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ABSTRACT 

In this paper, we determine some stability results concerning the Jensen functional equation 

2𝑓((𝑥 + 𝑦) 2⁄ ) = 𝑓(𝑥) + 𝑓(𝑦) in Neutrosophic Normed Spaces (NNS). We define the Neutrosophic Continuity 

of the Jensen mappings and prove that the existence of a solution for any approximately Jensen mapping implies 

the completeness of NNS. 
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1.  Introduction 

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in various problems arising in 

the field of science and engineering. It has also very useful applications in various fields. Stability problem of a 

functional equation was first posed by Ulam [20] which was answered by Hyers [6] and then generalized by Aoki [1] and 

Rassias [15] for additive mappings and linear mappings, respectively. Since then several stability problems for various 

functional equations have been investigated in [7] and [16] and various fuzzy stability results concerning Jensen 

functional equations were discussed. Furthermore some stability results concerning Jensen, cubic, mixed-type additive 

and cubic functional equations were investigated in the spirit of intuitionistic fuzzy normed spaces, while the idea of 

intuitionistic fuzzy normed space was introduced and further studied. 

 

After a while, Smarandache [17] introduced the notion of Neutrosophic Sets [NS], which is the different kind of 

the notation of the classical set theory by adding an intermediate membership function. This set is a formal setting trying 

to measure the truth, indeterminacy and falsehood. Later on, the concepts of statistical convergence of double sequences 

have been analyzed in IFNS by Mursaleen and Mohiuddin [13]. Quite recently, Kirisci and Simsek [19] introduced the 

notion of Neutrosophic normed space and statistical convergence. Since Neutrosophic Normed Space [NNS] is a natural 

generalization of IFNS and statistical convergence. 

 

In this paper, we determine some stability results concerning the Jensen functional equation  2𝑓((𝑥 + 𝑦) 2)⁄ = 𝑓(𝑥) +
𝑓(𝑦) in NNS. We define the Neutrosophic Continuity of the Jensen mappings and prove that the existence of a solution 

for any approximately Jensen mapping implies the completeness of NNS. 

2. Preliminaries 

Definition 2.1: 

A binary operation ∗: [0,1] × [0,1] → [0,1]  is said to be continuous 𝑡-norm if it satisfies the 

following conditions; 

i. ∗ is associative and commutative, 

ii. ∗ is continuous, 

iii.  𝑎 ∗ 1 = 𝑎,  for all  𝑎 ∈ [0,1], 
iv.  𝑎 ∗ 𝑏 ≤ 𝑐 ∗ 𝑑  whenever  𝑎 ≤ 𝑐  and  𝑏 ≤ 𝑑, 
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                for each  𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 
Definition 2.2: 

A binary operation ⟡: [0,1] × [0,1] → [0,1]  is said to be a continuous 𝑡-conorm if it satisfies the 

following conditions; 

i. ⟡ is associative and commutative, 

ii. ⟡ is continuous, 

iii.  𝑎 ⟡ 0 = 𝑎,  for all  𝑎 ∈ [0,1], 
iv.  𝑎 ⟡ 𝑏 ≤ 𝑐 ⟡ 𝑑  whenever  𝑎 ≤ 𝑐  and  𝑏 ≤ 𝑑 

 for each  𝑎, 𝑏, 𝑐, 𝑑 ∈ [0,1]. 
Definition 2.3: 

The seven-tuple (𝑋, 𝜇, 𝜗, 𝜔,∗,⟡,⊙) is said to be Neutrosophic Normed Space (NNS) if 𝑋 is a vector space, ∗ is a 

continuous 𝑡-norm, ⟡ and ⊙ are continuous 𝑡-conorm and  𝜇, 𝜗, 𝜔 are fuzzy sets on 𝑋 × ℝ satisfying the following 

conditions; For every  𝑥, 𝑦 ∈ 𝑋 and 𝑠, 𝑡 > 0 

i. 𝜇(𝑥, 𝑡) + 𝜗(𝑥, 𝑡) + 𝜔(𝑥, 𝑡) ≤ 3, 

ii. 0 ≤ 𝜇(𝑥, 𝑡) ≤ 1, 0 ≤ 𝜗(𝑥, 𝑡) ≤ 1, 0 ≤ 𝜔(𝑥, 𝑡) ≤ 1, 

iii. 𝜇(𝑥, 𝑡) > 0, 

iv. 𝜇(𝑥, 𝑡) = 1  iff  𝑥 = 0, 

v. 𝜇(𝛼𝑥, 𝑡) = 𝜇 (𝑥,
𝑡

|𝛼|
) , for each 𝛼 ≠ 0, 

vi. 𝜇(𝑥, 𝑡) ∗ 𝜇(𝑦, 𝑠) ≤ 𝜇(𝑥 + 𝑦, 𝑡 + 𝑠), 
vii. 𝜇(𝑥,∙): (0,∞) → [0,1] is continuous, 

viii. lim
𝑡→∞

𝜇(𝑥, 𝑡) = 1  and  lim
𝑡→0

𝜇(𝑥, 𝑡) = 0, 

ix. 𝜗(𝑥, 𝑡) < 1 

x. 𝜗(𝑥, 𝑡) = 0 iff 𝑥 = 0, 

xi. 𝜗(𝛼𝑥, 𝑡) = 𝜗 (𝑥,
𝑡

|𝛼|
) , for each 𝛼 ≠ 0, 

xii. 𝜗(𝑥, 𝑡) ⟡ 𝜗 (𝑦, 𝑠) ≥ 𝜗(𝑥 + 𝑦, 𝑡 + 𝑠), 
xiii. 𝜗(𝑥,∙): (0,∞) → [0,1] is continuous, 

xiv. lim
𝑡→∞

𝜗(𝑥, 𝑡) = 0 and lim
𝑡→0

𝜗(𝑥, 𝑡) = 1. 

xv. 𝜔(𝑥, 𝑡) < 1, 

xvi. 𝜔(𝑥, 𝑡) = 0  iff 𝑥 = 0, 

xvii. 𝜔(𝛼𝑥, 𝑡) = 𝜔 (𝑥,
𝑡

|𝛼|
) ,for each 𝛼 ≠ 0, 

xviii. 𝜔(𝑥, 𝑡) ⊙ 𝜔 (𝑦, 𝑠) ≥ 𝜔 (𝑥 + 𝑦, 𝑡 + 𝑠), 
xix. 𝜔(𝑥,∙): (0,∞) → [0,1] is continuous, 

xx. lim
𝑡→∞

𝜔(𝑥, 𝑡) = 0 and lim
𝑡→0

𝜔(𝑥, 𝑡) = 1. 

Example 2.4: 

Let (𝑋, ‖∙‖) be a normed space, 𝑎 ∗ 𝑏 = 𝑎𝑏, 𝑎 ⟡ 𝑏 = 𝑚𝑖𝑛{𝑎 + 𝑏, 1} and 𝑎 ⊙ 𝑏 = 𝑚𝑖𝑛{𝑎 + 𝑏, 1}, 

for all  𝑎, 𝑏 ∈ [0,1]. For all  𝑥 ∈ 𝑋  and every 𝑡 > 0, Consider 𝜇(𝑥, 𝑡) = {
𝑡

𝑡+‖𝑥‖
 if 𝑡 > 0

0         if 𝑡 ≤ 0
}, 𝜗(𝑥, 𝑡) =

{
‖𝑥‖

𝑡+‖𝑥‖
 if 𝑡 > 0

1         if 𝑡 ≤ 0
}  and 𝜔(𝑥, 𝑡) = {

‖𝑥‖

𝑡
  if 𝑡 > 0

1        if 𝑡 ≤ 0
}. Then (𝑋, 𝜇, 𝜗, 𝜔,∗,⟡,⊙) is NNS. 

3. Neutrosophic Stability of Jensen mapping 

            Let (𝑋, 𝜇1, 𝜗1, 𝜔1,∗,⟡,⊙) and (𝑌, 𝜇2, 𝜗2, 𝜔2,∗,⟡,⊙) be two NNSs and 𝑓:𝑋 → 𝑌 be a mapping. Then 𝑓 is said to 

be Neutrosophic Continuous at a point 𝑥0 ∈ 𝑋 if for each sequence (𝑥𝑛) converging to 𝑥0, the sequence (𝑓(𝑥𝑛)) 
converges to 𝑓(𝑥0). If 𝑓 is Neutrosophic Continuous at each point of 𝑥0 ∈ 𝑋 then 𝑓 is said to be Neutrosophic 

Continuous on 𝑋. The Jensen functional equation is 2𝑓((𝑥 + 𝑦) 2⁄ ) = 𝑓(𝑥) + 𝑓(𝑦), where 𝑓 is a mapping between 

linear spaces. It is easy to see that a mapping 𝑓: 𝑋 → 𝑌 between linear spaces with 𝑓(0) = 0 satisfies the Jensen equation 

if and only if it is additive. 

We begin with a generalized Hyers- Ulam- Rassias type theorem in NNS for the Jensen functional equation. 

 

 

Theorem 3.1: 

            Let 𝑋 be a linear space and 𝑓 be a mapping from 𝑋 to a Neutrosophic Banach Space (NBS) (𝑌, 𝜇, 𝜗, 𝜔) such that 

𝑓(0) = 0. Suppose that 𝜑 is a function from 𝑋 to a NNS (𝑍, 𝜇′, 𝜗 ′, 𝜔′) such that 
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{
 
 

 
 𝜇 (2𝑓 (

𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≥ 𝜇′(𝜑(𝑥), 𝑡) ∗ 𝜇′(𝜑(𝑦), 𝑠),

𝜗 (2𝑓 (
𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≤ 𝜗 ′(𝜑(𝑥), 𝑡) ⟡ 𝜗 ′(𝜑(𝑦), 𝑠) and

𝜔 (2𝑓 (
𝑥+𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≤ 𝜔′(𝜑(𝑥), 𝑡) ⊙ 𝜔′(𝜑(𝑦), 𝑠), }

 
 

 
 

                                     (3.1.1) 

for all 𝑥, 𝑦 ∈ 𝑋 ∖ {0}, 𝑡 > 0 and  𝑠 > 0. If 𝜑(3𝑥) = 𝛼𝜑(𝑥) for some real number 𝛼 with 0 < |𝛼| < 3, then there exists a 

unique additive mapping 𝑇: 𝑋 → 𝑌 such that  𝑇(𝑥) = lim
𝑛→∞

𝑓(3𝑛𝑥)/3𝑛, 

𝜇(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≥ 𝑀 (𝑥,
(3−𝛼)𝑡

6
), 𝜗(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝑁 (𝑥,

(3−𝛼)𝑡

6
) and 𝜔(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝑃 (𝑥,

(3−𝛼)𝑡

6
), where 

𝑀(𝑥, 𝑡) = 𝜇′ (𝜑(𝑥),
3

4
𝑡) ∗ 𝜇′ (𝜑(−𝑥),

3

4
𝑡) ∗ 𝜇′ (𝜑(3𝑥),

3

4
𝑡), 

𝑁(𝑥, 𝑡) = 𝜗′ (𝜑(𝑥),
3

4
𝑡) ⟡ 𝜗′ (𝜑(−𝑥),

3

4
𝑡) ⟡ 𝜗′ (𝜑(3𝑥),

3

4
𝑡) and 

 𝑃(𝑥, 𝑡) = 𝜔′ (𝜑(𝑥),
3

4
𝑡) ⊙ 𝜔′ (𝜑(−𝑥),

3

4
𝑡) ⊙ 𝜔′ (𝜑(3𝑥),

3

4
𝑡). 

Proof: 

           Without loss of generality we may assume that 0 < 𝛼 < 3. Putting 𝑦 = −𝑥 and 𝑠 = 𝑡 in (3.1.1), we get 

𝜇(−𝑓(𝑥) − 𝑓(−𝑥), 2𝑡) ≥ 𝜇′(𝜑(𝑥), 𝑡) ∗ 𝜇′(𝜑(−𝑥), 𝑡), 𝜗(−𝑓(𝑥) − 𝑓(−𝑥), 2𝑡) ≤ 𝜗 ′(𝜑(𝑥), 𝑡) ⟡ 𝜗′(𝜑(−𝑥), 𝑡)  and 

𝜔(−𝑓(𝑥) − 𝑓(−𝑥), 2𝑡) ≤ 𝜔′(𝜑(𝑥), 𝑡) ⊙ 𝜔′(𝜑(−𝑥), 𝑡), for all 𝑥 ∈ 𝑋 and 𝑡 > 0. Replacing 𝑥 by −𝑥, 𝑦 by 3𝑥 and 

 𝑠 by 𝑡 in (3.1.1), we get 

𝜇(2𝑓(𝑥) − 𝑓(−𝑥) − 𝑓(3𝑥), 2𝑡) ≥ 𝜇′(𝜑(−𝑥), 𝑡) ∗ 𝜇′(𝜑(3𝑥), 𝑡), 
𝜗(2𝑓(𝑥) − 𝑓(−𝑥) − 𝑓(3𝑥), 2𝑡) ≤ 𝜗′(𝜑(−𝑥), 𝑡) ⟡ 𝜗′(𝜑(3𝑥), 𝑡) and 

𝜔(2𝑓(𝑥) − 𝑓(−𝑥) − 𝑓(3𝑥), 2𝑡) ≤ 𝜔′(𝜑(−𝑥), 𝑡) ⊙ 𝜔′(𝜑(3𝑥), 𝑡).  
Thus,  𝜇(3𝑓(𝑥) − 𝑓(3𝑥), 4𝑡) ≥ 𝜇′(𝜑(𝑥), 𝑡) ∗ 𝜇′(𝜑(−𝑥), 𝑡) ∗ 𝜇′(𝜑(3𝑥), 𝑡), 
𝜗(3𝑓(𝑥) − 𝑓(3𝑥), 4𝑡) ≤ 𝜗′(𝜑(𝑥), 𝑡) ⟡ 𝜗′(𝜑(−𝑥), 𝑡) ⟡ 𝜗′(𝜑(3𝑥), 𝑡) and 

𝜔(3𝑓(𝑥) − 𝑓(3𝑥), 4𝑡) ≤ 𝜔′(𝜑(𝑥), 𝑡) ⊙ 𝜔′(𝜑(−𝑥), 𝑡) ⊙ 𝜔′(𝜑(3𝑥), 𝑡). It follows that 

{
 
 

 
 𝜇(𝑓(𝑥) − 3−1𝑓(3𝑥), 𝑡) ≥ 𝜇′ (𝜑(𝑥),

3

4
𝑡) ∗ 𝜇′ (𝜑(−𝑥),

3

4
𝑡) ∗ 𝜇′ (𝜑(3𝑥),

3

4
𝑡) ,

𝜗(𝑓(𝑥) − 3−1𝑓(3𝑥), 𝑡) ≤ 𝜗′ (𝜑(𝑥),
3

4
𝑡) ⟡ 𝜗′ (𝜑(−𝑥),

3

4
𝑡) ⟡ 𝜗′ (𝜑(3𝑥),

3

4
𝑡)  and

𝜔(𝑓(𝑥) − 3−1𝑓(3𝑥), 𝑡) ≥ 𝜔′ (𝜑(𝑥),
3

4
𝑡) ⊙ 𝜔′ (𝜑(−𝑥),

3

4
𝑡) ⊙ 𝜔′ (𝜑(3𝑥),

3

4
𝑡) . }

 
 

 
 

                  (3.1.2)  

Define, 𝑀(𝑥, 𝑡) = 𝜇′ (𝜑(𝑥),
3

4
𝑡) ∗ 𝜇′ (𝜑(−𝑥),

3

4
𝑡) ∗ 𝜇′ (𝜑(3𝑥),

3

4
𝑡), 

𝑁(𝑥, 𝑡) = 𝜗′ (𝜑(𝑥),
3

4
𝑡) ⟡ 𝜗′ (𝜑(−𝑥),

3

4
𝑡) ⟡ 𝜗′ (𝜑(3𝑥),

3

4
𝑡) and 

𝑃(𝑥, 𝑡) = 𝜔′ (𝜑(𝑥),
3

4
𝑡) ⊙ 𝜔′ (𝜑(−𝑥),

3

4
𝑡) ⊙ 𝜔′ (𝜑(3𝑥),

3

4
𝑡).  

Then by our assumption, {𝑀(3𝑥, 𝑡) = 𝑀(𝑥, 𝑡 𝛼⁄ ), 𝑁(3𝑥, 𝑡) = 𝑁(𝑥, 𝑡 𝛼⁄ ) and 𝑃(3𝑥, 𝑡) = 𝑃(𝑥, 𝑡 𝛼⁄ ).}        (3.1.3) 

Replacing 𝑥 by 3𝑛𝑥 in (3.1.2) and using (3.1.3), we get 

𝜇(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛+1𝑥) 3𝑛+1, 𝛼𝑛𝑡 3𝑛⁄ ) = 𝜇(𝑓(3𝑛𝑥) − 3−1⁄ 𝑓(3𝑛+1𝑥), 𝛼𝑛𝑡) ≥ 𝑀(3𝑛𝑥, 𝛼𝑛𝑡) = 𝑀(𝑥, 𝑡), 
𝜗(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛+1𝑥) 3𝑛+1, 𝛼𝑛𝑡 3𝑛⁄ ) = 𝜗(𝑓(3𝑛𝑥) − 3−1⁄ 𝑓(3𝑛+1𝑥), 𝛼𝑛𝑡) ≤ 𝑁(3𝑛𝑥, 𝛼𝑛𝑡) = 𝑁(𝑥, 𝑡) and 

𝜔(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛+1𝑥) 3𝑛+1, 𝛼𝑛𝑡 3𝑛⁄ ) = 𝜔(𝑓(3𝑛𝑥) − 3−1⁄ 𝑓(3𝑛+1𝑥), 𝛼𝑛𝑡) ≤ 𝑃(3𝑛𝑥, 𝛼𝑛𝑡) = 𝑃(𝑥, 𝑡).  
Thus for each 𝑛 > 𝑚, we have 

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 𝜇 (𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , ∑

𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

) = 𝜇 (∑ 𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄

𝑛−1

𝑘=𝑚

)

≥ ∏𝜇(𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄ )

𝑛−1

𝑘=𝑚

≥ 𝑀(𝑥, 𝑡),

𝜗 (𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

) = 𝜗(∑ 𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄

𝑛−1

𝑘=𝑚

)

≤ ∐𝜗(𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄ )

𝑛−1

𝑘=𝑚

≤ 𝑁(𝑥, 𝑡) and

𝜔 (𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

) = 𝜔(∑ 𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄

𝑛−1

𝑘=𝑚

)

≤ ∐𝜔(𝑓(3𝑘𝑥) 3𝑘 − 𝑓(3𝑘+1𝑥) 3𝑘+1, ∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=𝑚

⁄⁄ )

𝑛−1

𝑘=𝑚

≤ 𝑃(𝑥, 𝑡),
}
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

 (3.1.4) 
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where ∏ 𝑎𝑗 = 𝑎1 ∗ 𝑎2 ∗ … ∗ 𝑎𝑛 , ∐ 𝑎𝑗 = 𝑎1 ⟡ 𝑎2 ⟡ …⟡ 𝑎𝑛 and 
𝑛
𝑗=1

𝑛
𝑗=1 ∐ 𝑎𝑗 = 𝑎1⊙𝑎2⊙…⊙ 𝑎𝑛 

𝑛
𝑗=1 . Let 𝜀 > 0 and 𝛿 >

0 be given. Since lim
𝑡→∞

𝑀(𝑥, 𝑡) = 1, lim
𝑡→∞

𝑁(𝑥, 𝑡) = 0 and  lim
𝑡→∞

𝑃(𝑥, 𝑡) = 0 there exists some 𝑡0 > 0 such that 𝑀(𝑥, 𝑡0) >

1 − 𝜀, 𝑁(𝑥, 𝑡0) < 𝜀 and 𝑃(𝑥, 𝑡0) < 𝜀. Since ∑ 𝛼𝑘𝑡0 3𝑘 < ∞⁄∞
𝑘=0 , there exists some 𝑛0 ∈ 𝑁 such that ∑ 𝛼𝑘𝑡0 3𝑘 < 𝛿⁄𝑛−1

𝑘=𝑚   

for all 𝑛 > 𝑚 ≥ 𝑛0. It follows that 

𝜇(𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝛿) ≥ 𝜇 (𝑓(3𝑚𝑥) 3𝑚 − 𝑓(3𝑛𝑥) 3𝑛 , ∑
𝛼𝑘𝑡0

3𝑘
𝑛−1
𝑘=𝑚⁄⁄ ) ≥ 𝑀(𝑥, 𝑡0) ≥ 1 − 𝜀, 

𝜗(𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝛿) ≤ 𝜗 (𝑓(3𝑚𝑥) 3𝑚 − 𝑓(3𝑛𝑥) 3𝑛, ∑
𝛼𝑘𝑡0

3𝑘
𝑛−1
𝑘=𝑚⁄⁄ ) ≤ 𝑁(𝑥, 𝑡0) ≤ 𝜀  and 

𝜔(𝑓 (3𝑚𝑥) 3𝑚⁄ − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝛿) ≤ 𝜔 (𝑓(3𝑚𝑥) 3𝑚 − 𝑓(3𝑛𝑥) 3𝑛, ∑
𝛼𝑘𝑡0

3𝑘
𝑛−1
𝑘=𝑚⁄⁄ ) ≤ 𝑃(𝑥, 𝑡0) ≤ 𝜀.  

This shows that (𝑓 (3𝑛𝑥) 3𝑛)⁄  is a Cauchy Sequence in (𝑌, 𝜇, 𝜗, 𝜔). Since (𝑌, 𝜇, 𝜗, 𝜔) is complete, (𝑓 (3𝑛𝑥) 3𝑛)⁄  

converges to some  𝑇(𝑥) ∈ 𝑌. 

Thus, we define a mapping 𝑇: 𝑋 → 𝑌 such that 𝑇(𝑥) = (𝜇, 𝜗, 𝜔) − lim
𝑛→∞

𝑓 (3𝑛𝑥) 3𝑛⁄ .  

Moreover, if we put 𝑚 = 0 in (3.1.4), 

we get   𝜇 (𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), ∑
𝛼𝑘𝑡

3𝑘
𝑛−1
𝑘=0 ) ≥ 𝑀(𝑥, 𝑡), 𝜗 (𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), ∑

𝛼𝑘𝑡

3𝑘
𝑛−1
𝑘=0 ) ≤ 𝑁(𝑥, 𝑡) and 

𝜔(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥),∑
𝛼𝑘𝑡

3𝑘

𝑛−1

𝑘=0

) ≤ 𝑃(𝑥, 𝑡). Therefore 

{
 
 

 
 𝜇(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡) ≥ 𝑀 (𝑥,

𝑡

∑ (𝛼 3⁄ )𝑘𝑛−1
𝑘=0

) ,

𝜗(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡) ≤ 𝑁 (𝑥,
𝑡

∑ (𝛼 3⁄ )𝑘𝑛−1
𝑘=0

)  and

𝜔(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡) ≤ 𝑃 (𝑥,
𝑡

∑ (𝛼 3⁄ )𝑘𝑛−1
𝑘=0

) .
}
 
 

 
 

                                 ( 3.1.5) 

Now, we will show that 𝑇 is additive. Let 𝑥, 𝑦 ∈ 𝑋. Then 

{
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 𝜇 (2𝑇 (

𝑥 + 𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) ≥ 𝜇 (2𝑇 (

𝑥 + 𝑦

2
) − 2𝑓 (

3𝑛(𝑥 + 𝑦)

2
) 3𝑛,

𝑡

4
⁄ )

∗ 𝜇 (𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑇(𝑥),
𝑡

4
) ∗ 𝜇 (𝑓 (3𝑛𝑦) 3𝑛⁄ − 𝑇(𝑦),

𝑡

4
)

∗ 𝜇 (2𝑓 (
3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛𝑦) 3𝑛⁄ ,

𝑡

4
⁄ ) ,

𝜗 (2𝑇 (
𝑥 + 𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) ≤ 𝜗 (2𝑇 (

𝑥 + 𝑦

2
) − 2𝑓 (

3𝑛(𝑥 + 𝑦)

2
) 3𝑛,

𝑡

4
⁄ )

⟡ 𝜗 (𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑇(𝑥),
𝑡

4
) ⟡ 𝜗 (𝑓 (3𝑛𝑦) 3𝑛⁄ − 𝑇(𝑦),

𝑡

4
)

⟡ 𝜗 (2𝑓 (
3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛𝑦) 3𝑛⁄ ,

𝑡

4
⁄ )  and

 

𝜔 (2𝑇 (
𝑥 + 𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) ≤ 𝜔 (2𝑇 (

𝑥 + 𝑦

2
) − 2𝑓 (

3𝑛(𝑥 + 𝑦)

2
) 3𝑛 ,

𝑡

4
⁄ )

⊙ 𝜔 (𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑇(𝑥),
𝑡

4
) ⊙ 𝜔 (𝑓 (3𝑛𝑦) 3𝑛⁄ − 𝑇(𝑦),

𝑡

4
)

⊙ 𝜔(2𝑓 (
3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓 (3𝑛𝑦) 3𝑛⁄ ,

𝑡

4
⁄ ) ,

 }
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

                (3.1.6) 

and by using(3.1.1), 
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{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝜇 (2𝑓 (

3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓(3𝑛𝑥) 3𝑛⁄ − 𝑓(3𝑛𝑦) 3𝑛,

𝑡

4
⁄⁄ )

≥ 𝜇′ (𝜑(3𝑛𝑥),
3𝑛𝑡

8
) ∗ 𝜇′ (𝜑(3𝑛𝑦),

3𝑛𝑡

8
) = 𝜇′ (𝜑(𝑥), (

3

𝛼
)
𝑛 𝑡

8
) ∗ 𝜇′ (𝜑(𝑦), (

3

𝛼
)
𝑛 𝑡

8
) ,

 

𝜗 (2𝑓 (
3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓(3𝑛𝑥) 3𝑛⁄ − 𝑓(3𝑛𝑦) 3𝑛,

𝑡

4
⁄⁄ )

≤ 𝜗′ (𝜑(3𝑛𝑥),
3𝑛𝑡

8
) ⟡ 𝜗′ (𝜑(3𝑛𝑦),

3𝑛𝑡

8
) = 𝜗′ (𝜑(𝑥), (

3

𝛼
)
𝑛 𝑡

8
) ⟡ 𝜗′ (𝜑(𝑦), (

3

𝛼
)
𝑛 𝑡

8
)  and

 

𝜔 (2𝑓 (
3𝑛(𝑥 + 𝑦)

2
) 3𝑛 − 𝑓(3𝑛𝑥) 3𝑛⁄ − 𝑓(3𝑛𝑦) 3𝑛,

𝑡

4
⁄⁄ )

≤ 𝜔′ (𝜑(3𝑛𝑥),
3𝑛𝑡

8
)⊙ 𝜔′ (𝜑(3𝑛𝑦),

3𝑛𝑡

8
) = 𝜔′ (𝜑(𝑥), (

3

𝛼
)
𝑛 𝑡

8
)⊙ 𝜔′ (𝜑(𝑦), (

3

𝛼
)
𝑛 𝑡

8
) .
}
 
 
 
 
 
 
 

 
 
 
 
 
 
 

(3.1.7) 

Letting 𝑛 → ∞ in (3.1.6) and (3.1.7), we get 

𝜇 (2𝑇 (
𝑥+𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) = 1, 𝜗 (2𝑇 (

𝑥+𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) = 0 and 𝜔 (2𝑇 (

𝑥+𝑦

2
) − 𝑇(𝑥) − 𝑇(𝑦), 𝑡) = 0, for 

all 𝑥, 𝑦 ∈ 𝑋 and 𝑡 > 0. This means that 𝑇 satisfies the Jensen equation and so it is additive.  

Now, we approximate the difference between 𝑓 and 𝑇 in a Neutrosophic sense. By (3.1.5), we have 

𝜇(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≥ 𝜇(𝑇(𝑥) − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝑡 2⁄ ) ∗ 𝜇(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡 2⁄ ) 

       ≥ 𝑀 (𝑥,
𝑡

2∑ (𝛼 3⁄ )𝑘∞
𝑘=0

) = 𝑀 (𝑥,
(3−𝛼)𝑡

6
), 

𝜗(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝜗(𝑇(𝑥) − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝑡 2⁄ ) ⟡ 𝜗(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡 2⁄ ) 

       ≤ 𝑁 (𝑥,
𝑡

2∑ (𝛼 3⁄ )𝑘∞
𝑘=0

) = 𝑁 (𝑥,
(3−𝛼)𝑡

6
) and 

𝜔(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝜔(𝑇(𝑥) − 𝑓 (3𝑛𝑥) 3𝑛⁄ , 𝑡 2⁄ ) ⊙ 𝜔(𝑓 (3𝑛𝑥) 3𝑛⁄ − 𝑓(𝑥), 𝑡 2⁄ ) 

        ≤ 𝑃 (𝑥,
𝑡

2∑ (𝛼 3⁄ )𝑘∞
𝑘=0

) = 𝑃 (𝑥,
(3−𝛼)𝑡

6
), for every 𝑥 ∈ 𝑋, 𝑡 > 0 and sufficiently large 𝑛.  

To prove the uniqueness of 𝑇, assume that 𝑇′ be another additive mapping from 𝑋 into 𝑌, which satisfies the required 

inequality. Then 

𝜇(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) ≥ 𝜇(𝑇(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ∗ 𝜇(𝑇′(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ≥ 𝑀 (𝑥,
(3−𝛼)𝑡

12
), 

𝜗(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) ≤ 𝜗(𝑇(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ⟡ 𝜗(𝑇′(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ≤ 𝑁 (𝑥,
(3−𝛼)𝑡

12
) and 

𝜔(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) ≤ 𝜔(𝑇(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ⊙ 𝜔(𝑇′(𝑥) − 𝑓(𝑥), 𝑡 2⁄ ) ≤ 𝑃 (𝑥,
(3−𝛼)𝑡

12
), 

for all 𝑥 ∈ 𝑋 and 𝑡 > 0 and 𝑛 ∈ ℕ.  Since 0 < 𝛼 < 3, lim
𝑛→∞

(3 𝛼⁄ )𝑛 = ∞ and we get 

lim
𝑛→∞

𝑀(𝑥,
(3 𝛼⁄ )𝑛(3−𝛼)𝑡

12
) = 1, lim

𝑛→∞
𝑁 (𝑥,

(3 𝛼⁄ )𝑛(3−𝛼)𝑡

12
) = 0 and lim

𝑛→∞
𝑃 (𝑥,

(3 𝛼⁄ )𝑛(3−𝛼)𝑡

12
) = 0.   

Therefore 𝜇(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) = 1, 𝜗(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) = 0 and  𝜔(𝑇(𝑥) − 𝑇′(𝑥), 𝑡) = 0, for all 𝑥 ∈ 𝑋 and 𝑡 > 0. 

Hence 𝑇(𝑥) = 𝑇′(𝑥) for all 𝑥 ∈ 𝑋. 

Remark 3.2: 

 We can also prove Theorem (3.1) for the case when |𝛼| > 3. In this case, the additive mapping 𝑇 is defined by 

𝑇(𝑥) = lim
𝑛→∞

𝑓 (3−𝑛) 3−𝑛⁄ . 

Theorem 3.3: 

 Let 𝑋 be a Linear Space (LS) and (𝑌, 𝜇′, 𝜗′, 𝜔′) be a NBS. Let 𝑓: 𝑋 → 𝑌 be a mapping with 𝑓(0) = 0. Suppose 

that 𝛿 > 0 is a positive real number and 𝑧0 is a fixed vector of a NNS (𝑍, 𝜇′′, 𝜗′′, 𝜔′′) such that 

𝜇′ (2𝑓 (
𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≥ 𝜇′′(𝛿𝑧0, 𝑡) ∗ 𝜇′′(𝛿𝑧0, 𝑠), 

𝜗′ (2𝑓 (
𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≤ 𝜗′′(𝛿𝑧0, 𝑡) ⟡ 𝜗

′′(𝛿𝑧0, 𝑠)and 

𝜔′ (2𝑓 (
𝑥 + 𝑦

2
) − 𝑓(𝑥) − 𝑓(𝑦), 𝑡 + 𝑠) ≤ 𝜔′′(𝛿𝑧0, 𝑡) ⊙ 𝜔′′(𝛿𝑧0, 𝑠), 

 for all 𝑥, 𝑦 ∈ 𝑋 − {0}, 𝑡 > 0 and 𝑠 > 0. Then there exists a unique additive mapping 𝑇: 𝑋 → 𝑌 such that  

 𝜇′(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≥ 𝜇′′ (𝑧0,
𝑡

4𝛿
) , 𝜗′(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝜗′′ (𝑧0,

𝑡

4𝛿
) and  𝜔′(𝑇(𝑥) − 𝑓(𝑥), 𝑡) ≤ 𝜔′′ (𝑧0,

𝑡

4𝛿
). Moreover, 

𝑇 is continuous on 𝑋 provided (𝑋, 𝜇, 𝜗, 𝜔) is a NNS and 𝑓 is continuous at a point. 

Proof : 

 Using Theorem (3.1) with 𝜑(𝑥) = 𝛿𝑧0 we deduce the existence of the required additive mapping 𝑇.  
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Let us put 𝛽 =
1

12𝛿
. Suppose that 𝑓 is continuous at a point 𝑥0. Let 𝑇 be not continuous at a point.  

Then there exists a sequence (𝑥𝑛) such that (𝜇, 𝜗, 𝜔) − lim
𝑛
𝑥𝑛 = 0 and  (𝜇′, 𝜗′, 𝜔′) − lim

𝑛
𝑥𝑛 ≠ 0. By passing to a 

subsequence if necessary, we may assume that  (𝜇, 𝜗, 𝜔) − lim
𝑛
𝑥𝑛 = 0 and there exist 𝜀 > 0 and 𝑡0 > 0 such that 

𝜇′(𝑇𝑥𝑛 , 𝑡0) < 1 − 𝜀, 𝜗
′(𝑇𝑥𝑛 , 𝑡0) > 𝜀 and 𝜔′(𝑇𝑥𝑛 , 𝑡0) > 𝜀 for all 𝑛.  

Since lim
𝑡→∞

𝜇′′(𝑧0, 𝛽𝑡) = 1, lim
𝑡→∞

𝜗′′(𝑧0, 𝛽𝑡) = 0 and lim
𝑡→∞

𝜔′′(𝑧0, 𝛽𝑡) = 0, there exists 𝑡1 such that 𝜇′′(𝑧0, 𝛽𝑡1) ≥ 1 −

𝜀, 𝜗′′(𝑧0, 𝛽𝑡1) ≤ 𝜀 and 𝜔′′(𝑧0, 𝛽𝑡1) ≤ 𝜀. Take a positive integer 𝑘 such that 𝑡1 𝑘⁄ < 𝑡0.  

Then, we have 

{

𝜇′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) = 𝜇
′(𝑇𝑥𝑛, 𝑡1 𝑘⁄ ) ≤ 𝜇′(𝑇𝑥0, 𝑡0) < 1 − 𝜀,

𝜗′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) = 𝜗′(𝑇𝑥𝑛 , 𝑡1 𝑘⁄ ) ≥ 𝜗′(𝑇𝑥0, 𝑡0) > 𝜀 and

𝜔′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) = 𝜔′(𝑇𝑥𝑛 , 𝑡1 𝑘⁄ ) ≥ 𝜔′(𝑇𝑥0, 𝑡0) > 𝜀.
 

}                            (3.3.1) 

On the other hand, 

{
 
 
 
 

 
 
 
 

𝜇′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1)

≥ 𝜇′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ∗ 𝜇′(𝑓(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑥0), 𝑡1 3)⁄⁄

∗ 𝜇′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3),⁄

𝜗′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1)

≤ 𝜗′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ⟡ 𝜗′(𝑓(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑥0), 𝑡1 3)⁄⁄

⟡ 𝜗′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3) and⁄

𝜔′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1)

≤ 𝜔′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ⊙ 𝜔′(𝑓(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑥0), 𝑡1 3)⁄⁄

⊙𝜔′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3).⁄ }
 
 
 
 

 
 
 
 

            (3.3.2) 

{
  
 

  
 

𝜇′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3) ≥ 𝜇′′(𝑧0, 𝛽𝑡1) ⁄   and

𝜇′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ≥ 𝜇′′(𝑧0, 𝛽𝑡1)⁄ ,

𝜗′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3) ≤ 𝜗′′(𝑧0, 𝛽𝑡1)   and ⁄

𝜗′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ≤ 𝜗′′(𝑧0, 𝛽𝑡1)⁄

𝜔′(𝑓(𝑥0) − 𝑇𝑥0, 𝑡1 3) ≤ 𝜔′′(𝑧0, 𝛽𝑡1)   and ⁄

𝜔′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑓(𝑘𝑥𝑛 + 𝑥0), 𝑡1 3) ≤ 𝜔′′(𝑧0, 𝛽𝑡1)⁄ }
  
 

  
 

                (3.3.3) 

Letting limit 𝑛 → ∞ in (3.3.2) and (3.3.3), we get 

𝜇′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) ≥ 𝜇
′′(𝑧0, 𝛽𝑡1) ≥ 1 − 𝜀, 

𝜗′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) ≤ 𝜗′′(𝑧0, 𝛽𝑡1) ≤ 𝜀  and 

𝜔′(𝑇(𝑘𝑥𝑛 + 𝑥0) − 𝑇𝑥0, 𝑡1) ≤ 𝜔′′(𝑧0, 𝛽𝑡1) ≤ 𝜀, which contradicts (3.3.1). 

𝟒. Neutrosophic Completeness 

Definition 4.1: 

       Let (𝑋, 𝜇, 𝜗, 𝜔) be NNS and 𝛼 ∈ (0,1). A mapping 𝑓𝛼: ℕ → (𝑋, 𝜇, 𝜗, 𝜔) is said to be 𝛼-approximately Jensen type if  

𝜇(2𝑓𝛼(𝑥 + 𝑦) − 𝑓𝛼(2𝑥) − 𝑓𝛼(2𝑦), 𝛽) ≥ 𝛼,  𝜗(2𝑓𝛼(𝑥 + 𝑦) − 𝑓𝛼(2𝑥) − 𝑓𝛼(2𝑦), 𝛽) ≤ 1 − 𝛼  and   

𝜗(2𝑓𝛼(𝑥 + 𝑦) − 𝑓𝛼(2𝑥) − 𝑓𝛼(2𝑦), 𝛽) ≤ 1 − 𝛼, for some 𝛽 > 0 and all 𝑥, 𝑦 ∈ ℕ. 

Definition 4.2: 

 The NNS (𝑋, 𝜇, 𝜗, 𝜔) is called definite if  

𝜇(𝑥, 𝑡) > 0, 𝜗(𝑥, 𝑡) < 1 and 𝜔(𝑥, 𝑡) < 1,  for all 𝑡 > 0 implies that 𝑥 = 0             (4.2.1) 
holds. It is called pseudo-definite if for each 𝛼 ∈ (0,1) the following condition holds; 

 𝜇(𝑥, 𝑡) > 𝛼, 𝜗(𝑥, 𝑡) < 1 − 𝛼 and 𝜔(𝑥, 𝑡) < 1 − 𝛼 for all 𝑡 > 0 implies that 𝑥 = 0.        (4.2.2) 

Obviously, a definite NNS is pseudo-definite. 

Theorem 4.3: 

Let (𝑋, 𝜇, 𝜗, 𝜔)be a pseudo-definite NNS. Suppose that for each 𝛼 ∈ (0,1) and each 𝛼-approximately Jensen 

type mapping 𝑓𝛼: ℕ → (𝑋, 𝜇, 𝜗, 𝜔), there exists numbers 𝛿𝛼 > 0, 𝑛𝛼 ∈ ℕ and an additive mapping 𝑇𝛼: ℕ → 𝑋 such that 

𝜇(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) > 𝛼, 𝜗(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼 and 𝜔(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼, 

for all 𝑛 ≥ 𝑛𝛼 . Then (𝑋, 𝜇, 𝜗, 𝜔) is a NBS. 

Proof: 

 Let (𝑥𝑛) be a Cauchy sequence in (𝑋, 𝜇, 𝜗, 𝜔). Choose any fix value of 𝛼 ∈ (0,1). There is an increasing 

sequence (𝑛𝑘) of positive integers such that 𝑛𝑘 ≥ 𝑘 and  𝜇(𝑥𝑛 − 𝑥𝑚 , 1 4𝑘⁄ ) ≥ 𝛼, 𝜗(𝑥𝑛 − 𝑥𝑚, 1 4𝑘⁄ ) ≤ 1 − 𝛼  and 

𝜔(𝑥𝑛 − 𝑥𝑚 , 1 4𝑘⁄ ) ≤ 1 − 𝛼, for all 𝑛,𝑚 ≥ 𝑛𝑘.  

Put 𝑦𝑘 = 𝑥𝑛𝑘 and define 𝑓𝛼: ℕ → 𝑋 by 𝑓𝛼(𝑘) = 𝑘𝑦𝑘 , 𝑘 ∈ ℕ. Then 

𝜇(2𝑓𝛼(𝑗 + 𝑘) − 𝑓𝛼(2𝑗) − 𝑓𝛼(2𝑘), 1) = 𝜇(2(𝑗 + 𝑘)𝑦𝑗+𝑘 − 2𝑗𝑦2𝑗 − 2𝑘𝑦2𝑘 , 1)  
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                                                            ≥ 𝜇(2𝑗(𝑦𝑗+𝑘 − 𝑦2𝑗), 1 2⁄ ) ∗ 𝜇(2𝑘(𝑦𝑗+𝑘 − 𝑦2𝑘), 1 2⁄ ) ≥ 𝛼, 

𝜗(2𝑓𝛼(𝑗 + 𝑘) − 𝑓𝛼(2𝑗) − 𝑓𝛼(2𝑘), 1) = 𝜗(2(𝑗 + 𝑘)𝑦𝑗+𝑘 − 2𝑗𝑦2𝑗 − 2𝑘𝑦2𝑘 , 1)  

                                                            ≤ 𝜗(2𝑗(𝑦𝑗+𝑘 − 𝑦2𝑗), 1 2⁄ ) ⟡ 𝜗(2𝑘(𝑦𝑗+𝑘 − 𝑦2𝑘), 1 2⁄ ) ≤ 1 − 𝛼 and 

𝜔(2𝑓𝛼(𝑗 + 𝑘) − 𝑓𝛼(2𝑗) − 𝑓𝛼(2𝑘), 1) = 𝜔(2(𝑗 + 𝑘)𝑦𝑗+𝑘 − 2𝑗𝑦2𝑗 − 2𝑘𝑦2𝑘 , 1)  

                                                            ≤ 𝜇(2𝑗(𝑦𝑗+𝑘 − 𝑦2𝑗), 1 2⁄ ) ⊙ 𝜔(2𝑘(𝑦𝑗+𝑘 − 𝑦2𝑘), 1 2⁄ ) ≤ 1 − 𝛼,  

for each 𝑗, 𝑘 ∈ ℕ. Thus 𝑓𝛼 is 𝛼-approximately Jensen type.  

By our assumption, there exists 𝛿𝛼 > 0, 𝑛𝛼 ∈ ℕ and an additive mapping 𝑇𝛼: ℕ → 𝑋 such that 

𝜇(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) > 𝛼, 𝜗(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼 and  𝜔(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼, for all 𝑛 ≥ 𝑛𝛼 .  

Since 𝑇𝛼 is additive, therefore 𝑇𝛼(𝑛) = 𝑛𝑇𝛼(1).  
Hence we have 𝜇(𝑇𝛼(1) − 𝑦𝑛 , 𝛿𝛼 𝑛⁄ ) > 𝛼, 𝜗(𝑇𝛼(1) − 𝑦𝑛 , 𝛿𝛼 𝑛⁄ ) < 1 − 𝛼 and 𝜔(𝑇𝛼(1) − 𝑦𝑛, 𝛿𝛼 𝑛⁄ ) < 1 − 𝛼, 

for all 𝑛 ∈ ℕ. Let 𝜀 > 0, there exists some 𝑛0 ≥ 𝑛𝛼 such that 𝜇(𝑥𝑛 − 𝑥𝑚 , 𝜀 2⁄ ) ≥ 𝛼, 𝜗(𝑥𝑛 − 𝑥𝑚 , 𝜀 2⁄ ) ≤ 1 − 𝛼 and 

𝜔(𝑥𝑛 − 𝑥𝑚 , 𝜀 2⁄ ) ≤ 1 − 𝛼, for all 𝑛,𝑚 ≥ 𝑛0.  

Take some 𝑘0 ∈ ℕ such that 𝑘0 ≥ 𝑛0 and 𝛿𝛼 𝑘0 < 𝜀 2⁄⁄ . It follows that 𝑛𝑘0 ≥ 𝑘0 ≥ 𝑛0 ≥ 𝑛𝛼, so 

𝜇(𝑇𝛼(1) − 𝑥𝑛 , 𝜀) ≥ 𝜇(𝑥𝑛 − 𝑥𝑛𝑘 , 𝜀 2⁄ ) ∗ 𝜇(𝑦𝑘0 − 𝑇𝛼(1), 𝜀 2) ≥ 𝛼⁄ , 

𝜗(𝑇𝛼(1) − 𝑥𝑛 , 𝜀) ≤ 𝜗(𝑥𝑛 − 𝑥𝑛𝑘 , 𝜀 2⁄ ) ⟡ 𝜗(𝑦𝑘0 − 𝑇𝛼(1), 𝜀 2) ≤ 1 − 𝛼⁄  and 

 𝜔(𝑇𝛼(1) − 𝑥𝑛, 𝜀) ≤ 𝜔(𝑥𝑛 − 𝑥𝑛𝑘 , 𝜀 2⁄ )⊙ 𝜔(𝑦𝑘0 − 𝑇𝛼(1), 𝜀 2) ≤ 1 − 𝛼⁄ , for all 𝑛 ≥ 𝑛𝑘0 . 

This means that (𝑥𝑛) is 𝛼-convergent to 𝑇𝛼(1). Let 𝛼 ≠ 𝛽. Then, for each 𝜀 > 0 and sufficiently large 𝑛, 

𝜇(𝑇𝛼(1) − 𝑇𝛽(1), 2𝜀) ≥ 𝜇(𝑇𝛼(1) − 𝑥𝑛 , 𝜀) ∗ 𝜇(𝑥𝑛 − 𝑇𝛽(1), 𝜀) ≥ 𝛼 ∗ 𝛽, 

𝜗(𝑇𝛼(1) − 𝑇𝛽(1), 2𝜀) ≤ 𝜗(𝑇𝛼(1) − 𝑥𝑛 , 𝜀) ⟡ 𝜗(𝑥𝑛 − 𝑇𝛽(1), 𝜀) ≤ (1 − 𝛼) ⟡ (1 − 𝛽) and 

𝜔(𝑇𝛼(1) − 𝑇𝛽(1), 2𝜀) ≤ 𝜔(𝑇𝛼(1) − 𝑥𝑛 , 𝜀) ⊙ 𝜔(𝑥𝑛 − 𝑇𝛽(1), 𝜀) ≤ (1 − 𝛼)⊙ (1 − 𝛽). 

By (3.4.3), 𝑇𝛼(1) = 𝑇𝛽(1). Put 𝑥 = 𝑇𝛼(1). Then for each 𝛼 ∈ (0,1) and 𝜀 > 0, 

𝜇(𝑥 − 𝑥𝑛 , 𝜀) ≥ 𝛼, 𝜗(𝑥 − 𝑥𝑛 , 𝜀) ≤ 1 − 𝛼 and 𝜔(𝑥 − 𝑥𝑛 , 𝜀) ≤ 1 − 𝛼, for sufficiently large 𝑛. 

Hence (𝜇, 𝜗, 𝜔) − lim
𝑛→∞

𝑥𝑛 = 𝑥. 

Example 4.4: 

 Let 𝑋 be athe set of all real sequences (𝑥𝑛) such that 𝑥𝑛’s are zero for all but finitely many 𝑛’s.  

For 𝑥 = (𝑥𝑛) ∈ 𝑋 and 𝑡 > 0, define 𝜇(𝑥, 𝑡) to be min 𝜇1−1 𝑛⁄ (𝑥𝑛 , 𝑡), 𝜗(𝑥, 𝑡) to be max𝜗1 𝑛⁄ (𝑥𝑛 , 𝑡) and  

𝜔(𝑥, 𝑡) to be max𝜔1 𝑛⁄ (𝑥𝑛 , 𝑡), where 

𝜇𝑟(𝑥, 𝑡) = {
0       if             𝑡 ≤ 0,
𝑟     if    0 < 𝑡 < ‖𝑥‖,
1     if           𝑡 ≥ ‖𝑥‖;

},  𝜗𝑟(𝑥, 𝑡) = {1 −
1             if            𝑡 ≤ 0,
𝑟    if      0 < 𝑡 < ‖𝑥‖,
0         if           𝑡 ≥ ‖𝑥‖;

}  and 

𝜔𝑟(𝑥, 𝑡) = {

1          if                  𝑡 ≤ 0,
1−𝑟

𝑟
   if       0 < 𝑡 < ‖𝑥‖,

0              if                 𝑡 ≥ ‖𝑥‖;

}.  

Then (𝑋, 𝜇, 𝜗, 𝜔) is a NNS which is not pseudo-definite since, for example, 𝜇((0,1,0, … , ), 𝑡) ≥ 1 2⁄ , 𝜗((0,1,0, … , ), 𝑡) ≤

1 2⁄  and 𝜔((0,1,0, … , ), 𝑡) ≤ 1 2⁄ . This space is not complete. 

To see this, we consider the sequence (𝑥(𝑚)) in 𝑋, where 𝑥𝑛
(𝑚) = {

1  if 𝑛 ≤ 𝑚,
0  if 𝑛 ≥ 𝑚;

}, which is a Cauchy sequence. Given 

𝜀 > 0 and 𝛿 > 0, there exists 𝑘 ∈ ℕ such that 1 𝑘⁄ < 𝜀. Thus for 𝑚1 > 𝑚2 ≥ 𝑘, we have 

𝜇(𝑥(𝑚1) − 𝑥(𝑚2), 𝛿) = min
𝑚2+1≤𝑛≤𝑚1

𝜇1−1 𝑛⁄ (1, 𝛿) ≥ 1 −
1

𝑛
> 1 −

1

𝑘
> 1 − 𝜀, 

𝜗(𝑥(𝑚1) − 𝑥(𝑚2), 𝛿) = max
𝑚2+1≤𝑛≤𝑚1

𝜗1 𝑛⁄ (1, 𝛿) ≤
1

𝑛
<
1

𝑘
< 𝜀 and 

𝜔(𝑥(𝑚1) − 𝑥(𝑚2), 𝛿) = max
𝑚2+1≤𝑛≤𝑚1

𝜔1 𝑛⁄ (1, 𝛿) ≤
1

𝑛
<
1

𝑘
< 𝜀.   

But the sequence is not convergent. On contrary, suppose that there exists some 𝑥 ∈ 𝑋 such that  

lim
𝑚→∞

𝜇(𝑥(𝑚) − 𝑥, 𝑡) = 1, lim
𝑚→∞

𝜗(𝑥(𝑚) − 𝑥, 𝑡) = 0 and  lim
𝑚→∞

𝜔(𝑥(𝑚) − 𝑥, 𝑡) = 0.  

Since 𝑥 ∈ 𝑋, there exists 𝑛0 ∈ ℕ such that 𝑥𝑛 = 0 for all 𝑛 ≥ 𝑛0. Thus for 𝑚 ≥ 𝑛0, we have 

1 − 1 𝑛0⁄ = 𝜇1−1 𝑛0⁄ (1, 1 2⁄ ) = 𝜇1−1 𝑛0⁄ (𝑥𝑛0
(𝑚), 1 2⁄ ) ≥ 𝜇(𝑥(𝑚) − 𝑥, 1 2⁄ ), 

1 𝑛0⁄ = 𝜗1 𝑛0⁄ (1, 1 2⁄ ) = 𝜗1 𝑛0⁄ (𝑥𝑛0
(𝑚), 1 2⁄ ) ≤ 𝜗(𝑥(𝑚) − 𝑥, 1 2⁄ ) and 

1 𝑛0⁄ = 𝜔1 𝑛0⁄ (1, 1 2⁄ ) = 𝜔1 𝑛0⁄ (𝑥𝑛0
(𝑚), 1 2⁄ ) ≤ 𝜔(𝑥(𝑚) − 𝑥, 1 2⁄ ).  

Taking limit 𝑚 → ∞, we get 1 − 1 𝑛0⁄ ≥ lim
𝑚→∞

𝜇(𝑥(𝑚) − 𝑥, 1 2⁄ ) = 1, 

1 𝑛0⁄ ≤ lim
𝑚→∞

𝜗(𝑥(𝑚) − 𝑥, 1 2⁄ ) = 0, 1 𝑛0⁄ ≤ lim
𝑚→∞

𝜔(𝑥(𝑚) − 𝑥, 1 2⁄ ) = 0, which is a contradiction.  
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Now, show that (𝑋, 𝜇, 𝜗, 𝜔) satisfies the hypothesis of the above theorem, of course except that being pseudo-definite. 

First, we find a criterion for a mapping 𝑓:𝑚 ∈ ℕ ↦ (𝑓𝑛(𝑚)) ∈ 𝑋 to be 𝛼-approximately Jensen type.  

Given 𝛼 ∈ (0,1), there exists 𝑛0 ∈ ℕ such that 1 − 1 𝑛0⁄ ≤ 𝛼 ≤ 1 − 1 (𝑛0 + 1)⁄ .  

A mapping 𝑓:𝑚 ∈ ℕ ↦ (𝑓𝑛(𝑚)) ∈ 𝑋 is 𝛼-approximately Jensen type if and only if there exists 𝛽 > 0 such that 

𝜇1−1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) > 𝛼, 𝜗1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) < 1 − 𝛼 and 

𝜔1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) < 1 − 𝛼, for all 𝑛 ∈ ℕ.  

This is satisfied if and only if 𝜇1−1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) ≠ 1 −
1

𝑛
, 

𝜗1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) ≠
1

𝑛
  and 𝜔1 𝑛⁄ (𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘), 𝛽) ≠

1

𝑛
, for 𝑛 = 1,2, … , 𝑛0 or 

equivalently |𝑓𝑛(𝑚 + 𝑘) − 𝑓𝑛(2𝑚) − 𝑓𝑛(2𝑘)| ≤ 𝛽 for 𝑛 = 1,… , 𝑛0.  

Thus we can say that given 𝛼 ∈ [1 − 1 𝑛0⁄ , 1 − 1 (𝑛0 + 1)⁄ , mapping 𝑓 is 𝛼-approximately Jensen type if and only if 

first 𝑛0 coordinate mappings, 𝑓𝑖(1 ≤ 𝑖 ≤ 𝑛0), are Jensen bounded.  

Since ℝ is complete, for 𝛼-approximately Jensen type mapping 𝑓 there exist additive mappings 𝑆𝑛: ℕ → ℝ such that 

𝑓𝑛(𝑚) − 𝑆𝑛(𝑚) is bounded for all 𝑚 ∈ ℕ.  

Define 𝑇:ℕ → 𝑋 by 𝑇𝑛(𝑚) = {
𝑆𝑛(𝑚) if 𝑛 ≤ 𝑛0,
0  if  𝑛 > 𝑛0

}.  

Then 𝑇 is an additive mapping. Let 𝛽𝑛 = sup|𝑓𝑛 − 𝑆𝑛| for 𝑛 = 1,… , 𝑛0 and 𝛽0 = max
1≤𝑛≤𝑛0

𝛽𝑛. 

Then 𝜇(𝑓(𝑚) − 𝑇(𝑚), 𝛽0 > 𝛼, 𝜗(𝑓(𝑚) − 𝑇(𝑚), 𝛽0) < 1 − 𝛼 and 𝜔(𝑓(𝑚) − 𝑇(𝑚), 𝛽0) < 1 − 𝛼 for all 𝑚 ∈ ℕ. 

The above arguments show that for each 𝛼 ∈ (0,1) and each 𝛼-approximately Jensen type mapping 

𝑓𝛼: ℕ → (𝑋, 𝜇, 𝜗,𝜔) there exists a number 𝛿𝛼 > 0 and an additive mapping 𝑇𝛼: ℕ → 𝑋 such that 

𝜇(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) > 𝛼, 𝜗(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼 and 𝜔(𝑇𝛼(𝑛) − 𝑓𝛼(𝑛), 𝛿𝛼) < 1 − 𝛼, for all 𝑛 ∈ ℕ. 

Definition 4.5: 

 Let (𝑋, 𝜇, 𝜗, 𝜔) be a NNS and 𝑓: ℕ → 𝑋 be a mapping. Let for each 𝛼 ∈ (0,1), there exists a 𝑛𝛼 ∈ ℕ and 𝛿 > 0 

such that 𝜇(2𝑓(𝑛 +𝑚) − 𝑓(2𝑛) − 𝑓(2𝑚), 𝛿) ≥ 𝛼, 𝜗(2𝑓(𝑛 + 𝑚) − 𝑓(2𝑛) − 𝑓(2𝑚), 𝛿) ≤ 1 − 𝛼 and 𝜔(2𝑓(𝑛 + 𝑚) −
𝑓(2𝑛) − 𝑓(2𝑚), 𝛿) ≤ 1 − 𝛼, for each 𝑛,𝑚 ≥ 𝑛𝛼. Then 𝑓 is said to be an approximately Jensen type mapping. 

Theorem 4.6: 

 Let (𝑋, 𝜇, 𝜗, 𝜔) be a NNS such that for every approximately Jensen type mapping 𝑓: ℕ → 𝑋, there exists an 

additive mapping 𝑇:ℕ → 𝑋 such that 𝜇(𝑥𝑚 − 𝑥𝑛 , 1 4𝑘⁄ ) ≥ 𝛼𝑘, 𝜗(𝑥𝑚 − 𝑥𝑛 , 1 4𝑘⁄ ) ≤ 1 − 𝛼𝑘 and  

𝜔(𝑥𝑚 − 𝑥𝑛 , 1 4𝑘⁄ ) ≤ 1 − 𝛼𝑘, for each 𝑛,𝑚 ≥ 𝑛𝑘. 

Let 𝑦𝑘 = 𝑥𝑛𝑘 for each 𝑘 ≥ 1. Define 𝑓: ℕ → 𝑋 by 𝑓(𝑘) = 𝑘𝑦𝑘 , 𝑘 ∈ ℕ.  If 𝛼 ∈ (0,1), take some 𝑚0 ∈ ℕ such that 𝛼𝑚0
>

𝛼 and let 𝑛𝛼 = 𝑚0. Then for each 𝑛 ≥ 𝑚 ≥ 𝑛𝛼, we obtain 

𝜇(2𝑓(𝑛 + 𝑚) − 𝑓(2𝑛) − 𝑓(2𝑚), 1) = 𝜇(2(𝑛 + 𝑚)𝑦𝑛+𝑚 − 2𝑛𝑦2𝑛 − 2𝑚𝑦2𝑚 , 1)  
                                                            ≥ 𝜇(2𝑛(𝑦𝑛+𝑚 − 𝑦2𝑛), 1 2⁄ ) ∗ 𝜇(2𝑚(𝑦𝑛+𝑚 − 𝑦2𝑚), 1 2⁄ )  
                                                            = 𝜇(𝑦𝑛+𝑚 − 𝑦2𝑛 , 1 4𝑛⁄ ) ∗ 𝜇(𝑦𝑛+𝑚 − 𝑦2𝑚, 1 4𝑚⁄ ) ≥ 𝛼𝑛 ∗ 𝛼𝑚 ≥ 𝛼, 

𝜗(2𝑓(𝑛 + 𝑚) − 𝑓(2𝑛) − 𝑓(2𝑚), 1) = 𝜗(2(𝑛 + 𝑚)𝑦𝑛+𝑚 − 2𝑛𝑦2𝑛 − 2𝑚𝑦2𝑚, 1)  
                                                            ≤ 𝜗(2𝑛(𝑦𝑛+𝑚 − 𝑦2𝑛), 1 2⁄ ) ⟡ 𝜗(2𝑚(𝑦𝑛+𝑚 − 𝑦2𝑚), 1 2⁄ )  
                                                            = 𝜗(𝑦𝑛+𝑚 − 𝑦2𝑛 , 1 4𝑛⁄ ) ⟡ 𝜗(𝑦𝑛+𝑚 − 𝑦2𝑚, 1 4𝑚⁄ )  

                                                            ≤ (1 − 𝛼𝑛) ⟡ (1 − 𝛼𝑚) ≤ 1 − 𝛼  and 

𝜔(2𝑓(𝑛 +𝑚) − 𝑓(2𝑛) − 𝑓(2𝑚), 1) = 𝜔(2(𝑛 + 𝑚)𝑦𝑛+𝑚 − 2𝑛𝑦2𝑛 − 2𝑚𝑦2𝑚 , 1)  
                                                             ≤ 𝜔(2𝑛(𝑦𝑛+𝑚 − 𝑦2𝑛), 1 2⁄ ) ⊙ 𝜔(2𝑚(𝑦𝑛+𝑚 − 𝑦2𝑚), 1 2⁄ )  
                                                             = 𝜔(𝑦𝑛+𝑚 − 𝑦2𝑛 , 1 4𝑛⁄ ) ⊙ 𝜔(𝑦𝑛+𝑚 − 𝑦2𝑚 , 1 4𝑚⁄ ) 
                                                             ≤ (1 − 𝛼𝑛) ⊙ (1 − 𝛼𝑚) ≤ 1 − 𝛼. 

Therefore 𝑓 is an approximately Jensen type mapping. By our assumption, there is an additive mapping 𝑇: ℕ → 𝑋 such 

that lim
𝑛→∞

𝜇(𝑇(𝑛) − 𝑓(𝑛), 𝑡) = 1, lim
𝑛→∞

𝜗(𝑇(𝑛) − 𝑓(𝑛), 𝑡) = 0 and  lim
𝑛→∞

𝜔(𝑇(𝑛) − 𝑓(𝑛), 𝑡) = 0. 

This means that lim
𝑛→∞

𝜇(𝑇(1) − 𝑦𝑛, 𝑡 𝑛⁄ ) = 1, lim
𝑛→∞

𝜗(𝑇(1) − 𝑦𝑛 , 𝑡 𝑛⁄ ) = 0 and 

lim
𝑛→∞

𝜔(𝑇(1) − 𝑦𝑛 , 𝑡 𝑛⁄ ) = 0. That is, the subsequence (𝑦𝑛) of the Cauchy sequence (𝑥𝑛) converges to  𝑥 = 𝑇(1) and 

hence (𝑥𝑛) is also convergent to 𝑥. 

 

Conclusion 

We linked here two different disciplines, namely, the fuzzy spaces and functional equations. We established 

Hyers–Ulam–Rassias stability of a Jensen functional equation 2𝑓((𝑥 + 𝑦) 2)⁄ = 𝑓(𝑥) + 𝑓(𝑦) in NNS. 

We also studied the Neutrosophic Continuity and Completeness through the existence of a certain solution of a fuzzy 

stability problem for approximately Jensen functional equation. 
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