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ABSTRACT

In this article, we discussed the existence and uniqueness solution for the class of Caputo fractional neutral
functional differential equations with addiction on the Lipschitz first derivative conditions in Banach space. The result is
established on Krasnoselskii's Fixed point theorem. As well as, an example is illustrate the results.

INTRODUCTION

Fractional differential equation is broad and comprehensive assortment of many mathematical modelling in real
world application for that many researchers extent their interest in fractional differential equations. It is proven that a
paramount mathematical modeling in all manner of field such as neural network system [7], dynamics [13], engineering
[9], medical and health science [8], medical image enhancement [5], viscoelacity [2], modern mechanics [15,17],
biological systems [3,4,11,12].

The neutral type functional differential equations depends on past and present values of the function, likewise to
retarded differential equations, except it also depends on derivatives with delays. An enormous potential and applicability
to solve the fractional differential equations in numerical accuracy so for that many authors gave existence results in
neutral differential equations. The neutral differential equations have numerous important application in science and
engineering particularly control theory is one of the interesting applications in neutral fractional system. The Initial value
problem for a class of fractional neutral differential equations with infinite delay discussed by Benchohra et al [10]. For
further research work yet, we have lot of proposed problems of neutral differential equations are exposed.

In this article we investigate the existence results for the IVP of fractional neutral system with boundedness is
of the form

{ (°D%) (u(t) —f (t,u(t), u’(t,u(t)))) =g (t,u(t),u’(t,u(t))),to >0,1<a<?2 1)
Uty = @

Where (°D%) is the Caputo fractional derivative, f, g: [to, +] X C([—k, 0], R™) x C([—k, 0], R™) —» R™ are
given continuous functions and ¢ € C([—k,0], R™). In u € C([ty — k,t, + m],R™) then for any t € [t, — k,t, +
m] then for @ € [k, 0] defined by u, (@) = u(t + w).

Consider Du(t) = u'(t,u(t)). Then (1) becomes
{(CD“) (u(®) - f(tu), fDu(t))) = g(t,u(®),Du®), t=0,1<a < 2

ut():(p

2

This article is divided in the following sections: In section 2 we give the basic definitions, lemmas, theorems,
which is we used in the upcoming section to resolve our main results. In the last section we discussed our main resuls.
2 PRELIMINARIES

In this section, we include the basic definitions, lemmas which we used throughout this paper. Let /] € R and denote
C(J,R™) be the Banach space of all continuous functions from J into R™ with the norm [|u|| = sup|u(t)| where |.|
te]

represent the complete norm on R™.

Definition 2.1 ([1.6]) The fractional integral of order « for a function h is defined as

1 t
W*BO = 5 | €= nsas
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Definition 2.2 ([1,6]) The R-L derivative of order is defined by

“h _4 ! t ““h(s)d
@D = g (e [ €= 9has)

Remark 2.3 The ultimate property of R-L fractional derivative is that for t > t, and @ > 0 we have

D*(I*h(t)) = h(t)
Definition 2.4 ([1,6]) For the function & in [a, b], the Caputo fractional derivative of order « is given by
1 t
(aDah)(t) = mj; (t - S)n_a_lhn(S)dS.
Wheren = [a] + 1
Noticeably, Caputo’s derivative of a constant is equal to zero.
Note 2.5 Now we need to note that 3 hookup between R-L and Caputo's fractional derivative of order «

U S L0 . SR .
( D h)(t) = |_(n_a)jto(t_S)‘Z_{_l_ndS =D h(t)—;m(t—to)

n-1 .
h! .
TORY l.(f") t - to)'

i=0

= D% , t>tg, n—1<a<n

Theorem 2.6 (Krasnoselskii Fixed Point Theorem) [16] Let B is a real Banach space in X, be a bounded, closed and
convex and let T, and T, be operators on B satisfying the following conditions let s € B.

o T,(s)+T,(s)cB
e T, isastrict contraction on B, (i.e)., there existsal € [a, b) such that
IT, (W) — Tl < lllu —vll Vu,v €B
e T, is continuous on B and T, is relatively compact subset of X.
Then there existsa y € B such that T,y + T,y = y.

3 Existence Results
Let IO = [to, to + l],
A(4,9) = {u € C([to + Kk, to + AL, RM)|ug, =6, sup |u(t) —6(0)] < p}

toststg+A
Where 4, p are positive constants.
To Prove our main result we need the following assumptions

[A1] The function g(t, ¢, D¢)is measurable with respect to t on I,
[A2] The function g(t, ¢, D¢) is continuous with respect to ¢ on C([—k, 0], R™),
[A3] Let us define a continuous function f € (Cla,b] X R X R, R) and u € C[a, b] and there exists a positive
constants 7,, 7, and such that
If (@t ug, v1) = F(E Uz vl < 7(llug — uall + llvg — 2D
for each uy,u, vq, v,in Y, 7, = max [|f(t,0,0)]] and 7 = max{z,,7,}. Let Y=C[R,X] be the
set of continuous functions on R with in the Banach space X values.
[A4] Let us define a continuous function g € (Cla,b] X R x R, R) and u € C[a, b] and there exists a positive
constants B, B, and such that
lg(t,ug, v1) — gt uz, vl < Br(llug — uzll + llvy — v
For each wu;,upvy,vein Y, B, = maxer|lgt,0,0)]| and P = max{P;,B,}. Let Y=C[R,X] be
the set of continuous functions on R with in the Banach space X values.
[A5] Letu’ € C[a,b] satisfy the Lipschitz condition. i.e., There exists a positive constants g, g, and gsuch that
1D(tw) — DLV < o1 (llu-viD,
foralluvinY. g, = maxp||D(t, 0)|| and o = max {4, £, }.
1

[A6]3 & € (0, ) and a real valued function J(t) € e1(I,) such that for any u € A(4,p), |1g(t, u, Duy)| < d(t)
fort €1, where W(t) =1+ ot and d(t) = P + gpt.
[A7] Forany u € A(A,9), f (t, us, Duy) = f1(t, uy, Duy) + f(t, up, Duy),
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[A8] The function f; is continuous and for any u,,u, € A(4,9),t € (0,1), by using the assumption (A4) and (A5)
we have ||f; (¢, u,Duq,) — fi(t, uy, Duy)|| < [t + fot]lluy, — uy|l. Take Wis T + got.

[A9]The function f, is bounded and it’s completely continuous for any = in A(4,9), the equicontinuous set
{t - f,(t,u, Duy):u € Z}in C(l,, R).

Lemma 3.1 If (A3) - (A5) are satisfied, then the estimate ||Du(t))|| < t(o1]lull + £2), ||Du(t) — Dv(t)|| < got|lu-v|| are

satisfied foranyt e Rand u,v € Y.

Lemma 3.2 If (Al) - (A6) are satisfied and 3 A € (0,a) and 9 € (0,0) then the IVP of (2) is equivalent to given

equation for t € (t,, ty + A]

{u(t) = 0(0) = f(to, 0. D9) + f(tue, Due) + 75 [, (E =) g(s,us Dudds, ¢ €ty g

Ut, = @

Proof: It is clear that by the assumption (Al) and (A2) in the interval I, the function g(t, u;, Du,) is lebesque

1

measurable and (t — s)*~* € 81-#1([t,, t]) for t € t,. By using assumption (A6) and Holders inequality we conclude
that the (t — s)* 1g(s,ug, Du,) is Lebesque integrable inregardto s € [to, t]Vt €I, &u € A4, 9),

Lo =) g(s,u, Dudlds < 6 =) 1 [b®Il 4 Q)
21=e1(1p) 981(10)

1
Where [|Gllgr(;y = (J;1G(©)|Pdt)P for all 2P~ integrable function G:J — R.

Sympathetic to Definition 2.1 and 2.3 obviously that the initial value problem of (2) clarification is u and it is a solution
of equation (3).

Besides, if equation (3) is certain, then V t € (t,, t, + 1],

1
(D) (w(®) = f(t,u, Duy)) = (°D%) [4’(0) f(to, 9, D9) + —— @ (t = 5)*1g(s,us, Dug)ds
= (°D%) [ @ to(t —5)*1g(s,u Dus)ds]

= (CDa)(Iag(tl Ug, Du’t))
afra a (t - to) @
= D(I*g(t, u, Du,)) — [1%g(t, ue, Du) o=, ﬁ
@ (t—t)™

= g(t, ug, Due) — [1g (6, up, Due)]e= to ﬁ
Sympathetic to (4) we notice that [I% g (t, us, Du,)]r=, = 0 which aid that
ED®)(u(®) — f(t,up, Duy)) = g(t,uy, Duy), t € (to, to + A]. This completes the proof.
Theorem 3.3 If (AL)-(A9) are satisfied and assume that 3 4 € (0,a) and 9 € (0, ). Then the initial value problem of

equation (2) has unigue solution on [¢t,, t, + u] for some +ve number .
Proof: Corresponding to the assumption (A7), and system (3) is comparable to the consecutive system

u(t) = ¢(0) — f1(to, ¢, Dp) — fz(to; 0, D) + f1(t,ur, Duy) + fo(t, ue, Duy)
|_( ) to(t —5)* 1g(s, ug, Dug)ds

uto =@
Now ¢* € A(4,9) be defined as 7, = ¢, ¢*(to +t) = 9(0) V t €[0,4]. If the initial value problem (2) has u is a
solution, letu(ty +t) = ¢*(to +t) +x(t), t € [k, 4], thenwe have u, .. = ¢;,,, + %, t € [0,1]. So x satisfies the
equation.

x(t) = —f1(to, 0, DY) — f2(to, 9, DY) + f1 (to + 6%+ Ot D(xt + (P§0+t))
+12 (to +&% + (P;0+t::D(xt + §0;0+t)>

e £ = )7 (b0 + 5,25 + Dyre D5 + Piyas) )l ©)
Whereas f3, f, are continuous and u, is continuous int,3 A" > 0, when 0 <t < A’
|f1 (to +tx+ (P;O+t, @(it + (p;o_'_t)) — f1(to, @, ®¢)| < i (6)
and

* * c
|f2 (to +tx+ (Pt0+t,:D(xt + (pt0+t)) — f2(to, @, Dgo)| < " @)
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1
1-£1\ T+ (l—e0)
Prefer p = {A, X, (719 F(a)(;;y) 1)(1+y)(1 1)} (8)
Where y =€ (-1,0) &G = [[p(®)I| 1+
€1

£81(Ip)
Define B(u,9) = {u € C([—k, u], RM)|u(s) = 0 for s € [—k,0] and |lu|]| <9} and it is closed, convex and bounded
subset of C([—k, u], R™).
Now we define the operator 7; and T, as

Tou(t) = {_fl(to; »,Dp) + fi (to + 6 us + Ofgres D(ut + (p;o+t))’ t €[0,u]
0, t € [—k, 0]
(_fZ(tO’ ¢, 09) + f2 (to + U + @ryre D(ue + <P§0+t))

t

" [(a) to
0, t € [—k,0]
The operator equation has a solution u € B(u,9) < the equation (5) has solution
u=7Tu+hLu 9)
Hence (2) has solution u(t, + t) = x; + @7 4+ 0N [0, ).
Therefore 3 a existence solution of VP (2) and unique fixed point in B(u, 9) which is equivalent to the equation (9).
Now we prove that 7; + T, has a unique fixed point in B(u, 9)
Step 1: Tu + TLu € B(u,9) for all pair y,3 € B(u,9).

Forall y,3 € B(u,9),71 v+ T3 € C([—k, 1], R™)|. As well as it is trivial that (7; y + 753)(t) = 0 t € [—k, 0]

Furthermore for t € [0, 1], by the equation (6)-(8) and the assumption (A6) we have
|(T1 v+ T53) ()|

Tu(t) = (t — s)“‘lg(to +5,us + @45 D(us + <p2‘0+s))ds ,t €10,u]

< [~fi(to, 0, D) + f1 (to +ty + (pz0+tv®(t)t + 90;0+t))|
+ |_f2(t0: ©,Dp) + f; (to +t,3: + ‘PZOH:@(St + 90;0+t))|

1 t
+ WJO |t = )% g (£ + 5,35 + Piyrss D(3s + Pigus) )| ds
29 1 t a1 1-e to+A L é
<2y (fe-oimas) ([P ee))

Gut-e1)

4+ T
=27 T@a+ni—a =

~ Ty + T3l = tsgp]l(fl p))+ (DB <Y
€[o,pn

=T79+53€BwY)
Step: 2 77 is a contraction on B(u,9)
Forall u’,u"” € B(u,9),u; + @7 +: € A(4,9) by using (A8) we attain
7' (6) = T (O] = |fi (to + 60 + @foue DO + @hre)) = fi (to + 60" + 97000 D(U” + 0i1e) )|
< Wlu' —u"|,
= |Tiu' - [u"| < BWlu' —u”||
~ 77 is a contraction on B(u, 9).
Step: 3 Here we prove that 7; is a completely continuous operator.

Let

Tyu(t) = {_fZ(tO'(p' Do)+ f2 (to thu+ (P§O+t,50(ut + (P:OH)) t €[0,u] and
0, t € [—k,0]

Tou(t) = {% [t =) (0 + 5,15 + Qa5 D(tts + Pipas))ds £ € [0,4]
0, t € [—k, 0]

Which means 7, =T, + T,
We know that the function £, is completely continuous and T, is continuous and {T,u: u € B(u,9)} which is uniformly
bounded. By the assumption (A9) we desist that the operator T, is completely continuous.

Besides for all t € [0, u], we have
t

1
|Tu(t)| < W (t—s)1g (to + 5,55 + Qf4s) D(xs + <p§0+s)) |ds
to
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1 t a-1 1-¢ to+A 1\&
< r(a)(o(t_s)l_el ds) (f (b(s))h)

0
Gu (1+y)(1-¢&1)

= T@a+p=
Thus {T,u: u € B(u,9)} is uniformly bounded.
Next, we prove that {T,u: u € B(u,9)} is equicontinuous . Forall 0 < t; <t, < pandu € B(u,9)
|Tou(ts) — Tu(e)l

ty
J- [(tz - S)a_l - (tl - S)a_l]g(to +s, Ug + (p:0+s:®(us + (p;0+s))ds
0

1
g

1
T (t; =) g(to + 5, us + @iy 45, D(us + @iy 45) )ds
ty

1 (n
< | 1= 907 = = 97 gt 5,0+ i D+ ) s
0

1t _ X .
+_r(a) t:(tz — )% g(to + 5,us + Ot yrs D(us + <Pt0+s))|ds

t1 1 1-¢&1 ts 1 1-¢;
G ( [(tz‘s)“_1‘<t1—5>“‘1]ﬁ> ; U [(tz—s)“-l]ﬁ>
0

< (@) +—|_(a) .

t1 1-gq t 1—g,
s, @ -w-or) ([ o)

g + + -& g .
= )1+ )/)(1‘51) (til - t; "+ (t; - t1)1+y)1 + (t, — t1)(1+1’)(1 1)

(@A +y)i==

2G B
< T@aa (2 — £,) T+ Aen),

~ T, is equicontinuous, Furthermore , we know that 7, is continuous. Thus 7, is completely continuous operator . Also
T, = T, + T, is completely continuous operator . By using the theorem (2.6) 7; + T, has unique fixed point on B(u, 9).
Suppose that f; = 0, we get the following result
Theorem: 3.4 If (Al)-(A6) satisfied such that 3 1 € (0,a) and 9 € (0, ) and
[A10] The function f is continuous and for any u,, u, € A(4,9),t € (0,1), by using the assumption (A4) and
(A5) we have “f(t' ulbuli) - f(t: Uy, DuZ)” < %”ul — Uy ”
Then the given system(2) has atleast one solution on the interval [¢,, t, + u] for some positive integer p.
If suppose that f, = 0, we get the following result. By Theorem (2.6) 7; + 75 has unique fixed point on B(u, 9).
Suppose that f; = 0, we get the following result
Theorem: 3.5 If (Al)-(A6) satisfied such that 3 1 € (0,a) and 9 € (0, ) and
[A1]The function f is continuous and for any u,, u, € A(4,9),t € (0,1), by using the assumption (A4) and (A5) we
have “f(t' ulbulﬂ) - f(t! Uy, :DuZ)” < %”ul — Uy ”
Then the given system (2) has atleast one solution on the interval [t,, t, + ©] for some positive integer p.
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