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ABSTRACT: Let G be a graph with p vertices and q edges and f : V(G) —{0,1,2,...,k} be an injective
function, where k is a positive integer. If the induced edge labeling

*:E(G) > Fz,F4,F5,F7,F8,Fm,...,Fq{q

2
bijection, then the labeling f is called an odd Fibonacci edge irregular labeling of G. A graph which admits an
odd Fibonacci edge irregular labeling is called an odd Fibonacci edge irregular graph. The odd Fibonacci edge
irregularity strength ofes(G) is the minimum k for which G admits an odd Fibonacci edge irregular labeling. The
odd Fibonacci edge irregularity strength for P,, Kin, PhnOKjz, B(m,n) and the non existence of an odd Fibonacci
edge irregular labeling for the graphs K , Kmn have been determined.

J defined by f*(uv) = f(u)+f(v), for each uv e E(G) , is a
+1

Keywords: odd Fibonacci sequence, edge irregular labeling, odd Fibonacci edge irregular labeling

1. INTRODUCTION

By a graph, we mean a finite undirected graph without loops or multiple edges with p vertices and q edges. A graph
labeling is an assignment of integers to the vertices or edges or both. Rosa[7] introduced the concept of graceful labeling.
The Fibonacci numbers can be defined by the linear recurrence Fn = Fn.at+Fn, n >3. This generates an infinite sequence
of integers F1=1, F>=1, Fs=2, F4=3, Fs=5, F¢=8, F7=13 etc. In 2020, G.Chitra et al. [3] have introduced the concept of
odd Fibonacci mean labeling.

Motivated by this, we have introduced an odd Fibonacci edge irregular labeling (OFEIL) which is an injective function
f:V(G)—>{0,1,2,...k} , k being a positive integer if the induced edge labeling

a

*:E(G)—<F,,F, K, F,FK,Fg ... .F { J defined by f*(uv) = f(u)+f(v), for each uv € E(G), is bijection.
+1

If such a labeling exists, then G is called an odd Fibonacci edge irregular graph (OFEIG) and the minimum possible k is
called the odd Fibonacci edge irregularity strength ofes(G). In this paper, the odd Fibonacci edge irregularity strength for
Pn, Kuin, PhOK3, B(m,n) and the non existence of an odd Fibonacci edge irregular labeling for the graphs Ky, Kmn have
been determined.

2. Main Results

lﬁww, if nis even

SHA

Theorem 2.1. Every path Py, (n >2) is an OFEIG and OfeS(Pn ): (

M

if nis odd.

Proof. LetG=Pn InG, q=n-1.
Let V(G) = {vi,V2, ...,vo} and E(G) ={v,v
Case (i) nis even

1<i<n-1}.

i+1
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Define f : V(G) > {0,1,2,...,{% Fins —l} as follows:

2

%FM . 1<i<n andiis odd
flv)=4- *:

1F3i_2 , 1<i<n andiis even.

25

Then f* is obtained as follows:
F,..,1<i<n-landiis odd

f*(ViVHl): F2 1<i i
a0 »L<i<n-land iis even.

2

Since nis even, f(v )= [% F3n_2—‘ and f(v )= {% F3n_2J :

2 2
In this case, f(vi) — f(vaa) = 1 and f(v,,)+f(v,)=F;, , =F {qJ . So f(vn) is the minimum k with the required
T g+ E +1

property.

Therefore, ofes(G) = {% Fans —‘ .

2
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Figure 1:ofes( Pg) = 45

Case (ii) nis odd

Define T : V(G) —» {O,l,Z,...,F LnJ }as follows:
n+ — |-1

2

flv,)=F . ,
! H{EJ&
f(VZ):FmBJ—Z and
EFMJ . 3<i<n andiis odd
2 5
f(v,)=1-
EFSi_S} , 4<i<n andiiseven.
2 5
Then f* is obtained as follows:
f*(V1V2)= Fn+“nJ y
2
f*(V2V3): F and

HE
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F,s ,3<i<n-1landiis odd
fr(vv,,)=1_" _ -
b Fos ,4<i<n-1andiiseven.

2

In pursuance of obtaining the edge label F q| .+ Wemay choose the labels of its end vertices as F and F al-
w3 CHEH

If the number r and s such that F { J <r<s<F q| @re assigned to the central vertices, then there is an edge
IR
2

which assigns the label greater than F m .But F [qJ is no longer an edge value. So such r and s are impossible.
g+ - |-1 g+
2

2

g
2

Since f(v,)=F L J , the value f(v1) is minimum k with the required property.
q+ — |2

Therefore, ofes(G)=F F J

o233 . 8 _ 1 3 5 13 21 55
144 89 0
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Figure 2: ofes( Py) = 144

Theorem 2.2 Every star graph Ky, (n > 1) is an OFEIG and
ofes(K,,)=F { -1.
g

+ gJﬂ

Proof. LetG =Ky InG, g =n.

Let V(G) ={u, v1,v2,...,va } and E(G) ={uvi: 1 <i<n}.

Define f : V(G) »<0,1,2,...,F m —1+ as follows:
— |+l

f(u) =1 and

f(v,)=F ., -1,1<i<n.

it

Then f* is obtained as

it

To obtain F; as an edge label, it is necessary to assign 0 and 1 to a pair of adjacent vertices. So either 0 is a vertex label
of central vertex and 1 is a label of a pendant vertex of K1, or 0 is a vertex label of pendant vertex and 1 is a label of the

central vertex, F { is to be assigned as a label of a pendant vertex in pursuance
— |+1
b

f*(uv,)=F ,1<i<n.

central vertex. If 0 is assigned to the g+

of obtaining the edge label F m . If 1 is assigned to the central vertex, F { J —1 is to be assigned as a label of a
+1 — |+l

W‘E Q+2

pendant vertex in pursuance of obtaining the edge label F {
q+

EJ+1.
2

Hence f(Vn) =F LqJ —1 is the minimum k with the required property.
g+ — |+1

Therefore, 0fes(G)=F [ -1.
q+

EJH
2
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Figure 3: ofes( K1) =54

1

Theorem 2.3 P,OK; (n > 2) is an OFEIG and ofes(G)= (— Fyos 1
2

2

Proof. Let G =P,0OKs1. InG, q=2n-1.

Let V(G) ={v,,V,,...,V,,U;,U,,...,u.} and E(G)={v,v,,, /1<i<n-BU{v,u, /1<i<n}.

i Vil

2

Define f : V(G) > {0,1,2,...,{% Feros —l} as follows:

EFWW . 1<i<n andiis odd
f(Vi)= i and
FFMJ , 1<i<n andiiseven
2 5
L., |, 1si<n andiisodd
25
f(ui)z - .
1|:6i_2 , 1<i<nandiiseven.
25

Then f* is obtained as follows:
f*(Vivis1) = Fsis, 1 <i<n-1and
f*(viui) = Fsiq, 1 <i<n.

If nisodd, f(v,)= [; o 2—‘ and f(Un):{EFan—zJ-

2 2

Ifniseven, f(v, )= {; oo 2J and f(u,)= {;F(an_z—l-

2 2
In both cases, f(vy) — f(un) = L and (v ) +f(u,)=F PJ . So either f(va) or f(un) is the minimum k with the required
g+ — [+1
2

property when n is odd or even respectively.

Therefore, 0fes(G) = {; S 2—‘

2
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Figure 4: ofes(P;OK3) = 3383

Theorem 2.4 A Bistar graph B(m, n) with m > n, is an OFEIG and ofes(G) = Fq{QJH B Fm{MJJrz '
2

Proof. Let G =B(m, n). InG, g =m+n+1.
E(G)={wv, :1<i<m}U{vu}U{uu, :1<i<n}.

Let V(G) = {v,u, V1,Va,...,vm, Uz,U2,...,un} and

Define f : V(G) —40,1,2,...,F

L%J-ﬁ—l
fuy=F .., and
m+{—J+2

2

m-+1+i . F m+1
+ — +2+i m-+ - +2

Then f* is obtained as follows:

as follows:
J+2

f(v;)=F ,1<i<m,

f(u,)=F

*(vv;) = Fi+BJ+1’ I<ism,

f*(VU) = Fm{m;lJ+2 and

f*(uu;) = Fm{m;“ifzn ,1<i<n.

To obtain F as an edge label, it is necessary to assign 0 and 1 to a pair of adjacent vertices. There are two possibilities to

assign 0 and 1. Either assign 0 and 1 to a pair of central vertices or assign 0 and 1 to a pair of central vertex and its
adjacent pendant vertex. If 0 and 1 are assigned to the central vertices, then F(ﬁmﬂ or Fq{QJ 1 —1is to be
2 2

assigned as a label of a pendant vertex in pursuance of obtaining the edge label F {qJ . If 0 and 1 is assigned to u and
q+ - |+1

its pendant vertex, then it leads to take a larger value for k while
deg v > deg u.
Case (i) Assign 1 to the central vertex v and 0 to its pendant vertex.

In this case, the adjacent vertices of v such as vi, Va,...,vm, U are labeled as Fo-1, Fs-1, ..., F {
m+

m+1
2

Fm{m”ﬁz —1. Since f(u) = Fm{

—1, a pendant vertex of u is to be labeled as
2
; J

F‘HBJ - Fm+tm+lJ , —1 | in pursuance of obtaining the edge label F H*l.

Case (ii) Assign 0 to the central vertex v and 1 to its pendant vertex.

1234
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In this case, the adjacent vertices of v such as vi, Va,...,vm, U are labeled as F, F, ..., F { , F LmHJ . Since f(u)
m+| —— +2

Lmﬂ J*Zl a pendant vertex of u is to be labeled as

F - F in pursuance of obtaining the edge label F .
w]2fa e P 9 he et L

Hence F al .~ F ms1| _1s the minimum k with the required property.
q+bJ+l m{?Jﬂ
Therefore, ofes(G) = F - F :
( ) q{ﬂjﬂ m{m—HJﬂ
2 2 -
21
34
13 2 8
13 55 s 233 0178
5 > 0 77
3
1 987 322
3
1 932

Figure 5: ofes(B(5, 4)) =987

Theorem 2.5 Every complete graph K, (p > 3), is not an OFEIG.

Proof. Let G = K and the vertex set of G be {v1, v, ...,vp}.

In G, deg(vi) = p-1, for all i. To obtain F,as an edge label, it is necessary to assign 0 and 1 to a pair of adjacent vertices.
Choose an arbitrary vertex vi and vi:1 such that f(vi) = 0, f(vi:1) = 1. To get Fa, either assign 3 to the one of the adjacent
vertex of v; or 2 to the one of the adjacent vertex of vi.1, where the addition in the suffix is taken over addition modulo p.
If 3 is assigned to the vertex vi.1, then the edge vivi.1 have the label F4. But the label of the edge vi.1vi+ is 4, which is not
an odd Fibonacci number. Suppose 2 is assigned to the vertex vi.1, then the edge vi.1vis1 have the label F.. But the label of
the edge vi-1vi is 2, which is not an odd Fibonacci number.

Hence the graph G is not an OFEIG. o
Theorem 2.6 A graph G with p ( > 5) vertices having deg(vi) > p — 2, for all i is not an OFEIG.

Proof. Let V(G) ={v1,vy, ...,vp}. To obtain F,, it is necessary to assign 0 and 1 to a pair of adjacent vertices. Choose v;
and v, such that f(vi) = 0 and f(v2) = 1. To obtain F4, either 3 is assigned to one of the adjacent vertex of vi or 2 is
assigned to one of the adjacent vertex of v,.

Choose a vertex v3 which is adjacent to both v1 and v,. Suppose 3 is assigned to the vertex vs. Then the edge v1vs has the
label F4, but the label of the edge vovs is 4 which is not an odd Fibonacci number. If 2 is assigned to the vertex vs, then
the edge v»vs has the label F4. But the label of the edge vivs is 2 which is not an odd Fibonacci number.

Suppose vs is a vertex adjacent to vi and non adjacent to v,. To obtain F4 as an edge label, either 3 is assigned to the

vertex of vs or 2 is assigned to one of the adjacent vertex of v,. By assigning 3 to the vertex vs, the edge vivs has the label
1235
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Fs4. To obtain Fsas an edge label, either 2 is assigned to one of the adjacent vertex of vs or 4 is assigned to one of the
adjacent vertex of v,. Let the adjacent vertex of vs say vs which is assigned by 2. Then the edge vavs has the label Fs.
Since deg(vi) > p — 2, for all i, it is impossible that v4 is non adjacent to both v; and v,. If v4 is adjacent to v4, then the
edge v1vs has the label 2 which is not an odd Fibonacci number. Suppose v is adjacent to v,. Then the edge v2v4 has the
label 3 which is already an edge label of vivs. Let the adjacent vertex of v, say va which is assigned by 4. Then the edge
Vov4 has the label Fs. Since deg(vi) > p — 2, for all i, it is impossible that v4 is non adjacent to both vi and va. If v4 is
adjacent to vi, then the edge vivs has the label 4 which is not an odd Fibonacci number. Suppose v4 is adjacent to va.
Then the edge vsva4 has the label 7 which is not an odd Fibonacci number. Suppose 2 is assigned to one of the adjacent
vertex of v, say va. Then the edge vovs has the label Fs. To obtain the edge label Fs, either 5 is assigned to one of the
adjacent vertex of v or 3 is assigned to one of the adjacent vertex of vs or 4 is assigned to one of the adjacent vertex of
Vo. Let the adjacent vertex of vi say va which is assigned by 5. Then the edge viva has the label Fs. It is impossible that va
is hon adjacent to both v, and vs. If v4 is adjacent to v», then the edge vav; has the label 6 which is not an odd Fibonacci
number. Suppose V. is adjacent to vs. Then the edge vsva has the label 7 which is not an odd Fibonacci number. Let the
adjacent vertex of vy, say va, which is assigned by 4. Then the edge v,va has the label Fs. It is impossible that v4 is non
adjacent to both v; and vs. If v4 is adjacent to vy, then the edge vavi has the label 4 which is not an odd Fibonacci number.
Suppose V4 is adjacent to vs. Then the edge vsva has the label 6 which is not an odd Fibonacci number. If the adjacent
vertex of vs say v4 which is assigned by 3, then the edge vavs has the label Fs. It is impossible that va is non adjacent to
both vi and v». If v4 is adjacent to vy, then the edge vivs has the label 3 which is already an edge label of vovs. Suppose vs
is adjacent to v,. Then the edge v,v4 has the label 4 which is not an odd Fibonacci number.

Hence G is not an OFEIG. |
Theorem 2.7 The graph Kp, n (m>2, n >4) is not an OFEIG.

Proof. Let G =K.

Let V1= {uy,Uz, ...,um}, V2 = {Vv1, V2, ...,vn} be the partitions of G and assume that m <n.

E(G)={uivi: 1<i<m, 1<j<n}. To obtain F; as an edge label, it is necessary to assign 0 and 1 to a pair of adjacent
vertices. Choose an arbitrary vertex, say u; in V1 and vy in Vs such that f(ui) =0, f(v1) =1. To get F4 as an edge label,
either 3 is assigned to one of the adjacent vertex of u; or 2 is assigned to one of the adjacent vertex of vi.

Choose a vertex v, which is adjacent to all ui’s, 1 <i < m. If 3 is assigned to the vertex v», then the edge u;v; has
the label F4. To get the edge label Fs, either 5 is assigned to one of the adjacent vertex of u; or 4 is assigned to one of the
adjacent vertex of vy or 2 is assigned to one of the adjacent vertex of v,. If 4 is assigned to the vertex uy, then the edge
upvi has the label Fs but the label of the edge u,v» is 7 which is not an odd Fibonacci number. Suppose 2 is assigned to
the vertex u,. Then the edge u,Vv, has the label Fs but the label of the edge u,v; is 3 which is already an edge label of u;va.
Therefore, the only way to obtain Fs is the assignment of the label 5 to one of the adjacent vertex of u;. Thus choose a

vertex vs and label as 5. To obtain F7, either 13 is assigned to one of the adjacent vertex of u; or 12 is assigned to one of
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the adjacent vertex of v, or 10 is assigned to one of the adjacent vertex of v, or 8 is assigned to one of the adjacent vertex
of vs. If 12 is assigned to the vertex uy, then the edge upvi has the label F7 but the label of the edge uav; is 15 and uyvs is
17 respectively which are not an odd Fibonacci numbers. Suppose 10 is assigned to the vertex u, Then the edge uv» has
the label F7 but the label of the edges uzvi and upvs are 11 and 15 respectively which are not odd Fibonacci numbers.
Suppose 8 is assigned to the vertex u,. Then the edge uzvs has the label F7 but the label of the edges u,vi and uav; are 9

and 11 respectively which are not odd Fibonacci numbers. Therefore, 13 is assigned to the vertex v, which is adjacent to
F , 1<5<n.In

oy
+H =+
ui. Thus the label of the edge uivs is Fr7. Proceeding like this the vertices vj can get the label as LZJ

n

pursuance of obtaining F n orF
n+L7J+2 n{ +2

J as edge label, if a number K<F FJ — 2 is assigned to one of the
+3 n+ —

vertex Ui’s namely um, then the edges umvi and umvz have the labels k+1 and k+3 respectively which are not odd
Fibonacci numbers. Therefore, F {HJ -1 is to be assigned to the vertex um. But the edge label of umva is
n+ — [+2

n
n+

F { J + 2 is not an odd Fibonacci number as |Fi+l - Fi| >8, foralli>4.
— |+2
2

Choose a vertex u, which is adjacent to all vj’s, 1 <j < n. By assigning 2 to the vertex uy, the edge upv; has the label Fa.
To obtain Fs as an edge label, either 5 is assigned to one of the adjacent vertex of u; or 3 is assigned to one of the
adjacent vertex of uz or 4 is assigned to one of the adjacent vertex of vi. If 5 is assigned to the vertex vz, then the edge
uivz has the label Fs but the label of the edge uav, is 7 which is not an odd Fibonacci number. Suppose 3 is assigned to
the vertex vo. Then the edge upv, has the label Fs but the label of the edge uiv» is 3 which is already an edge label of uyva.
Therefore, 4 is to be assigned to the vertex uz which is adjacent to vi. Thus the label of the edge usv; is Fs. To obtain F7
as an edge label, either 13 is assigned to one of the adjacent vertex of u; or 11 is assigned to one of the adjacent vertex of
uz or 9 is assigned to one of the adjacent vertex of us or 12 is assigned to one of the adjacent vertex of vi. If 13 is
assigned to the vertex v, then the edge uivz has the label F7 but the label of the edges uzv, and usv, are 15 and 17
respectively which are not odd Fibonacci numbers. Suppose 11 is assigned to the vertex v,. Then the edge uzv2 has the
label F7 but the label of the edges uiv2 and usv. are 11 and 15 respectively which are not odd Fibonacci humbers. If 9 is
assigned to the vertex v, then the edge usv. has the label F; but the label of the edges uivz and uzv2 are 9 and 11
respectively which are not odd Fibonacci numbers. Therefore, 12 is to be assigned to the vertex us which is adjacent to
V1.

-1 1<i<m.

Thus the label of the edge uavi is F7. Proceeding like this, the vertices of u; can get the label as F_ {
i+

lJ+1
2

In order to obtain F orF as an edge label, if a number K <F m —1 is assigned to the vertex,
m{—Jﬁ-Z m {—J+3 {—Jﬁ

m m

then the edges u;v, and uv. have the labels k and k+2 respectively which are not odd Fibonacci humbers. Therefore,

F {mJ is to be assigned to the vertex v». But the edge label of uav2 is F {mJ +2 is not an odd Fibonacci
— [+2 m+ +2

m+

-F|>8, foralli>4.

Similarly, odd Fibonacci edge irregular labeling does not exist if we choose f(u1)=1 and f(v1)=0. Hence the graph Km is
notan OFEIG. m]

number as |Fi+1

Observation 2.8: The graphs Kz, K23 and K33 are not OFEIG. From Theorem 2.2, Theorem 2.7 and Observation 2.8, it
can be concluded that Kn n is an OFEIG only when it is a star graph.

Conjecture: A cyclic graph is not an OFEIG.
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