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1 Introduction

A continuous complex valued function defined in a simply connected domain D
is said to be harmonic in D if both u and v are real harmonic in D, the har-
monic function has a unique representation f = h 4+ ¢ ,where h and ¢ are analytic
and co analytic part of f respectively. The Jacobian of f = h + g is given by
Ji(2) = |h'(2)]>~|g'(2)|>. The mapping z — f(2) is orientation preserving and
locally 1 — 1 if D if and only if J¢(2z) > 0 in D see [1].

Let H denote the family of normalized functions f = h + g that are harmonic
, orientation preserving and univalent in the open unit disk A = {z : |z|< 1} [2, 3]
where

h(z) =z + Zanz” g(2) = anz" (1)

here 2" = 2(z =re), f'(2) = Z(f(2)) = Z(f(re?),0<r <1, €R.
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see [§] For 0 < § < 1, we consider the subclass Ly (f) of harmonic univalent
functions f = h + g satisfying the condition

Further let Lz(8) denote the subclass of Ly(f) consisting of functions such
that

D=z =S laale" L g(z) = Jbale" (2)

Initially we recall certain standard results of sub-classes of S and sufficient
conditions for a function f € § to be in these subclasses. The sufficient condition
for the function f = h + g given by (2) to be in L () is that

> 92— 1- 8 %%+ 144
E - - P E — < 2.
= 18 ol o 18 = @

Several authors studied the partial sums of analytic univalent functions [5] 6],
the analogous results on partial sums on harmonic univalent functions were studied
by Saurabh Porwal [4], Saurabh Porwal and Kaushal Kishore Dixit [7] In this paper

we extend the results to the class Ly (8). Now, we let the sequence of partial sums
of the functions of the form (1) with b; = 0 are

z) :z—l—iakzk—kiw.

k=2 k=2
z) :z—i-Zakzk—l—ZW.
fmn —Z+Zakz +Zb Zk.

In this paper, we determine the lower bounds for Re{ /(z) }, Red &4 pel S

() () fmn(2) £(2) Frnn(2)
Re{ i) },Re{ (z)} Re{ o) } Re{ o } Re{ O },Re{ﬂn’n(z)},Re{ IUE)

Where f/( ) = 8Qf(rew)
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2 Main Results

In this section we obtain the lower bound for Re{ fi(z) }

Theorem 2.1: If f of the form (1) with b; = 0, satisfying condition (2), then

Re{ /(2) } > 2(2<m+1)2 —2_ ea) (4)

fm(2) m+1)2—-1-7
The result (4) is sharp with the function given by
1-p 11
— m 5

Proof 2.1: We may write

1+w(z)  2(m+1)2—1—8] f(re?) 2(m+1)% =2
1—w(z) 1-p5 fm(re?®)  2(m+4+1)2—-1-p
1+ 221:2 akrk—lei(k—l)e + 22022 ark—lei(k—l)e + 2(m+1112671a6’ {Zzo:mﬂ akrk—lei(kz—l)e

1+ Z?:z aprk—leik=1)0 1 22022 Erkflei(kfl)(’

so that
w(z)
2(m+1215{za klzk1‘|
kT

_ k=m+1

. L - ; 2m+1)2-1-0 ;

2+2<Zakrk16(kl Z (k1)+ ( 1)_ <Zark1(k1)

k=2 =2 k=m+1
Then
jw(2)|

sesacs] S|

k=m+1

) 2<§|ak|+§|bk|) 2(m +11)_Zg 1 —B( ilau).

k=m+1
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The last expression is bounded by 1, if and only if

E]%HE]M (;;@Q (6)

It suffices to show that LHS of (6) is bounded above by
Y res 2’“211—};5|ak|+ Y res Qkilﬁw |bi|, which is equivalent to

k2 — k24 2 k2= (m+1)?
Z 1— | K+ Z 1_ |bk Z 1.3 la|> 0.
k=2 k=2 k=m+1

In this section we obtain the lower bound for Re{@m(—g}.

Theorem 2.2: If f of the form (1.1) with b; = 0, satisfying condition (1.3), then

fm(2) 2(m + 1)2 —-1-3
1%{ﬂ@}2 2m +1)2 25

The result (7) is sharp with the function (5).

(z € A). (7)

Proof 2.2: We may write

L+w(z) 2m+1)°=28[fu(re’) 2(m+1)°-1-8
1—w(z) 1-5 f(reie) 2(m+1)2 -2
1+Zk Zakrk 1,i(k—1)0 +Zk ,b rh=1gi(k=1)0 4 W[Zimﬂ aprt1eit=1)0

1+ 221:2 aprk—leik—10 4 ZZO:Q Erk—lei(k—lw

so that
w(z)
2(m 1)~ 25{ Zark 1ilh-1) }
_ k=m-+1
2492 ( Z akrk—lez(k—l)G + Z bkrk—lez(k—l)Q) + (m ‘; )5 B ( Z akrk_lez(k_l)g)
k=2 k=2 o k=m+1
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Then
jw(z)]

m+1)2—2ﬁ [ ka }

k=m+1

) 2—2(§;|ak|+k§;|bk|) - m“ < ZI%I)

k=m+1

The last expression is bounded by 1, if and only if

Z|ak|+2|bk|+ A A (Zrm) (8

k=m+1

~—

It suffices to show that LHS of (8) is bounded above by
S W — B\akH— Y ores 2k2+1+ﬁ |bi|, which is equivalent to

k* — k% + = 2= (m+1)?
Z 1 |ak| Z ﬂlbk Z —1(—5 ) lak|> 0.
k=2 k=2 k=m+1

Theorem 2.3: If f of the form (1) with b; = 0, satisfying condition (2), then

f(z) 2(m +1)* —m(1— §) — 2
L) Py (e ¥
The result (9) is sharp with the function (5).
Proof 2.3: We may write
1+w(z) 2(m+1)2—1—6[f( )_2(m+1)2—m(1—6)—21
(Z) (m+1)(A=8) |fm(re?) 20m+12-1-p
1 k1) — ) 2(m+1)2—1—5[ - _ i(_)}
_l—i—kz:;akrk le :b eik=1)8 1 CESE) kzzn;rlakrk Lei(k=1)0
- k 1 'L (k—1)0
e Ep R

The result follows by the same technique as used in the previous theorem.
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Theorem 2.4: If f of the form (1) with b; = 0, satisfying condition (2), then
/ 2 . .
L
() )~ 2(m+1)2 +m(1 = f) =25
The result (10) is sharp with the function (5).

(z € A). (10)

Proof 2.4: We may write

1+w(z) 2(m+1)>—28 [fm(rei‘)) 2(m+1)2 —1— 6]

I—w(z) 1=p flre®) — 2(m+1)2 - 26

1S a0 S fphtpito10 2(m + 5{ Z a1t }
=2 =2

k=m+1
1+ Z aprF etk 4 Zb_krk_lei(k_l)e
k=2 k=2

Proceeding exactly as in the proof of Theorem 2.3, we get the required result.

Theorem 2.5: If f of the form (1) with b; = 0, satisfying condition (2), then

f(2) 2(n+1)*+2p
Re{mz)} Z St rrir s 8 D)
The result(11) is sharp with the function
f(z)=z+ 1-F AR (12)

2n+1)24+1+7

Proof 2.5: We may write

14+ w(z) _2(n+1)2+1—|—ﬁ{f(7“ew) 2(n+ 1)+ 28 }

1— ()_ 1-p fulre®)  2n+1)24+147
1+Zarklzk1 n bkrk1€i(k1)e+2(”+11) +1+5{ Z gt leitk 1)91
_ k=2 — 6 k=m-+1
Z k=1 ik=1)0 | Z Berk—Leitk=1)0
k= =2

The details of the proof are similar to the proof of the Theorem 2.1 and is omitted
here.
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Theorem 2.6: If f of the form (1) with b; = 0, satisfying condition (2), then

fa(2) 2(n+1)%+28
Re{ 7(2) } SEICES ) SRy

The result (13) is sharp with the function (12).

(z € A). (13)

Proof 2.6: We may write

2n+ 12+ 2[ f(re®)  2(n+12+1+8
1-5 {fn(rew)  2n41)2+2 }

- . = . 2n+ 12+ 1+ 5 .
1 k—1_i(k—1)0 b k—1_i(k—1)0 k—1_i(k—1)0
+kz:;akr e —1—; g7 e + 2n+ 172 42 kZ apr’ e

14+ w(z
1—w(z

) _
)

=m+1

1+ Z akrk—lei(k—l)e + Za'f’kilei(kfl)e
k=2 k=2

The details of the proof are similar to the proof of the Theorem 2.5 and is omitted
here.

We next determine bounds for Re{ 7 n’: (:()Z) }

Theorem 2.7: If f of the form (1) with b; = 0, satisfying condition (2), then

: f(2) 2(m +1)* —2
(i) &{MA@}2%m+DL4—W (z € A). (14)
) f(z) 2(n+1)% 423

The results (14) and (15) are sharp with the functions given by (4) and (12) re-
spectively.

Proof 2.7: For prove part (i), We write

T+w(z) 2m+1)2—1-3[ f(re?) 2(m +1)? — 2
L-w(z) 1-5 frn(re®)  2(m+1)2—1-3
1+ Z aprFletk=10 4 Zb_krk—le—i(k—&-l)e

k=2 k=2
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1)2-2 _
+ mnlJ{Q)l 6{ Zak,,,k 1 i(k—1)0 + Z bkrk 1 zk+1)9:|

k=m+1 k=n-+1

1+Zm: k=1 ilk=1)0 +Zbrk1 i(k+1)0
k=2

so that
2(m+122 k=1 i(k—1)0 k=1 —i(k+1)
oot [ S a3 Bkl ke
k=m+1 k=n+1
w(z) = m a
2+2(Zakrk—lei(k—l)9+Zark—le—i(k+1)0>
=2 =2
2(m +1)? ( k—1_i(k—1)0 k=1 ,—i(k+1)0
+ Za rFlet + Z bir —i(k+1)
2(m+1 —1- k=m-+1 k=n+1
Then
m 2
| a3 ]
k=m+1 k=n+1
HBIE s T
22 Slale ) - s | Sl 3 il

k=m+1 k=n+1

The last expression is bounded by 1 if and only if

Z|ak|+2|bk|— e =( St S i) <1 (0

k=m+1 k=n+1

It suffices to show that LHS of (16) is bounded by
> e 2 _1 B‘akH‘ e, 2k2+1+’6]b | , which is equivalent

k?—1 K2+ k? — (m+1)? =B —(m+1)2+1+7
Z - | ak|+ Z - |bk Z %ﬁ)lam > ( 1_)5 |bx|> 0.
k=2 k=2 k=m+1 k=n+1

To prove part (ii), we write

1+w(z)_2(n—|—1)2+1+6[ f(re?) 2(n+ 1)+ 28 ]

1—w(z) 1-8 fmn(rei®)  2(n+1)2+1+7
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1+Zak7’kllk 1)9+Zbrk1 i(k+1)0

+2(n+i)2ﬁ+1+ﬁ[ Zakrkflei(kfl)e_i_ Z b_krklei(lwrl)e}

= k=m+1 k=n+1
1_‘_Zakrkflei(kflw_'_Zarkfleﬂ‘(lwrl)g
k=2 k=2
so that
?U(Z) = k=m+1 k=n+1
2+2<Zakrklz(k1 +Zbrk1 i(k+1) )
+2(n—|—11 +1+5< ZaTklzkl +Zbk7’kl k+1>
B k=m+1 k=n-+1
Then
n+1 +1+,8[ Z]akH— Z ]bk}
2(n + + -
2_2<Z'“k'+2|bkl) At { NDS |bkl
k= k=2 k=m+1 k=n-+1

The last expression is bounded by 1 if and only if

Z|ak|+2|bk|— 2n+ 1) “*ﬁ( St 3 |bk|) an

k=m+1 k=n+1
It suffices to show that LHS of (17) is bounded by
Y ey 2 _1 ’8|ak|+ Yoy 2k2+1+ﬁ]b | , which is equivalent

k2 —1 k2 = k2 - 1 Sl i - 1)2
Zl 6| ar|+ Z 1 +/6‘bk Z %;)]aﬂ—l— Z 1(+;)|bk|20.

k=2 k=2 k=m+1 k=n+1

and the proof is complete.
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We next determine bounds for Re{ / "}’(’;()Z) }

Theorem 2.8: If f of the form (1) with b; = 0, satisfying condition (2), then

o reflza) s A oo

) mt 1 —25 (z € A). (18)
. fonn(2) 2(n+1)*+28
(i1) Re { ) }> CES L (z € A). (19)

The results (18) and (19) are sharp with the functions given by (4) and (12) re-
spectively.

Proof 2.8: For prove part (i), We write

l+w(z)  2(m+1)*—-28 [fmvn(reie) 2(m+1)> —1— ﬁ]

1—w(z) 1-p flrei®) — 2(m+1)2 —28
1+ Z akrkqei(kq)e + Zb_krkflefi(k+1)9
k=2 k=2

2
4 77:'1+4}1)2125ﬂ|: Zark Leilh=1)0 4 Z B! —zk—i—l)@}

o k=m+1 k=n+1

1+ Z aprFlei=10 Zb_krk—le—i(k-i—l)a
k=2 k=2

so that
. s 0 L i [e%s) e
22((m+3)2—126ﬁ [ Z akrk telth1? g Z kak 'e (k+1)6]
k=m+1 k=n+1
w(z) = " 0
2 * 2 ( Z akrkflei(kfl)e + Z b_krklei(k+1)0>
k=2 k=2

2m+1)?2-1-8( <«

T 1)z —2p ( D et S Erk—le—ﬂﬂlw)

k=m+1 k=n+1
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Then
9 o0 o0
Yertten | Sladt+ 3 il
o m+1 >
2—2(Z!ak\+2|bm) [ S a3 \bk\]
k=m-+1 k=n-+1

The last expression is bounded by 1 if and only if

Z|ak|+2|bk|— 2 St S ) ESHNCY

k=m+1 k=n+1
It suffices to show that LHS of (20) is bounded by
Y ore 2’“21__—15_5|ak|—|— Y orey 2E+145 |b| , which is equivalent

1-8
it K+ 5 (m+1)° R —(m4+1)2+148
Z 1_ 5| ax|+ Z \bk—l- Z —5’ak|+ Z -5 |bx|> 0.
k=2 k=2 k=m+1 k=n+1
To prove part (ii), we write
1+w(z) 2(n+1)2+2[ f(re?) 2n+ 12 +1+7
l—w(z)  1=8  [fun(re?)  2(n+1)2+2
1+ Z aprFlek=10 Zb—krk—le—i(kﬂ)a
k=2 k=2
_'_% |: Z akrk_lei(’“_l)e + Z ETk_le_i(kJrl)e]
— k=m+1 k=n+1
1+ Z akrk—lei(k—l)ﬁ + Zark—le_i(k_;_l)g
k=2 k=2
so that
2(n+1 2+2{ Z|ak|—|— Z |bk|]
k=m+1 k=n+1
w(z)|< n + 7 + %
g_z(zmkuzwk) - Skt S ]
k=m+1 k=n-+1
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The last expression is bounded by 1 if and only if

Z|ak\+2\bk\ 2n+ 1) “*5( S Jael+ Zrbk)_ @

k=m+1 k=n+1

It suffices to show that LHS of (21) is bounded by
D heo 2 71 B|ak|+ Y res 2/I€2+1+5|b | , which is equivalent

= k* + m+1 k2 —(n+1)?
| k|+z 5|b,€+ Z K= (m+1) lakl+ %Wg 0.

> i

k=2 k=m+1 k=n+1 /B

and the proof is complete.

Theorem 2.9: If f of the form (1) with b; = 0, satisfying condition (2), then

72) 2m +1)? — 2
Re{fg,n@)} Zmrip i A (22)

The result (22) is sharp with the function given by (4).

Proof 2.9: We write
l+w(z) 2(m+1)2-1 —5[ fre®)  2m+1)2 -2 }
1—wz)  (m+1)(1-7)

F e " Ame 1P -1
1+ Z kakrk_lei(k_l)e + Z kark—le_i(lﬁ_l)g

k=2 k=2
_16 h=1i(k=1)0 | b1 (k10
+ [ Zk‘a r Z kbyr }
— k=m+1 k=n+1
1+ Z Feart— etk 4 Z Ky e—itk+10
so that
e 5{ S Hak+ k!bk]
lw(z)|< k=m-+1 k=nt1
m+1
2—2(Zk|ak|+2k|bk) — —— { Zk|ak|+ Z k;|bk}

k=m+1 k=n+1
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The last inequality is equivalent to

Zk|ak|+2k|bk|+ m+ ( Zk\akH Z k:|bk) <1. (23

k=m+1 k=n+1

Since the LHS of (23) is bounded above by

Y ores 27 — 5|ak|—|— Y res 2k21t16+,8 |be| , and hence the proof is complete.

Theorem 2.10: If f of the form (1) with b; = 0, satisfying condition (2), then

Frn(2) 2m+1)2—1—- 8
Re{ (2) }22(m+1)2—1—6+(m+1)(1—6)’

The result (24) is sharp with the function given by (4).

(zeA)  (24)

Proof 2.10: The proof of the result is akin to the proof of that of Theorem 2.9 and
hence omitted.
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