiple attribute decision making was discussed by Chen and Hwang [9]. Wang and Kerre discussed about the
classification and dependencies of ordering methods [10]. Anand Raj and Nagesh Kumar [12] presented a method of ranking
alternatives with fuzzy weights using maximizing and minimizing sets. They employed ranking multiple alternatives in
multicriterion environment employing multiple experts’ opinions using fuzzy numbers and linguistic variables. A detailed
discussion of the drawbacks of the earlier methods was presented by Anand Raj [3] while justifying the advantages of the
method proposed. The method was successfully applied to multicriterion river basin planning alternatives [3, 4]. Chu and Tsao
[2] proposed method of ranking fuzzy numbers with an area between the centroid point and origin point. Wang and Lee [1]
proposed the revised method of fuzzy ranking pointing out some drawbacks of above method proposed by Chu and Tsao [2].
A. Nagoor Gani, V.N. Mohamed[13] solved a fuzzy assignment problem by using a new ranking method which transforms
crisp assignment problem in the linear programming problem form. Phani Bushan and Rao Peddia [14] proposes a novel
approach of ranking fuzzy numbers using defuzzification which comprises of maximizing and minimizing set on the triangular
fuzzy numbers from generalized trapezoidal fuzzy numbers. Nasseri et al., [15] demonstrated that the method proposed by Rao
and Shankar[16] failed to rank effectively the generalized fuzzy number. Saini et al. [17] proposed new parametric entropy in
a cut/(a, B) cut based distance measures and implemented for various conceivable estimations of parameters.

In this paper, it is proposed to study the comparison of two methods namely, revised method of Chu and Tsao as presented by
Wang and Lee [1] and RANFUW and discusses the merits and demerits of these methods with some examples.
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The later part of this paper is organized in four sections. Next section gives the definitions of fuzzy numbers and their
membership functions. Second section briefly describes the methods of ranking fuzzy numbers - RANFUW and Wang and Lee
method. The third section presents the comparison of the two methods with the fuzzy numbers provided by Chu and Tsao [2].

The forth section gives the conclusions of the present study.

Definitions

Definition 1: Let F denote a universal set. Then the membership function pa(x) by which a fuzzy set A is defined has the form

Ha(X): F— [0, 1] 1)
Where [0, 1] denotes the interval of real numbers between 0 to 1, both inclusive.
Definition 2: A fuzzy subset A of Universal set F is normal iff

SUPxer MA(X) = 1 (2)
Where ‘sup’ is a supreme value.

Definition 3: A real fuzzy number described by 4 is a fuzzy subset of the real line R represented as
a=(a/p, v/5) 3)

where a, f, v, 6 are the real numbers and are the parameters of the fuzzy number a.
Alsoa <B<y<d € L(1,2...L), where L is the scale of preference structure to be used by the experts.

Definition 4:
Let the membership function W (x) of the fuzzy number & be given by

i) a continuous mapping from R to a closed interval [0, v], 0 <v <1;

i) constant (zero) on (oo, a]: Ma (X) = 0 for x when -0 <x <0

iii) strictly increasing in the interval [a, B];

iv) a constant (V) in the interval [B, v]: pa (X) = Vv for x when B <x <v;

V) strictly decreasing in the interval [y, 3]; and

Vi) a constant (zero) in the interval [J, o): ps (x) =0 for x when § < X <co

We call fuzzy number with such membership function a generalized triangular fuzzy number with trapezoidal membership

function. This membership function can be represented as

(0 Xx<a
v(x-a) / (B-a) a<x <P
Ha (X) = v p<x<y (4)
< VEx) /() y<X<S
0 X >8

For triangular fuzzy nun@ber B =y. The membership function pzof the generalized fuzzy number is described by

Ha"(X) a<x<p
Ma = Vv B=<x<y (5)
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Ha"(X) y<x<3
0 otherwise

The graphical representation of the membership function of a fuzzy number is shown in Figure 1.

FIGURE 1

A BRIEF REVIEW OF THE METHODS:

RANFUW

Problem

To rank m alternatives (Ai; i=1, 2, ..., m) by a Decision Maker (DM) with the help of information supplied by n experts (E;;

j=1,2, ..., n) about the alternatives for each of k criteria (Cx; k=1, 2, ..., K) and also the relative importance of each criteria
with respect to some overall objective.

Let éi‘; be the fuzzy number assigned to alternatives A; by an expert E; for criteria Cy and let ij be the fuzzy number assigned

to criteria Cy by expert E;j. Then fuzzy numbers, a subset of F, are described by
5k k kK k[ ok x
qQ; = (aij /ﬁij 1 Vi /é‘ij) and Cy = (gkj /é/kj’nkj /ekj) (6)

where a < f<y<oand e<{<np<BOe L (1,2,..,L).
Let pai(x) and pck(X) be the membership function of 55 and ij respectively. Then the membership function can be defined

as in definition 4 from above section.
All this data can be summed up in following matrices

E: Ex... En
A;
Uai(X) = 515 eL (7a)
Rk = .
Anm
E: Ex... En
C:
Cz
R= . Hek(X) = Gy € L (7h)
Ck

Fuzzy weights K J

Given the data of R and Ry, the DM computes the fuzzy weights (Wi; i =1, 2, ..., m) of all the alternatives using
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Wi = (1/ KL)O [(miz ny) @ (mizl] n2) @...(mi[0 n)] (8)
Where
Mk =1/n0 [ ®a,®...a] and fik=1/nl [c,Dc,,D..C,] 9)

@ represents fuzzy addition, [ represents fuzzy multiplication. Mik and fk are simply the row averages of the matrices in
Egs. (7a) and (7b) respectively. The following equations are defined for this purpose.

aik:Zai?/nand 8k=28kj /n wherej=1,2,..,n (10)

Similar expression can be written for £, , ¥y, Oy, Gy, 7 and 6, . Then the fuzzy weight Wi can be described as

Wi = (e, [Lig, Li2]/ Bi, il 6,[Ui,Ui2]) , (11)

Where

ai=Y e KL, Bi=> BLIKL,  yi=>nn KL, 85i=>56/KL (122
k=12, .., K

L”:Z(ﬁik_aik)(;k_gk)/KLv Liz:zgk(ﬁik_aik)+aik(§k_gk)/KL (12b)

Uil:z(éik_yik)(gk_nk)/KL' Uiz:_zek(é}k_7ik)+5ik(9k_77k)/K|— (12c)

k=12, .., K

The membership function pwi(x) of Wi is given by

/0 X < aj,
-Lia2Lis + {(Liz/2Lir)? + (X-0i/Lin) }¥2  0i < X < Lizy? + Ligy + o,
Pwi(X) = o Lizy? + Ligy + ai < X < Uiny? + Uigy + 8, (13)

-Ui2/2Uis-{(-Ui/2Ui)? + (x-8i/Ui) }¥2  Uiry? + Uigy + 8i < §;,

<0 X > dj

The memberfship function of maximizing set pm(X) and minimizing set um(X) are, respectively, given by

K V{(X'Xmin)/(xma\x'xmin)}r Xmin < X < Xmax
Hm(x) = (142)
3 0 otherwise,
V{( Xmax = X)/(Xmax'xmin)}r Xmin < X < Xmax
Hm(X) = (14b)
0 otherwise,

where V = Ming<i<m(i); Xmax = SUP1<i<m( O; );Xmin = inficicm( &; ); Where inf refers to infimum (see figure 2).
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In case if r = 1 we get the linear membership function; if r = 2 we get convex curved (risk-prone) membership function and if

r= E we get concave curve (risk-averse) membership function (shown graphically in figure 2).

FIGURE 2
The total utility Ut(i) of the membership function pwi(x) is then defined as

Ur(i) = {Uwm(i) + (1 - Un(i))} /2 (15)

where U M (I) = Supx{luwi (X) M :uM (X)} and Um (I) = Supx{luwi (X) M /um (X)} '

Using U1(i) one can rank the alternatives. If two alternatives have the same utility values (Ut(1) = Ur(2)), one may use the
vertices of the graphs of the corresponding membership functions to make the decision. That is, the vertex farther right is the
largest, with decreasing size from right to left.

Chu and Tsao Method

Chu and Tsao [2] considered that the inverse function of ,u'; (X) exists as ,u,k X) : [a, B] = [0, @] is continuous and strictly
increasing , and the inverse function of ,u,Fj (X) exists as ,u,ff (X):[7,01 —1[0, @]iscontinuous and strictly decreasing. Then
Chu and Tsao proposed the inverse functions g',; (x) and g,f (x) of ,u,k (x) and ,u,f (x) respectively such that g',; x): [0, @]

—>[a, B] and gi () : [0, @]—>[y,0] are strictly increasing and strictly decreasing respectively over the range.

Chu and Tsao proposed a ranking method with an area between the centroid and the original points based on ,u,k (x), ,u,? (x),

gk (x), and g,f (x) for fuzzy numbers. The centroid point of a fuzzy number corresponded to a value X on the horizontal axis

and a value Y on the vertical axis. The centroid point (X (A), Y (A)) of a fuzzy number A was defined as

B 7 B
Ix,uk(x)dx+jxdx+ Ix,u,f(x)dx
X(A)= — (19)
j - (X)dx + j dx + [ R (X)dx
a s b4

and

[ var(y)dy+] yak(y)dy
Y(A) =2 0 17)

Tgk(y)dwfgi(y)dy

where ,u'; (x) and ,uE (x) were the left and right membership functions of A respectively, and gf\ (x) and gfﬁ (x) were inverse

functions of ,u',; (x) and ,uff (X) respectively.

The area between the centroid point (X (A), Y (A)) and original point (0, 0) of the fuzzy number A was defined as
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S(A)= X(A)* Y (A) (18)

where X (A) and Y (A) indicate the distance values from the centroid point and the original point on horizontal axis and

vertical axis for the fuzzy number A. They ranked fuzzy numbers according to the area covered. The larger the area, the larger
is the fuzzy number. They proposed the following relations.

(@) If S(A) > S(B), then A > B.
(b) If S(A) < S(B), then A < B. (19)
(c) If S(A) =S(B), then A =B.
The Revised method proposed by Wang and Lee

The revised method proposed by Wang and Lee [1] is based on the method proposed by Chu and Tsao. Wang and Lee proposed
that for the ranking the fuzzy number calculation of X will serve the purpose unless X are equal. If they are equal, then
ranking is done with the comparison of ¥ of the numbers. First ranking which is based on X , they mentioned that greater the

value of X, that number should be ranked first. In the case when X is equal for the two numbers then their ranking will be
done with the comparison of the Y of the fuzzy numbers. The same greater principle is used for the ranking of the numbers.

Comparison of two methods

For the comparison the numbers are taken from Chu and Tsao [2]. The numbers are being ranked with these two methods and
the ranking order is compared. Fuzzy numbers of special type are introduced for the critical comparison. The fuzzy numbers
and their ranking with these two methods are presented in this section.

Example 1

The triangular fuzzy number B; (1.9, 2, 2.1) and B (2.1, 3, 4) are taken for the comparison (see figure 3)

FIGURE 3

Ranking with the revised method is

X (B1)=2 and X (B2) =3.033
Asthe X are different therefore calculation of Y is not necessary. Therefore B1 < B,
With the method of RANFUW the utilities of these two numbers are given as

Ur(B1) = 0.0705 and Ur(B2) =0.548
The result is same as the revised method.
Example 2

In this example three numbers P; (0.2, 0.3, 0.5), P, (0.17, 0.36, 0.58) and P3 (0.28, 0.4, 0.7) are taken for the evaluation (see
figure 4)
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FIGURE 4
The result by revised method is
X (P1) =0.333 X (P;) =0.357 and X (Ps) = 0.450
Therefore P1< P, < P3
RANFUW method gives
UT(P;L) =0.329 UT(Pz) =0.38 UT(P3) = 0.488 which leads to P < P, < P3
For this example also the ranking remains same.
Example 3
Another three numbers are taken for the assessment of two methods. A; (0.4, 0.5,1), A(0.4,0.7,1) and A3 (0.4, 0.9, 1) are
ranked with these methods (see figure 5).
The ranking of these numbers with the revised method can be described as follows
X (A1) =0.633 X (Az)=0.7 X (A1) = 0.767
There the ranking is A; < A; < As.
The ranking by RANFUW method results in
Ut(A1) = 0.3439 Ur(A2) =05 Ut(A3) = 0.655
which gives A1 < Az < As.
FIGURE 5
Example 4
In this example the five numbers are taken two are triangular and other three are trapezoidal numbers and some of them are
non-normalized fuzzy numbers. Q1=(3,5,7;1),Q2=(3,5,7;0.8), Q3= (5,7, 9, 10; 1), Q.= (6, 7, 9, 10; 0.6), and Qs = (7, 8,
9, 10:0.4) are the fuzzy numbers which are to be ranked (see figure 6).

FIGURE 6

The revised method ranked these numbers as follows

X(Q1)=5 X(Q)=5
X (Q3) =7.714 X (Q4) =8.0 X (Qs) = 8.5
As the value of X is same for Q:and Q, therefore the comparison of the Y is required.

Since Y (Q1) =0.5and Y (Q2) = 0.4 therefore the ranking becomes

Q2<Q1 <Q3<Qs<Qs
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With normalization we get Q1= Q2 < Q3 < Qs <Qs
RANFUW gives the ranking with utility function as

Ur(Q1) = 0.1225 Ur(Qz) =0.125 Ur(Qs) =0.262 Ur(Q4) = 0.2782
UT(Qs): 0.3

These utility values rank the numbers in the following order

Q1<Q2<Q3<Qs<Qs

With the normalization of the fuzzy numbers we get Q; = Q2 < Q3 < Q4 < Qs (same as the result in the previous method).

Here, we would like to present a note on the practical significance of normalization of fuzzy numbers. Comparison of non-
normalised and normalized fuzzy numbers can be done purely with an academic interest by any methods proposed for ranking
them. But when it comes to the applicability of these methods in a real-world situation (setting), ranking of non-normalised
and normalized fuzzy numbers differ very much and this issue should be resolved in a best fitting manner. At this point it is to
be noted that normalized fuzzy numbers could be considered as unbiased estimates, where as the non-normalised fuzzy numbers
as biased towards the type of the person - expert or judge or decision maker (i.e., pessimistic or optimistic type). That is to say
that optimist always tries to give maximum membership grade to a fuzzy number to be 1 (i.e., sup p(x) = 1), where as pessimist
gives the maximum value less than 1 (i.e., sup p(x) < 1). To avoid this inconsistency and to compare fuzzy evaluations
(numbers), all numbers could be normalised to certain level (preferably sup p(x) = 1). In this context RANFUW shows better
performance than the other method.

Example 5

In this example fuzzy numbers of special type are taken in to consideration. In the same example three conditions i.e. on the
scale of preference are tried. First is the extreme right fuzzy numbers, in second, middle value fuzzy numbers and finally
extreme left fuzzy numbers are taken.

SPECIAL TYPE FUZZY NUMBERS

Case 1

For this condition the two fuzzy numbers are taken as shown in figure 7. These numbers can be called as extreme right numbers.
Triangular fuzzy numbers G1 = (1,1,4),and Gz= (0, 3, 3) are taken as case.

FIGURE 7
By revised method

X (G1) = X (G2) = 2.0, therefore the comparison of the Y is necessary
as Y (G1) = 0.4 Y (Gz) = 0.6675 which leads to G1 < G

RANFUW gives

UT(Gl) = 0.4107 UT(Gz) =0.589
therefore Gi1<Gy
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Case 2

In this case two fuzzy numbers are middle value fuzzy numbers as shown in figure 8. Trial is taken on triangular fuzzy numbers
Hi=(4,4,7),and H> = (3, 6, 6).

By revised method

X (H1) = X (H2) =5.0, so the ranking is based on comparison of Yy
as Y (Hi) = 0.454 Y (H2) = .555 which leads Hi < H,

RANFUW gives

Ur(H1) = 0.4107 Ur(H.) = 0.589
therefore Hi<H;

FIGURE 8

Case 3

Triangular fuzzy numbers 1. = (7, 7, 10), and I, = (6, 9, 9) are tried in this case, these are shown in figure 9.
FIGURE 9

The revised method gives

X (l1) = X (I2) = 8.0, so the ranking is based on comparison of Yy
as Y (1) = 0.4705 Y (I2) =0 .533 which leads I; < I,

RANFUW gives

UT(|1) =0.4107 UT(lz) =0.589
therefore i<l

Conclusion

From the above examples it can be seen that the RANFUW method ranks the fuzzy numbers in the same way as the revised
method proposed by Wang and Lee without any check on the intermediate steps or requirements. In Wang and Lee method if
the value of X is same for two fuzzy numbers, then the value of ¥ need to be calculated for distinguishing the fuzzy numbers.

This secondary check is not necessary in RANFUW method. Determination of inverse functions and the corresponding
centroids for both the function and its inverse respectively and the areas bounded by the centroids is not required in RANFUW.
So the computation time and complexities in the revised method of Wang and Lee could be avoided in RANFUW in ranking
the numbers. Moreover, in the real-world setting, where the evaluations of the experts or judges or decision makers (i.e., the
preference structure of fuzzy numbers given by them) are to be categorised or ranked, the bias of the type of personality
(pessimistic or optimistic, similar to risk-taking or risk-aversing type of personalities) could be avoided by normalizing the
evaluations (numbers). In this context RANFUW shows better performance than the other methods. Therefore, the trials
presented in this comparative study justify that RANFUW is simple and straight forward compared to the other methods.
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Figure 2: Graphical representation of pm(x), pim(X) and pwi(x)
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Figure 3: Triangular Fuzzy Numbers B1(1.9,2,2.1) and B»(2.1,3,4)
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Figure 4: Triangular Fuzzy Numbers P1(0.2,0.3,0.5), P>(0.17,0.32,0.58) and P3(0.25,0.4,0.7)
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Figure 5: Triangular Fuzzy Numbers A1(0.4,0.5,1.0), A»(0.4,0.7,1.0) and A3(0.4,0.9,1.0)
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Figure 6: Fuzzy Numbers Q1(3,5,7;1), Q2(3,5,7;0.8), Q3(5,7,9,10;1.0),
Q4(6,7,9,10;0.6) and Qs(7,8,9,10;0.4)
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Figure 7: Triangular Fuzzy Numbers G1(1,1,4;1) and G2(0,3,3)
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Figure 8: Triangular Fuzzy Numbers H1(4,4,7) and Hx(3,6,6)
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Figure 9: Triangular Fuzzy Numbers 11(1,1,4;1) and 12(0,3,3)
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