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ABSTRACT

In this paper, the third order Runge-Kutta method based on Arithmetic mean, Heronian mean and Contra Harmonic mean
are implant into one method called the third order Runge-Kutta method based on linear combination of Arithmetic mean,
Heronian mean and Contra Harmonic mean is proposed to find the approximate solution of hybrid fuzzy differential
equation. Here the numerical algorithm for the proposed method is given to solve the hybrid fuzzy initial value problem.
The validity of the proposed method is tested through illustration. Tables and figures show that the proposed method is
applicable for solving any real life problems, which are modelled into Hybrid fuzzy differential equations.

Keywords: Hybrid fuzzy differential equations, Runge-Kutta method, Arithmetic mean, Heronian mean, Contra
Harmonic mean, Triangular fuzzy number.

1. Introduction

Control systems that are capable of controlling complex systems which have discrete time dynamics and
continuous time dynamics can be modeled by hybrid systems. The differential systems containing fuzzy valued functions
and interaction with a discrete time controller are named as hybrid fuzzy differential systems.

Pederson and Sambandham used Euler and Runge-Kutta methods [6, 7] for solving hybrid fuzzy differential
equations. Iterative procedure and Taylor series method were used by Narayana moorthy et al in [4, 5] to solve hybrid
fuzzy differential equations. Fourth order Runge-Kutta method based on geometric mean for hybrid fuzzy initial value
problem and centroidal mean for fuzzy and hybrid fuzzy initial value problem is solved by Gethsi Sharmila and Henry
Amirtharaj in [1, 2]. Third order Runge-kutta method based on the linear combination of Arithmetic mean, Harmonic
mean and Geometric mean is used to solve the Initial value problem by Gethsi Sharmila and Evangelin Diana
Rajakumari in [3].

In this work, a third order Runge-Kutta Method based on linear combination of Arithmetic mean, Heronian
mean and Contra - Harmonic mean is proposed to solve Hybrid fuzzy differential equations.

2. Preliminaries

Definition:2.1 ( Fuzzy Set)
If X is a collection of objects denoted generally by X, then a fuzzy set A in X is a set of ordered pairs

A= {(XH”/R (x))/xeX } where 1z (X) is called the membership function or grade of membership of x in A

Definition: 2.3 ( Triangular fuzzy number )

It is a fuzzy number represented with three points as follows: A = (al, a,, a, ), this representation is
interpreted as membership functions and holds the following condition
() 4, to a, isincreasing function

(ii) a, to a; isdecreasing function

Giy @ <a, <a,
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0 , X <a
X —a
_— ,y £ X<a,
() az_al
Hi(X) =
A a, — X
, 8, <X<a,
a; — @,
0 , X > a,

Now, if you get crisp interval by « - cut operation, interval A, shall be obtained
as follows V a € [0,1] from

() ()
q —a a, —a
—_— = , == = (94

a —a a - q,

The Third order Runge-Kutta method based on a linear combination of Arithmetic mean (AM), Heronian mean (HeM)
and Contra - Harmonic mean (CoM) for IVP was introduced by Khattri as follows

14 AM (ky, k) — HeM (ky,ky) + 32 CoM (ky,ky)

RM (kilky) = o

3. The Hybrid Fuzzy Differential Equations

The hybrid fuzzy differential equation
Y(t) = f(t’y(t)!lk(yk))! t E [tk; tk+ 1] k = 0, 1, 2,

y(to) = Yo (3.1)

where t, = O is strictly increasing and unbounded, Yy, denotes y(t,), f :[t;,0) x R xR — R is continuous,
and each A, : R — R is a continuous function. A solution to (3.1) will be a function y :[t,,%) — R satisfying

(3.1).For k=0,1,2,3,...,let T, :[t, ,t,,,) x R—> R where, f (t,y, (t))="T (t,y, (1), 4, (Y,)).
The hybrid fuzzy differential equation in (3.1) can be written in expanded form as

Yo(t) = f(t,}’o(t),/lo(%)) = fo(t')’o(t))’J’o(to) =Yplop=t<t
i () = f(t’ Y1(t)'/11(3’1)) = fl(t: Y1 (t)):)ﬁ )=yt <t=<t

=1 : (3.2)
Vi (t) = f(t, }’k(t),lk()’k)) = fk(t; }’k(t)),)’k(tk) = Vol S Cpqq
and a solution of (3.1) can be expressed as
Yo(t) =yp, toSt<ty
)=y, 1 <t<t,
y(@) = (3.3)

V() = Vi, te St <ty

1455



JOURNAL OF ALGEBRAIC STATISTICS
Volume 13, No. 3, 2022, p. 1454-1461
https://publishoa.com

ISSN: 1309-3452

we note that the solution of  (3.1) is continuous and piecewise differentiable over [t,,o0)and differentiable on

each interval (t, , t,,,) foranyfixed y, € Randk=0,1,2,....

4. A Third order Runge-Kutta method based on linear combination of Arithmetic mean, Heronian mean
and Contra - Harmonic mean for hybrid fuzzy differential equation

Consider the IVP (3.1) with crisp initial condition y (t,) =Y, € R and t e[t,,T]. Let the exact
solution [Y(t)], :[X(t;r),\?(t;r)] is approximated by some [y (t)], =[X(t;r), )_/(t;r)] from the

2
equation Yy, =Y, +g{z Means}

i=1
where means includes Arithmetic mean(AM), Geometric mean (GM), Contra - Harmonic mean (CoM), Centroidal mean
(CeM), Root mean Square (RM), Harmonic mean(HaM), and Heronian mean (HeM) which involves k; 1<i<4,

where,
k= f(t, ¥,)
k,=f(t,+a h, y, +a hk)
ky=f(t,+(a,+a,) h, y,+a, hk +a;, hk,)
where the parameters for the linear combination of Arithmetic mean, Heronian mean and Contra - Harmonic mean are
2 -77 617
327 810" 7810

The third order formulae based on Runge- Kutta scheme using the Combination of Arithmetic mean, Heronian mean and
Contra - Harmonic mean are

B h 1 kZ+kZ K2 +k
yn+l_yr,+%{7(kl+2k2+|<3)-§(k1+2k2+|<3J“/|<1|<2 +4/k2k3)+32( e ek

—t

a; =

i+1

with the grid points a=t, <t <..<t,=b and h=22=t,
We define

Yy e DY, (0 =2 Wkt ¥y o (1)

yk, n+1 (r)_yk,n (r):ZWiEi (tk,n ! yk,n(r))

where W,,W,, W, are constants,

Kyt s Yieo (1) = min{f (6 .U, 2 @O \UELY, (1), Y, 0 (DD U €LY, (), Yieo (]
Kitn Yien () = maxit (0,4, ) \uely, (1Y, (0L, €ly, (0. Y, o (O]

(i 2 0t AU VT2, (e Yo (O 2 Vi (O

Kz(tk,n , yk,n(r))Zmin _
U €Ly, (N, Yo (N
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_ (b +2 N U, A UO)\UELZ (e Yien (D), Zi (b s Y ()]
k2(tk,n ;yk,n(r))ZmaX Y 3 e : ’ .

U ely, (1), Yieo (1]

(#2000 €2, (Yo (P 2 e Vi (O
U <L,y (0. Voo (0]

Ks(tin s Yin (1)) =min

(G 42 0 4 O W T2 (B Y () 2o Y (O
U <L, (0. Voo (0]

R3 (tk,n ; yk,n (r)) =min

where

2
Zy, (tens yk,n(r)):Xkyn(r) +§ he K (tn s Yin (1)

24t () = Vi ()42 Kty Yy (1)

2, (e Yen (M=, , (- 70“ Kty Yen (M) + 1gh Ko (b i (1)

(e Yo D) =Yin 1)~ 0 By Kty 35D 210 By Ret Y ()

define

7[&1 (tk,n  Yin (r))+ 2k, (tk,n , yk,n(r))+ K, (tk,n  Yin (r))]
3 1 Kl(tk,n ’ yk,n(r))+2k (kn'yk n(r))+k (kniyk n(r))
+\/Kl(tk,n'yk,n(r)) (kn Yin (1) +\/k kn s Yion (1)

)
K2 (b s Viea (N) K2 (s Vo (1) K2 (s Viea () +K2 (¢

+32 +
Ky (En s Vi (D) 4K, (s Vin (1) Ky (s Yiea (1) 4K

Sic[tin ;Xk,n(r)’yk'“(r)] -

Ks ( k,n 1 yk’"(r))]
2 (t, wdﬂq
(

kniyk n(r))

7[R1 k no Yk n(r)) ( o Yk n(r))+E3 (tk,n ' yk,n(r))]
I:kl(kn’yk n(r)) R ( yk,n(r))+R3 (tk,n’yk,n(r)) ]
ke (t,

Tk tk,n ;Xk,n (r)ayk,n (r) ]

\/k1 kn ykn(r)) ’yk,n(r) \/RZ kn!ykn(r))E3(kn’ykn(r))
32[k1(k,n!ykn(r))+k2(tkn'ykn(r)) EZ(kn yk n(r))+k3(kn yk n(r))]

+ =

Rl (tk,n ) yk,n(r))—}'Rz (tk,n ) yk,n(r)) ka |t ( k,n 1 yk n(r))+k3 ( k no yk n(r))
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The exact solutions at t, ., is given by

h _
Yina(D) =Y, )+, [t Y (0. Y e ()]

Y iena(r) =Y k,n(r)+%Tk [t .Y (0.0 (0]

The approximate solutions at t, , is given by
h —
Voun®) =Y, 0+ 5.0y, 07,0
- - h -
yk,n+1(r) :yk,n(r)+$Tk [tk,n ;Xk,n (r)’ yk,n (r)]

5. Numerical Examples
Example : 5.1

consider the fuzzy Initial VValue Problem

y'()=y(t),te[0,1]
y(0;r)=[0.75+0.25r,1.125-0.125r],0<r<1

The exact solution is given by

Y (t;r)=[(0.75+0.25r)e",(1.125-0.125r)e'],0<r<1
att=1 we get

Y (1;r)=[(0.75+0.25r) €', (1.125-0.125r ) €'],0<r<1

By the third order Runge — Kutta method based on the combination of Arithmetic mean, Heronian mean and Contra -
Harmonic mean with N =2, gives

y(1.0;r)=[(0.75+0.25r)(C,,)?,(1.125-0.125r) (C,,)?],0<r<1
Where

7l 4420+ 2 e | aons B hey 11420 |4 (1420 )14 20+ 22 2
1215 3 1215 3 3 3 1215

2. Y 2. Y 2, 617 ,Y
CM:H% 1+(1+hj (1+hj +(1+h+h2j

3 3 3 1215

32 2 " 4, 617
[2+h] (2+h+h2)

3

Now consider the Hybrid fuzzy initial value problem

3 1215
y't)=y®)+m@®) 4 (y (1)), telt, . t..], t,=k k=0,12,...
y(t;r)=[(0.75+0.25r)e', (1.125-0.125r)e'], 0<r<1

(5.1)
where
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0= 2(t(mod 1)) ,if t(mod1)<05,
()_{2(1—t(modl)),ift(mod1)20.5

, 1If k=0,

0
ﬂk(y(tk)):{ﬂ ifkel2,...

The hybrid fuzzy Initial value problems is equivalent to the following system of fuzzy Initial value problems.
The exact solution for t € [0, 2] is given by

Yo(t)=Y,(t), te[01]
Yo(0; r)=[(0.75+0.25r)e, (1.125-0.125r)e], 0<r<1

Yi®)=y;®O+m@) y, ). telt, ti, ]y )=y, () i=12,...

y(t)+m(t)A, (y(t,)) is continuous function of t, xand 4, (Y(t,)), foreachk =0, 1, 2, ..., the fuzzy Initial value
problem

{ y' () =y@®)+m(t) A (y t)) telt b1t =K
y (tk ) = ytk

has a unique solution on [tk tc+1] . To numerically solve the hybrid fuzzy IVP the modified third order Runge — Kutta
method based on Arithmetic mean, Heronian mean and Contra - Harmonic mean is applied for solving hybrid fuzzy

differential equation with N = 2 to obtain yi, . (r) approximating x (2.0; r).

Let f :[0,00)x RxR — Rbe given by

f(ty, A (y(t)) = ytO) + mt) A4 (y(t ).t =k, k=012,..,
Where 4, : R — Ris given by

[0,ifk=0
lk(y)_{y, it ke{L2,...,}

Since the exact solution for t e [1, 1.5] is
Y(t: r)=Y (1; r)(3e"™-2t),0<r<1 Y(L5; r)=Y (1; r)(3e-3),0<r<1
Then Y( 1.5 ; r) is approximately 5.29 and the exact solution for te [1.5,2]is

Y(t: r)=Y (1; r)(2t—2+e"° (3/e —4)),0<r<1

Therefore

Y (2.0; r)=Y (L r)(2+3e—4+/e)

Then Y(2.0; r) is approximately 9.6749

The approximate solution, exact solution and absolute error using the third order Runge-Kutta method based on a linear
combination of Arithmetic mean (RK3AM), Heronian mean (RK3HM) and Contra - Harmonic mean (RK3CoM) for the
r-level set with h = 0.1 and t = 2 of the example 5.1 is given below.
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Table 5.1 : Solution of third order Runge-Kutta method based on a linear combination of RK3AM, RK3HM,

RK3CoM for the r-level set withh=0.1 and t =2

r t approximate solution exact solution absolute error

0 2 7.256207 10.88431 7.257732 10.886598 1.53E-03 2.29E-03
0.1 2 7.49808 10.763373 7.499656 10.765635 1.58E-03 2.26E-03
0.2 2 7.739954 10.642437 7.741581 10.644673 1.63E-03 2.24E-03
0.3 2 7.981827 10.5215 7.983505 10.523711 1.68E-03 2.21E-03
0.4 2 8.223701 10.400563 8.225429 10.402749 1.73E-03 2.19E-03
0.5 2 8.465575 10.279626 8.467354 10.281787 1.78E-03 2.16E-03
0.6 2 8.707448 10.158689 8.709278 10.160824 1.83E-03 2.14E-03
0.7 2 8.949322 10.037753 8.951202 10.039862 1.88E-03 2.11E-03
0.8 2 9.191195 9.916816 9.193127 9.9189 1.93E-03 2.08E-03
0.9 2 9.433069 9.795879 9.435051 9.797938 1.98E-03 2.06E-03
1 2 9.674942 9.674942 9.676976 9.676976 2.03E-03 2.03E-03

The following is the graphical representation for the absolute error of the third order Runge-Kutta method based on the
RK3AM, RK3HM, RK3CoM and the linear combination of RK3AM, RK3HM, RK3CoM for the above example is
given below, wheret=2,h=0.1

6. Conclusion
In this paper, the first order hybrid fuzzy differential equation is solved using the third order Runge-Kutta method
based on the linear combination of Arithmetic Mean, Heronian Mean and Contra Harmonic Mean. The solution of the
proposed method is compared with the Arithmetic , Heronian and Contra Harmonic Mean methods. Hence the proposed
method is suitable for solving hybrid fuzzy initial value problem.
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