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ABSTRACT

The purpose of this article is to investigate the concept of Fibonacci Lacunary ideal convergence of double sequences in
Neutrosophic Normed Spaces (NNS). We examined a new concept, called Fibonacci Lacunary convergence. Fibonacci
Lacunary T,-limit points and Fibonacci Lacunary I,- cluster points for double sequences in NNS have been defined and
the significant results have been given. Additionally, Fibonacci Lacunary Cauchy and Fibonacci Lacunary I,- Cauchy
double sequences in NNS are explained.
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1. Introduction

Tripathy et al. [20] gave the concept of ideal convergence of double sequences in a metric space and examined
fundamental features. Using Lacunary sequence, Fridy and Orhan [5] examined Lacunary statistical convergence.
Lacunary statistical convergence of double sequences was worked at initial stage by Savas and Patterson [16]. Lacunary
ideal convergence of real sequences was introduced by Tripathy et al. [19]. This kind of convergence extended from
single to double sequences with the study of Hazarika [6].

Fuzziness has revolutionized many areas such as mathematics, science, engineering, medicine. This concept was
given by Zadeh [21]. The concept of fuzziness are using by many researchers for cybernetics, Artificial Intelligence,
Expert system and Fuzzy control, pattern recognition, Operation research, Decision making, Image analysis, Projectiles,
Probability theory, Agriculture, weather forecasting. Recently, the fuzzy logic became an important area of research in
several branches of mathematics like metric and topological spaces, theory of function etc.

Intuitionistic fuzzy set was introduced by Atanassov [1]. The notion of intuitionistic fuzzy metric space has been
established by Park [14]. The notion of neutrosophic sets was introduced by Smarandache [17,18] as an extension of the
intuitionistic fuzzy set. For the situation when the aggregate of the components is 1, in the wake of satisfying the
condition by applying the neutrosophic set operators, different outcomes can be acquired by applying the intuitionistic
fuzzy operators, since the operators disregard the indeterminacy, while the neutrosophic operators are taken into the
cognizance of the indeterminacy at a similar level as truth-membership and falsehood and non-membership.
Neutrosophic set is a more adaptable and effective tool because it handles, aside from autonomous components,
additionally partially independent and dependent information. In 2020 Kirisci et al. [11] defined Neutrosophic Normed
space (NN Space) and statistical convergence results. Later Jeyaraman et al. [7, 8] proved several fixed point theorems
and stability results in NN Space.

In this paper, we take I, as a strongly admissible ideal in N x N. Let (X,p) be a metric space. A double
sequence  x = (X,) IS named as I,- convergent to & if for any >0 we get
P(e) = {(m,n) € N X N: p(xyn, &) = €} € T,. In this case, we write I, — lirmemn =¢.

mn
A double sequence 8 = 8, = {(k,, 1)} is named as double Lacunary sequence if there are two increasing
sequences of integers (k,) and (I ) such that

ko =0,h, =k, —k,_y > oandl,=0,h; =1, —l;_; > ©, u,s - 00,
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We utilize the subsequent notation k,, = kL, h,s = h,hg and 6, is determined by
Jus ={k,Diky_y <k <k, and l,_; <1<},

ke L

qQu = k_' qs = 1 and qys = qyGs.
u-1 s—1

Throughout the paper we indicate a double lacunary sequence as 6, = 0,5 = {(k,, l5)}.
2. Preliminaries
Definition 2.1
A binary operation =:[0,1] x [0,1] — [0,1] is a continuous t-norm if * satisfies the following conditions:

i. * |S commutative and associative,
il. * |S continuous,

iii. p*1=p,
iv. Ifp<randq <s,thenpxq <r=xsforallp,q,rs €[01].
Definition 2.2:

A binary operation ¢:[0,1] x [0,1] — [0,1] is a continuous t-conorm if ¢ satisfies the following conditions:

i ¢ is commutative and associative,

ii. ¢ is continuous,

iii. p <O 0=pforallp e [0,1],

iv. Ifp <randq <s,thenpOq <rOsforallp,q,r,s €[0,1].

Definition 2.3:
A binary operation ®:[0,1] x [0,1] - [0,1] is a continuous t-conorm if © satisfies the following conditions:

i © is commutative and associative,

ii. @ iscontinuous,

ii. pOO=pforallp e [0,1],

iv. Ifp<randq<s,thenp®q <r@sforallp,q,rse[0,1].

Definition 2.4:

The seven tuples (X, ¢, w,¥,*, ¢, ®) is called as Neutrosophic Normed Space (NNS) if X is a vector space, * is
a continuous t-norm, ¢ and ©® are continuous t-conorm and ¢, w and ¥ are fuzzy sets on X x (0, ) satisfying the
subsequent conditions: For every a,b € Xand p,q > 0:

() ¢aq)+wlaq)+yaq) <3,

(i) 0<¢(@q) <10<wlaq) <10<yPaq) <1,
(i)  ¢@(a,q) >0,

(iv) ¢@(a,q)=1iffa=0,

(V) o(ca,q) = ¢ (a, Iqu) ifc#0,

(Vi)  ¢(a,q) *eb,p) <¢pla+bq+p),
(vii)  ¢@(a,.):(0,00) — [0,1] is continuous at g,
(viii) (}Lrgo ¢(a,q) =1and },iir(l) p(a,q) =0,
(ix) w(a,q)<1,

(x) w(a,q) =0iffa=0,

xi)  w(ca,q) = w(a, %) ifc#0,

(xii)  w(a, q)Ow(b,p) = w(a+b,q+p),
(xiii)  w(a,.): (0,00) - [0,1] is continuous at g,
(xiv) ;1_)12) w(a,q) = 0and }Iiir(l) w(a,q) =1,

xv)  Ylaq <1,
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(xvi) Y(a,q)=0iffa=0,
(xvii) Y(ca,q) = Y(a, |q?|) ifc#0,

(xviii) Y(a,q)OY(b,p) = Y(a+b,q +p),
(xix)  ¥(a,.): (0,0) - [0,1] is continuous at g,

() lim y(a,q) = 0 and lim(a,q) = 1.
q-© q-

3. Main Results:
Definition 3.1:

Let (X, 0, w, %, 0,®) be a NNS. A double sequence x = (x;;) in X is called as Fibonacci Lacunary
convergent to & with regards to the NN (¢, w,y), if for every t > 0 and ¢ € (0,1), there is r, € N such that

1 .
- Z (p(kal—E,t)>1—s,

us (kD€EJus us (kD€ Jus

w(Fxy —&t)<e

1 ~
and h_usz(k'l)ejus Y(Fxyy — & t) <e forallu,s > .

In this case, we write (@, w, )% — lim Fx = &,
Theorem 3.2:

If (o, w,)0s — lim Fx = &, then (¢, w,)%s — lim Fx is unique.
Proof:

Suppose that (¢, w,))%s — lim Fx = & and (¢, w,)%s — lim Fx = &,.

Given € > 0, choose y € (0,1) suchthat (1 —y)*x (1 —y) >1—¢, yOy < €and y®Oy < &. Now, for all t > 0, there
is; € N such that

1 . 1 ~
. Z (p(kal - fl,t) >1-—g, o Z w(kal — fl,t) <e
us us
(kDEJus (kDEJus
and hiz(k.t)ems w(ﬁxkl - El,t) < g, forall u,s = r;. Also, there is r, € N such that
us
1 . 1 ~
. Z (p(kal - fz,t) >1- e,—h Z a)(kal — Ez,t) <e
us us
(kDEJus (kDEJus
and hiz(k,l)ejus Y(Fxy — &,,t) <, forallu,s > r,. Consider ry = max{r;, ,}.
us

Then, for u,s > r,, we take a (m,p) € N x N such that
~ t 1 PN t
) (Fxmp - 51’5) > h_uSZ(k,l)ejus ) (kaz - fz»;) >1-yand
P t 1 = t .
Q (Fxmp - 52'5) > h_mz(kl)efus Q (kal - 52,5) > 1 — y. Then, we obtain
~ t PN t
P& =& = ¢ (Fxm —05) x 0 (Frap —&2,5) > (A -1) (1 -p) > 1-=.
~ t 1 PN t
w (Fxmp - 51'5) < h_usZ(k,l)E]uS w (kaz - 51:;) <yand
- t 1 = t
w (Fxmp - 52';) < h_uSZ(k,l)E]us w (kaz - 52'5) <vy.

w(é —&,t) < w(ﬁxmp —51,%) Ow (Fxmp —52,%) <ydy<e
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Y (ﬁxmp - fp%) < hLuSZ(k,z)e]us Y (ﬁxkl - 51'2) <yand
Y (ﬁ'xmp - fzé) < h%SZ(k,z)EJuS Y (ﬁxkl - fz'é) <7.

Then, we obtain (& — &,,t) <Y (F‘xmp - fp%) o}V (F‘xmp - fz.%) <yQ@y<e.
Since € > 0 is arbitrary, we have @(&; — &,t) =1, w(é — &,t) =0 and Y(& —&,,t) =0 for every t > 0, which
givesthat & = ¢&,.

Definition 3.3:

A double sequence x = (x;;) in NNS is called as Fibonacci Lacunary I,[FLT, ] Convergent to & with regards
to the NN(¢, w, V), if for every e > 0 and t > 0, the set

( 1 ~
(u,s)ENxN:h— Z (p(kal—E,t)Sl—s
us (k,DEJus

1 ~
e z cu(kal—f,t)Ze €I,
us
(k,DEJys

1 ~
and . Z V(Fxy — &) > e.

WS (kD)€ us

< or

& is named the Fibonacci T4 limit of the sequence of (xy;), we note Tit(e‘:i‘s“"w) —lim x = ¢.

Lemma 3.4:

For every e > 0 and t > 0, the following demonstrations are equivalent.
a) FITPOV) —lim x =
1
D)  {@s) ENXN= ey, 9Gu — 60 S 1-ef €Ty,

us

1
{(1,5) € N X N2 B pes,, @i — §,8) 2 £} € T, and

us

1
(u,5) € N X Ni= Ty, Wi — §,8) = e} € T,

us

1 ~
[(u, s) ENx N:h_Z(k,l)e]us(P(kal —&t)>1-¢

us

c) %MZ(k,z)e;usw(ﬁxkz —¢§,t)<e and € F(Z,),
hLuSZ(k,l)E]us Y(Fxy — & t) <e.
d) {(u, s) €N x N:%MZ(k,l)E]us(p(ﬁxkl —&t)>1-— s} € F(I,),
{(u, s) € N x N:himz(k_l)ﬂusw(ﬁxkl -§t)< s} € F(T,) and
{(u, s) € N x N: %M&k,z)e;usll)(ﬁxkz —§1t) < e} € F(I,) and
e) Tiéi’sw'w) —lim ¢(Fxjy — &t) = 1, ?Zé‘ﬁ‘:"w —limw(Fx,, —&,t) = 0and
FITPOV) —lim Y(Frxy — &,t) = 0.
Theorem 3.5:

If a sequence x = (xi;) in NNS in FLT, —Convergent with regards to the NN(¢,w,y), then
FIE " —lim x is unique.

Proof:

Assume that FEE " —lim x = & and FT{Y) —lim x = &,. Given £ € (0,1), select y € (0,1), such that
A-p)+xA-py)>1—-¢y0y<cand yOy< e
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Then, for any t > 0, take the following sets:

Kpa (0,8 = {(ws) € N X N: Ty, 0
1

Kp2(r,) = (W, 5) €N X N: ;=3 ejys @

Kw,l(y:

(
(
(u,s) €N x N:hiusz(k,l)elus“’ (F"xkl - 61,2) >y
(
K8 = {@0,9) € N X Niz=Zees ¥

{
=1
Koo @,8) = {(5) € N X Niz= B ey, @
{
{

D t
Ky, t) ={(u,s) € NxN: —Sz(k.z)ausll' (kal _ 52,;) >y

Since Tié‘i’s“"w —lim x = &, By applying Lemma (3.4), we get K,,,(y,t) € T,,
Ky1(r,t) €T, and Ky, (y,t) €T, for every t>0. Using Tfigz's“"@ —lim x = &,, we have K,,(y,t) € I,,
K2y, t) € Ty and Ky, (v, t) € T, forall ¢ > 0. Now, take

Kpwp@ ) = (Kp1(r, ) UKy (v, 6) N Ky, 1(7, £) UK, (v, t) N Ky 1 (v, £) U Ky 5 (v, ). Then K, (v, t) € T, This
gives that K. ww(y, t) #6in T(ZZ)
If (w,s) € K, ,,,(, t), contemplate the case (w,s) € (Kg1(y,t) N K5, (v, 1)),

(w,s) EKG1(r, ) N K, (v, t) and (u,s) € Ky (v, £) N Ky, (v, ©).

Then, we get -— Z(k Dejus P (kaz $1) ) >1-yand-— Z(k DETys P (kal $2) ) -7
1 o ¢ 1 A ¢

h—uSZ(k,z)e]usw (kal - 51';) <yand h_uSZ(k,l)E]us w (kaz - fz»;) <yand

1 =~ t PN t
h—uSZ(k,l)e]uSl/) (kaz -1 2) <yand.— Z(k Defus ¥ (kal - 52,5) <

Now, obviously we will geta p,q € N x N such that

t 1 =~ t
@ (Fqu ¢uz) > h_uSZ(k,l)Ejus(p (kaz - 51,;) >1-y and

)
@ Fqu - fzé) > ,%uSZ(k,l)e]uS‘P (ﬁxkl fzé) >1-y.

Then, we obtain
P&~ 602 ¢ (Fryg—&,2)« 0 (Frpg —&5) >A-1)+(1-1) > 1—¢,
w(§ — &) < a)( - &1 )Ow(ﬁqu—§2,§)< y ¢y <e and

Y& -6t < P (ﬁqu ~65) O (Frpq — 25) <y OF <
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Since € > 0 is arbitrary, we get @(&; —&,t) = 1, w(é —&,,t) = 0, Y(& — &,,t) = 0 for each t > 0,which gives

that El = 52.

Hence in all cases, we deduce 7—"1(“’ W)

— lim x is unique.

Theorem 3.6:

I (9, , )% — lim Fx = &, then FTF Y —limx = ¢,

Proof: Let (¢,w, )% —limFx = E Then for every t >0, and e € (0,1), there is 1y, €N such that
1 ~
h_usz(k'l)e]us(p(kal E t) >1-— &, Z(k l)E]usw(kal f t) <& and Z(k l)elus (kal E, t) <¢g, for all

u,s = 1.

Therefore, we obtain

(us)eNxN— Z (ka, ft)<1—£
kDEJ

A =4 or h_ Z (kaz Et)>s
k,DE]J
1
and h_ z w(kal - E,t) >¢
(kDEJus

c{(1,1),(2,2),3,3)... (kg — 1, ko — 1}.

But, with ¥, being admissible ideal, we get € T, .
Hence, FTL" Y — limx = ¢.

Theorem 3.7:

If (p,w,)Pus —limFx = ¢, then there exists a subsequence (xpqy/) Of x

((P; w, 1/))9“'5 - llm ka'(u)l'(s) = 6
Proof:

Let (@, w,)%s — lim Fx = &. Then for every t > 0 and & € (0,1), there exists r, € N

such that Z(k I)E]us(p(kal §t)>1—¢ Z(k l)E]usa)(kal §t)<e and Z(k l)E]usl,b(kal
allu, s > ro

Obviously for each u, s = r,, we can select k' (u)l'(s) € J, such that

<P(ka’(u)z’(s) $, f) > — Z <P(kaz =, f) >1-g
(k D€Jys

(U(ﬁxk’(u)l/(s) E t) < Z(k l)E]uSw(kal f, t) < gand
~ 1 ~
1p(ka’(u)z’(s) —-§t) < h_uSZ(k,l)ejusll}(kal —§t)<e

It follows that(, w, )% — lim Fx, 10,1y = €.

Definition 3.8:

such that

§,t) <e, for
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A double sequence x = (xj) in NNS is named as Fibonacci Lacunary Cauchy [FLC] with regards to the
NN(¢p, w, ), if forevery e > 0 and t > 0, there exists N = N(¢) and M = M(¢) such that, forall j,p = N, k,q = M,

1 a P 1 ~ ~
= ZG0waehs PP = Frpg t) > 1= & :=X10,maens ©(Fxe — Frpq t) <
1 =~ ~
and h_mz(jyk),(p,q)elus’/’(ijk = Fapg t) <e.

Definition 3.9:

A double sequence x = (x;) in NNS is named as FLT,- Cauchy with regards to the NN(¢, w, ), if for every
€ € (0,1) and t > 0, there exists (p,q) € N x N fulfilling

1 ~ o
) H— ik — ) — <,
(u,s) ENxN o(Fxj — Fxpgt) >1—¢
S (0, P.a)E Tus
1 . .
) - Z w(Fxj = Fxpg,t) < e and \ e 7(q,)
S (G P.a)E us
1 ~ ~
- w(ijk - Fqu,t) <e.

Y (.0, (P,2)E Tus

Definition 3.10:

A double sequence x = (xj) in NNS is named as FLX,- Cauchy with regards to the NN(¢, w, ), if there is a
subset M = {(j k)i jh <...<ky <k, <--} of NXN such that the set M' = {(u,s) € N x N: (j,, k;) € Jus} €
F(Z,) and the subsequence (x;, ) is a FLC sequence with regards to the NN (¢, w, ).

Theorem 3.11:

A double sequence x = (x;) is named as FLT,- Convergent with regards to the NN(¢, w, ), iff it is FLT,-
Cauchy with regards to the (¢, w, ).

Proof:

Let x = (xj) be FLE, — Convergent to ¢ with regards to the NN(¢, w, ). Then

1 . t
(u,s) ENXN:— <p(ijk—E,—>S1—e
hys 2
UK€ Jus
1 - t
I DI (o ) L
U K)EJus
1 ~ t
and o Z llz(ijk—f,E>2£
U.k)EJus
Specifically, forj = M,k = N
1 . t
(u,s) ENxX N:— (p(FxMN—E,—>S1—s
Ry 2
(M,N)€EJys
1 ~ t
or o w(FxMN—E,E)Ze €%,
(M,N)EJys
1 ~ t
and — llz(FxMN—f,—) >¢
Ry 2
(M,N)E]Jys

Since @(Fxjy — Fxyy,t) = ¢ (ﬁxjk — &= Fxyy + gé + g)

2 (p(ﬁxjk _f'é) * (p(ﬁxMN _f:g)'
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w(Fxj — Fxyy,t) = (F"xjk —&—Fxyy + E.§+ %)

< w (ﬁxjk - f,é) Qw (FxMN - f,é) and

~ ~ ~ ~ t t
z/)(ijk — FxMN,t) = zp<ijk —&—Fxyy + 6,5+§)

< ¥ (Pxpc—£.2) O (Fruy — £5).

We obtain
1 . .
(u,s)ENXN:h— Z <p(ijk—FxMN,t)S1—s
us (. k)EJus
1 . .
< or e Z (l)(FXjk - FxMN' t) > & = ZZ
S (k)€ Jus
1 N .
and . Z Y(Fxj — Fxyy,t) > €
us (.k)EJus

That is, (x,-k) is FLT,- Cauchy with regards to (¢, w,¥).

In contract, let x = (x;;) be FLE,- Cauchy but not FLE,- Convergent with regards to the NN(¢, w,). Then,
there are N and M such that set A(e, t) € I,, where

1
(u,s) EN X N:h— Z <p(xjk —xyn,t) <1—¢or
S (k€ us

1
A(e, t) = - w(xj, — xyy,t) = € and
U GkEus
1
e 1/)(xjk - xMN,t) > €.

us (.)€ Jys
and also B(e, t) € I,, where

(u,s) e N X N:— (p(ﬁx,k—f,—>S1—sor

us (k) EJus

1 R t

B(e,t) = o “’(ijk—fi)ZSand 4

us (.)€ Jys

1 N

. Y (ijk ¢, ) >e
us (.K)EJus

Since
@(Fxj — Fxyy, t) > 2¢ (ﬁxjk - f%) >1—¢ w(Fxy — Fayy, t) < 20 (Fxf" B E%) <¢
and (P — P, t) < 29 (Frpe = €.5) <&,

If ¢ (P — 6,2) > =5, 0 (P — &,2) < £ and 9 (P — §,5) < = Therefore,
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1 A _

:h— Z <p(ijk—FxMN,t)>1—s or
us U k)EJus
1 . -

o w(ijk — Fxyn, t) < & and
us U k)EJus
1 N -

- t,b(ijk — Fxyn, t) <e.
us U k)EJus

that is, A°(g,t) € I, and hence A(e, t) € F(I,), which leads to a contradiction.

Hence x must be FLT,- Convergent with regards to the NN(¢, w, ¥).

Theorem 3.12:

If (pys) is a double lacunary refinement of 6,; and Titf,ﬁ‘s““") —limx = ¢, then Tit(ei‘s“"w) —limx = ¢&.

Proof:

Suppose that each T, of 8, involves the points (k,;, I ;)

v(w)w(s)
ij=1

Ky1 < kup < kyp <+ < kypy = ku, where L, = (kyi_1, ko),

lS—1 < l_S,I < l_S,Z < e < l_S,W(S) = lS! Where]_S‘] = (l_S,j—l’ l_S,j)

of (p,s) so that

and  Jugij = {0k Dikyioy <k <kglgjy <1<}, forall u,s and v(u) = 1,w(s) > 1 this gives that (ky, L) S
(ky ly). Let (]_”)jo]: be the sequence of abutting blocks of (J,s;;) ordered by increasing a lower right index point.

Since m},ﬁ's‘“’” — lim x = &, we obtain the following for each t > 0 and € € (0,1)

As before, we take h,s = hyhg: hy; = ky;

foreacht > 0 and € € (0,1) we get

1
(u,s) € NXN:h—

us (KDEJus

1

WS (kD€ Jus
1

h

U (kD€ Jus

PR 1 ~
(i,j) EN X N:E—UZ]—UCMS;(R‘DG]—Uga(kal —§t)<l—cor

1
c (u, S) € N x N:h_usz(k'l)’efus

o(Fxy—&t)<1—cor
— Z w(Fxy —&,t) > € and

— Z Y(Fxy —&t) > ¢.

1 -
(i,j)eNxN:E— o(Fxy—&t)<1-¢
i JijSJus
1 -
or " Z w(kal =&, t) =& €1,

U jijclus

1 -

and — z w(kal =&, t) > €.
hij ]ijclus

- ku,i—lt hsj = ls,j ls,j—l-

1 =~
E_ijzl_ijclus:(k,l)ej_ij(U(kal —é, t) > ¢ and

1 ~
7y ) JijSIusi (. DETj p(Fxy—§t)=e

By (3.12.1), for each t > 0 and € € (0,1) if we define

(3.12.1)
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1 R 00,00
- Z <p(kal Et)<1—8 or
Y (DEJij
! Z (F &t) = e and
_| = w(Fx, —&t) > ¢ an
tij = | by r
] CJus,(k,DEJj
1 -
E— (kal—f,t)ZS
Y 7L]C]‘U.S (kDEJj ij=1

then (t(; ;) is a pringsheim null sequence. The transformation

! R ]
hi}'}—l— Z p(Fxyy—&t)<1—¢€or
T (k, l)e]u
1 - 1 .
(At)ys = 7— hij e z w(Fxy —&,t) = eand
US (kDE Jus Y JijClusi (R DET
1 ~
hij Y(Fag —§,t) 2 ¢
Y 71]C]us (kDEJ;j

fulfills all situations for a matrix transformation to map a pringsheim null sequence.
Hence, FTL" %) — limx = ¢.
Definition 3.13:

Let (X, @, w,1,%, O, ®) be an NNS.

a) An element ¢ € X is named as FLT,- limit point of x = (xy,) if there is set

M = {(ky, 1) < (ky, 1) <+ < (kylg) <} N XN such that the set M' = {(u,s) € N X N:(k,, L) € Jus} €,
and (o, w,)%s — lim Fxp, 1, =§.

b) & € X is named as FLT,- cluster point of x = (xy,) if, for every t > 0 and € € (0,1),

we get

(u,s) ENXN o(Fxy —&t)>1—¢,

1
h
(k D€EJus
1 "
h_ a)(kal—E,t)<e and €3,
(k,DEJus

ll}(ﬁxkl —f,t) <E.

U3 (k)€ us

1

}I

A(Tji‘w)gus (x) and F(Tj )Pus (x) indicate the set of all FLZ,- limit points and the set of all FLZ,- cluster points in

NNS, respectively.
Theorem 3.14:

crrx (x).

For every sequence x = (x;;) in NNS, we have /\( op)Pus x) c (0 conp)Pus

Proof:

Let & EAiji )Pus (x). Then, there is a set M c N x N such that the set M’ ¢ T,, where M and M’ are as in

definition (3.13), fulfills (¢, w,1)%s — lim Fxy,, 1, = €. Hence, for every t > 0 and ¢ € (0,1), there are ug, s, € N such
that
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1 - 1 -
— Z <P(kau,zs—f't) >1—¢g,— Z w(kau_ls—f,t) < € and
hus kDe hus
W€ us (kDEJus

1 "
— Z w(kau.ls =&, t) <e¢ , forallu =uy s = s,.
U8 (kDEJus

Therefore,
1
(u,s) ENXN h_ Z (p(kal ft)>1—e
k,DEJ
1
B = h_ Z a)(kal {t)<£and>
k€]
1
h_ Z (kal ft)<€
k,1)€EJ

2 M\{(ky, 1) < (kz, 1p) < -+ < (kyy ls,)}-
Now, with ¥, being admissible, we must have M'\{(ky, L) < (k1) < - < (ky, l5,)} € T, and as such B € T,.
Hence, ¢ € FHZ eo!
Theorem 3.15:
The following observations are equivalent

a) & is FLZ, is limit point of x.
b) There are two sequences y = (yy;) and z = (z;) in NNS such that x = y + z and (¢, 0, )% — limFy =¢&
and {(u,s) E Nx N: (k,]) € Jys, 21y # 0} €I, .

Proof:

Suppose that (a) holds. Then there are M and M’ are as in Definition (3.13) such that M’ ¢ ¥, and
(@, w,P)%s — lim Fx = &. Take the sequences y and z as follows:

_ {xkl, if (k, 1) € Jus, (u,5) €M’ and 7. = { 0, if (k1) € Js,(w,s) €M’
Yl = g, otherwise. K7 gy — &, otherwise.

It is adequate to think the case (k, 1) € J,, such that (u,s) e Nx N/M’'.
Then for each t > 0 and € € (0,1). Then, we have
o(Fy—&t)=1>1-¢,w(Fy,—&t)=0<eand Pp(Fy, —§t) =0<e.

Thus, we write
1 ~ 1 -
h_uSZ(k,l)E]usqo(Fykl —&t)=1>1—¢, h—uSZ(k,z)e]us w(Fy—&t)=0<g,

) _ .
and = Noenens ¥ (Fyu —§t) =0 < e Hence, (p,w, )% —limy = <.

Now, we have {(u,s) € N x N: (k,) € ], 2, # 0} € N x N\M".

But N x N\M' € ¥, and so {(u,s) € N x N: (k, 1) € J,5, z,, # 0} € T,.
Now, presume that (b) holds. Let {(u,s) € N X N: (k,1) € J,s, zx; = 0}.
Then, obviously M’ € F(Z,) and so it is an infinite set. Construct the set

M = {(ky, 1) < (k1) <+ < (ky,lg) < -} c NxNsuch that (ky, L) € Jus and z ;= 0. Since Xieyls = YVieyls and
(@, w,P)%s — limy = &, we obtain (¢, w,)%s — lim Fxp, 1, = €.
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Conclusion

In this paper, we have introduced the concept of FLI,- Convergent of double sequence in NNS. Also, we
proved some basic results in this space. The definition of FLZ,- Convergent and FLT,- Cauchy with respect to NNS are
discussed. After that, the definitions of FLT,- limit point and FLZ,- cluster point are discussed.
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