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1. Introduction 

 U. M. Swamy and G. C. Rao, [5] proposed the concept iof iAlmost iDistributive iLattices (ADL) ias ia igeneralisation 

iof ian iAlmost iDistributive iLattices (ADLs) [6], iwhich iwas ia icommon iabstraction iof ialmost iall iexisting iring 

itheoretic igeneralisations iof ia iBoolean ialgebra ion ithe ione ihand iand idistributive ilattices ion ithe iother ihand. 

However, L. A. Zadeh [7] introduced the concept of a fuzzy set in 1965. A fuzzy ordering, according to L.A. Zadeh [8], 

iis ia itransitive ifuzzy irelation ithat iis ian ielaboration iof ithe iconcept iof iordering. A fuzzy partial ordering is a 

reflexive and anti-symmetric fuzzy ordering in particular. In 1994, N. Ajmal and K. V. Thomas [1] icreated ifuzzy isub 

ilattices iand ibuilt a fuzzy lattice as a fuzzy algebra. Based on Zadeh's fuzzy order concept, I. Chon [4] ipresented ia 

inovel inotion iof ifuzzy ilattices iand iinvestigated ithe ilevel isets iof ifuzzy ilattices in 2009. He also provided ithe 

inotions iof idistributive iand imodular ifuzzy ilattices, as well as the essential characteristics of fuzzy lattices. 

Berhanu et al. [2] proposed iAlmost iDistributive iFuzzy iLattices (ADFLs) as a generalisation iof iDistributive iFuzzy 

iLattices iand defined various characteristics iof ian iADL iusing I. Chon's ifuzzy ipartial iorder irelations iand ifuzzy 

ilattices. B. Assaye and B. Tarekegn [10] extended the crisp notion to analogues of an ADFL, as well as ithe ismallest 

iideal iand ismallest filter encompassing ia inon-iempty isubset iof R iof ian ADFL. In [9], G.C. Rao and S. Ravi Kumar 

found that some results on an ADL's minimal prime ideal. [10] C.G. Rao, N. Rafi, and Ravi Kumar Bandaru [3] presented 

S-ideals and derived certain fundamental characteristics of Almost Distributive Lattices.   

The concept of S-ideals is described using filters in an Almost Distributive Fuzzy Lattices in this paper (ADFL). 

According to numerous properties of these S-ideals, the set of all S-ideals of an ADFL produces a complete practically 

distributive fuzzy lattice. We establish a set of comparable requirements for the class of all S-ideals to create a fuzzy 

lattice of all ideals to characterise ADFL. 

2. Preliminaries 

We'll review some basic concepts and outcomes in this section. 

Definition 2.1. [2] Let (𝑅, ∨, ∧, 0) be an algebra of type (2, 2, 0) and we call (𝑅, 𝐴) is an Almost Distributive Fuzzy 

Lattice (ADFL) if the following condition satisfied: 
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(1) 𝐴(𝑎, 𝑎 ∨ 0) = 𝐴(𝑎 ∨ 0, 𝑎) = 1; 

(2) 𝐴(0, 0 ∧ 𝑎) = 𝐴(0 ∧ 𝑎, 0) = 1; 

(3) 𝐴((𝑎 ∨ 𝑏) ∧ 𝑐, (𝑎 ∧ 𝑐) ∨ (𝑏 ∧ 𝑐)) = 𝐴((𝑎 ∧ 𝑐) ∨ (𝑏 ∧ 𝑐), (𝑎 ∨ 𝑏) ∧ 𝑐) = 1; 

(4) 𝐴(𝑎 ∧ (𝑏 ∨ 𝑐), (𝑎 ∧ 𝑏) ∨ (𝑎 ∧ 𝑐)) = 𝐴((𝑎 ∧ 𝑏) ∨ (𝑎 ∧ 𝑐), 𝑎 ∧ (𝑏 ∨ 𝑐)) = 1; 

(5) 𝐴(𝑎 ∨ (𝑏 ∧ 𝑐), (𝑎 ∨ 𝑏) ∧ (𝑎 ∨ 𝑐)) = 𝐴((𝑎 ∨ 𝑏) ∧ (𝑎 ∨ 𝑐), 𝑎 ∨ (𝑏 ∧ 𝑐)) = 1; 

(6) 𝐴((𝑎 ∨ 𝑏) ∧ 𝑏, 𝑏) = 𝐴(𝑏, (𝑎 ∨ 𝑏) ∧ 𝑏) = 1, for all 𝑎, 𝑏, 𝑐 ∈ 𝑅. 

Definition 2.2. [10] iLet i𝐿 ibe ian ADFL iand 𝐼 ibe iany inon iempty isubset iof 𝑅. iThen 𝐼 iis isaid ito ibe ian iideal iof 

ian iADFL 𝐿, iif iit isatisfies ithe ifollowing iaxioms: 

(1) i𝑎, 𝑏 ∈  𝐼 iimplies ithat i𝑎 ∨ 𝑏 ∈ 𝐼; 

(2) i𝑎 ∈  𝐼,   𝑏 ∈  𝑅 iimplies ithat i𝑎 ∧ 𝑏 ∈ 𝐼. 

Definition 2.3. [12] iA iprime iideal iof 𝐿 iis icalled ia iminimal iprime iideal iif iit iis ia iminimal ielement iin ithe iset 

iof iall iprime iideals 𝐿 iordered iby iset iinclusion. 

Theorem 2.4. [13] iLet i𝐿 ibe ian ADL. iThen ia iprime iideal 𝑃 iis iminimal iif iand ionly iif ifor iany 𝑥 ∈ 𝑃, ithere iexist 

ian ielement 𝑦 ∉ 𝑃 isuch ithat 𝑥 ∧ 𝑦 = i0.  

Definition 2.5. [3] iLet 𝑆 ibe ia sub-ADL iof 𝑅. iAn iideal 𝐼 iof 𝑅 iis icalled ia 𝑆- iideal iof 𝑅 if   

𝐼 =  (i𝐼 ∩  i𝑆]. iAn 𝑆− iideal 𝐼 iis icalled a 𝑆− iprime iideal iof 𝑅 iif, 𝐼 ∩  𝑆 iis ia iprime iideal iof 𝑆, iand 𝑆−imaximal 

iideal iif 𝐼 ∩  𝑆 iis ia imaximal iideal iof 𝑆. iIt ican ibe iobserved ithat ievery  

𝑆− imaximal iideal iis ia 𝑆− iprime iideal. 

3. 𝑺- Ideals in Almost Distributive Fuzzy Lattices 

iThe iconcept iof 𝑆- iideals iis expanded iin iAlmost iDistributive iFuzzy iLattice in this section. (𝑅, 𝐴) istands ifor an 

ADFL (i𝑅, ∧, ∨, i0, i1) throughout this work. 

Definition 3.1. Let (𝑅, 𝐴) ibe ian ADFL iand 𝑆 ibe ia sub - ADFL. An ideal 𝐼𝑆 of (𝑅, 𝐴) is called a 𝑆-ideal if  𝐼𝑆 = (𝐼 ∩ i𝑆] 

= {i𝑥 ∈  i𝑅 | 𝐴 (i𝑥 ∧  i𝑠, i0)  >  0 ∀ i𝑠 ∈ i𝑆}. 

Example 3.2. Let (i𝑅, i𝐴)  =  {i0, i𝑎, 𝑏, 𝑐, i1} be an ADFL whose Hasse diagram is given in the following figure 

 

Figure 1: Hasse diagram of the ADFL (𝑅, 𝐴)  =  {0, 𝑎, 𝑏, 𝑐, 1}. 

Consider i𝐼 =  {i0, 𝑎} and 𝑆 =  {0, i𝑏, 𝑐, i1} 
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Clearly 𝐼 iis ian iideal iof (i𝑅, 𝐴) and 𝑆 iis ian iideal iof sub- ADFL (i𝑅, 𝐴) 

∴ 𝐼𝑆 = (i𝐼 ∩ i𝑆] =  {0, 𝑎, 𝑏, 𝑐, 1}  =  𝐴(0,0) > 0  

Clearly (i𝑅, i𝐴) iis ia ifuzzy iposet, iand iif iit isatisfies ithe ADFL iconditions. Therefore, 𝐼𝑆 is a  

𝑆 – ideal in ADFL. 

Theorem 3.3. Let (i𝑅, i𝐴) be a ADFL and 𝑆 be a sub – ADFL (i𝑅, i𝐴). Then the set  

𝐼𝑆 = { i𝑥 ∈ 𝑅 | i𝐴(𝑥 ∧ 𝑠, i0) > i0 ∀ 𝑠 ∈ 𝑆}  is an 𝑆 - ideal of (i𝑅, i𝐴). 

Proof: Let (i𝑅, i𝐴) be an ADFL and 𝑆 be a sub- ADFL (i𝑅, i𝐴). By the definition 𝑆 – ideal ADL, subsequent conditions. 

𝑥, 𝑦 ∈ i𝐼 ⟹ i𝑥 ∧ i𝑦 ∈ i𝐼  and iii𝑥 ∈ i𝐼, i𝑦 ∈ i𝑅 ⟹  i𝑥 ∧ i𝑠 ∈ i𝐼 ∩ i𝑆   

The Set 𝐼𝑆 is defined by 𝐼𝑆 = {i𝑥 ∈ 𝑅| i𝐴(i𝑥 ∧ i𝑠, i0) > 0 ∀ i𝑠 ∈ i𝑆} 

Therefore, we get 𝐴 (𝑥 ∧ 𝑠 , i0) > i0 (⸪𝑥 is a dense element) 

                            ⇒ 𝐴(i0 ∧ 𝑠, i0) > i0 

                           ⇒ 𝐴(i0 , i0) > i0.  

Clearly i0 ∈  i𝐼𝑆 

∴ 𝐼𝑆 is non – empty. 

iLet 𝑥, 𝑦 ∈ 𝐼𝑆i0 and (𝑦 ∧ 0 , i0) >  i0, ∀ 𝑠 ∈ 𝑆.  

iTherefore ievery 𝑥𝑖 ∈ 𝐼 isuch ithat { 𝐴 ((⋀𝑖=1
𝑛 𝑥𝑖   ) ∧  𝑠, i0) > i0, ∀ i𝑠 ∈ i𝑆}  

 ⇒  𝐼𝑆 = (i𝐼 ∩ i𝑆] =  {𝐴 ((⋀𝑖=1
𝑛 𝑥𝑖   ) ∧  i𝑠, 0) > 0 ∀ 𝑠 ∈ i𝑆} 

iHence 𝐼𝑆 = (i𝐼 ∩ 𝑆] iis ian 𝐼𝑆  - iideal iof (i𝑅, 𝐴) be an ADFL. 

iLemma 3.4. For any Ideal 𝐼 iof ian iADFL (i𝑅, 𝐴), ithen 𝐼𝑆 is ia 𝑆 – ideal in (i𝑅, i𝐴). 

Proof: Clearly i0 ∈ 𝐼𝑆. iLet i𝑥, i𝑦 ∈ 𝐼𝑆. iThen, 𝐴((𝑎 ∧ i𝑠), 0) = 𝐴((i𝑏 ∧ 𝑢), 0) > 0  

ifor some i𝑠, i𝑢 ∈  𝑆. 

Now A ((𝑎 ∨ 𝑏) ∧ (i𝑠 ∧ i𝑢), i0) > 0 

     ⇒ 𝐴(((i𝑎 ∧ i𝑠 ∧ i𝑢) ∨ (i𝑏 ∧ i𝑠 ∧ i𝑢)), 0) > 0 

     ⇒ 𝐴(((0 ∧ i𝑢) ∨ (𝑏 ∧ i𝑢 ∧ i𝑠)), 0) > 0   (⸪ 𝑎 ∧ i𝑠 =  𝑏 ∧ i𝑢 = 0) 

     ⇒ 𝐴 ((0 ∨ (i𝑠 ∧ i0)), i0) > 0 

     ⇒ 𝐴((i0 ∨ i0), i0) > i0 

     ⇒ 𝐴(i0, i0) > i0 

Hence 𝐴((i𝑎 ∨ 𝑏), i0) ∈ 𝐼𝑆.  iAgain, ilet i𝑎 ∈ 𝐼𝑆 iand i𝑥 ∈ 𝑅. 

Then 𝐴(( i𝑎 ∧  𝑠), ii0)  >  i0 for isome is ∈ 𝑆. 

Now 𝐴((i𝑎 ∧ 𝑥) ∧ 𝑠, i0) > i0 

    ⇒ 𝐴((𝑥 ∧ i0), i0) > i0 
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    ⇒ 𝐴(i0, i0) > i0 

So 𝐴((i𝑎 ∧ 𝑥), i0) ∈ 𝐼𝑆.  

iThus i𝐼𝑆 is ian 𝑆- iideal iin (i𝑅, i𝐴). 

Definition 3.5. iFor iany iideal 𝐼 is an ADFL (i𝑅, i𝐴), the set  

𝐼𝑆 = (i𝐼 ∩ i𝑆] = {i𝑥 ∈ i𝑅| 𝐴(i𝑥 ∧ i𝑠, 0) > 0 ∀ i𝑠 ∈ i𝑆} iis ian 𝑆 - iideal iof (i𝑅, i𝐴). iIt iis icalled ian iannihilator 𝑆 – iideal 

iof (i𝑅, i𝐴). 

Remark 3.6. iFor iany iideal i𝐼 iof ADFL (i𝑅, 𝐴).  

iThe iset  𝐼𝑆 = {i𝑥 ∈ i𝑅| 𝐴(i𝑥 ∧ i𝑠, 0) > 0 ∀ i𝑠 ∈ i𝑆}. This i𝐼𝑆 is ian 𝑆 – iideal iof ADFL (i𝑅, 𝐴). 

 iThe set 𝑆 (𝐿) is set iof iall 𝑆 – ideals of (𝑅, 𝐴) iis ia ibounded ADFL iwith ileast ielement {0} iand greater ielement 

(i𝑅, 𝐴), for any 𝐼𝑆 , 𝐽𝑆 ∈ 𝑆(L), the supremum element of 𝐼𝑆 and 𝐽𝑆 is defined by  

 𝐼𝑆 ∧ 𝐽𝑆  = {𝐴((𝑎 ∧ 𝑏), 0) > 0 | 𝑎 ∈ 𝐼𝑆, 𝑏 ∈ 𝐽𝑆}  and the infimum element is defined by  

𝐼𝑆 ∨ 𝐽𝑆 = {𝐴((𝑎 ∨ 𝑏), 0) > 0 | 𝑎 ∈ 𝐼𝑆, 𝑏 ∈ 𝐽𝑆}.   

Theorem 3:8. Let 𝐼𝑆 and 𝐽𝑆 ibe iany itwo 𝑆 – iideals iof ian ADFL (𝑅, 𝐴). iThen 𝐼𝑆 ∧ 𝐽𝑆 iand 𝐼𝑆 ∨ 𝐽𝑆 iare ialso S – ideals 

of (R, A), where 𝐼𝑆 ∧ 𝐽𝑆 = 𝐼𝑆 ∩ 𝐽𝑆 and 𝐼𝑆 ∨ 𝐽𝑆 = {𝑥 ∨ 𝑦 |𝑥 ∈ 𝐼𝑆 and 𝑦 ∈ 𝐽𝑆}. 

Proof: iLet (i𝑅, i𝐴) ibe ia iADFL iand 𝐼𝑆 and 𝐽𝑆 be any two 𝑆 – iideals iof ADFL (𝑅, 𝐴). Since 𝐼𝑆 and 𝐽𝑆 ibe inon-empty, 

itake 𝑥 iand 𝑦 ifrom 𝐼𝑆 iand 𝐽𝑆 irespectively. 

iNow, isince (i𝑥 ∧ i𝑦) ∈ i𝐼𝑆, i𝐽𝑆 and i𝑥 = i𝑥 ∨ (i𝑥 ∧ i𝑦) ∈ 𝐼𝑆  ∨ 𝐽𝑆 and i𝑦 = (i𝑥 ∧ i𝑦) ∧ i𝑦 ∈ 𝐼𝑆 ∨ 𝐽𝑆, 𝑥 ∈ 𝐼𝑆 ∨ 𝐽𝑆 and 𝑦 ∈

𝐼𝑆 ∨ 𝐽𝑆. Hence 𝐼𝑆 ∨ 𝐽𝑆  ≠ 𝜑 

i) Let 𝑎 , 𝑏 ∈ 𝐼𝑆 ∨ 𝐽𝑆 . iThen ithere iexist i𝑥, 𝑦 ∈ 𝐼𝑆 and i𝑢, i𝑣 ∈  𝐽𝑆 such that 𝑎 = i𝑥 ∨ i𝑢 and  

i𝑏 = i𝑦 ∨  i𝑣. 

Then (i𝑥 ∨ i𝑢) ∧ (i𝑎 ∨ i𝑏) ∈ 𝐼𝑆 and (i𝑦 ∨ i𝑣) ∧ (i𝑎 ∨ i𝑏) ∈ 𝐽𝑆 

Now, 𝐼𝑆 = 𝐴(𝑎 ∨ i𝑏, (i𝑥 ∨ ii𝑢) ∨ (i𝑦 ∨ i𝑣)) 

       = 𝐴(i𝑎 ∨ 𝑏, (i𝑥 ∨ i𝑢) ∨ (i𝑦 ∨ 𝑣)) ∧ (i𝑎 ∨ i𝑏)) 

             = 𝐴 (i𝑎 ∨ i𝑏, (((i𝑥 ∨ 𝑦) ∨ (𝑢 ∨ 𝑣)) ∧ (i𝑎 ∨ i𝑏))) > 0 

and similarly, 𝐼𝑆 = 𝐴 (((i𝑥 ∨ 𝑢) ∨ (𝑦 ∨ 𝑣)), 𝑎 ∨ 𝑏) 

                          = 𝐴 (((i𝑥 ∨ i𝑦) ∨ (𝑢 ∨ 𝑣)) ∧ (i𝑎 ∨ i𝑏)) , i𝑎 ∨ i𝑏) > 0 

Hence i𝑎 ∨ i𝑏 = (((i𝑥 ∨ i𝑦) ∨ (i𝑢 ∨ i𝑣)) ∧ (i𝑎 ∨ 𝑏))  ∈ 𝐼𝑆 ∨ 𝐽𝑆 

ii) Let i𝑎 ∈ 𝐼𝑆 ∨  𝐽𝑆 and 𝑥 ∈ 𝑅. Then there exists 𝑥 ∈ 𝐼𝑆 and 𝑢 ∈ 𝐽𝑆 such that 𝑎 = 𝑥 ∨ 𝑢.  

Since 𝐼𝑆 and 𝐽𝑆 are 𝑆 - ideals of (𝑅, 𝐴), 𝑎 ∧ 𝑥 ∈ 𝐼𝑆 and 𝑎 ∧ 𝑢 ∈ 𝐽𝑆 and it implies that  

(𝑎 ∧ i𝑥) ∨ (i𝑎 ∧ i𝑢) ∈ 𝐼𝑆 ∨ 𝐽𝑆 

Now,  𝐴(i𝑎 ∧ 𝑐, (i𝑥 ∧ i𝑐) ∨ (i𝑢 ∧ i𝑐))) = 𝐴 (i𝑎 ∧ 𝑐, ((i𝑥 ∨ 𝑢) ∧ i𝑐)) 

                                              = 𝐴(i𝑎 ∧ i𝑐, i𝑎 ∧ i𝑐) > 0 

                                              = 𝐴(0,0) > 0 

Hence 𝑎 ∧ 𝑐 ∈ 𝐼𝑆 ∨ 𝐽𝑆. 

Thus 𝐼𝑆 ∨ 𝐽𝑆 is a 𝑆 - ideal of (i𝑅, i𝐴). To show i𝐼𝑆 ∧ 𝐽𝑆 is ia 𝑆 - iideal iof (i𝑅, 𝐴). Then 𝑎, 𝑏 ∈ 𝐼𝑆 and 𝑎, 𝑏 ∈ 𝐽𝑆 and it follows 

that 𝑎 ∨ 𝑏 ∈ 𝐼𝑆 and 𝑎 ∨ 𝑏 ∈ 𝐽𝑆. Hence 𝑎 ∨ 𝑏 ∈ 𝐼𝑆 ∧ 𝐽𝑆. 
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iii) Let 𝑎 ∈ 𝐼𝑆 ∧ 𝐽𝑆 and 𝑐 ∈ 𝑅, then 𝑎 ∈ 𝐼𝑆 and 𝑎 ∈ 𝐽𝑆 since 𝑎 ∧ 𝑐 ∈ 𝐼𝑆, 𝐽𝑆 , 𝑎 ∧ 𝑐 ∈ 𝐼𝑆 ∧ 𝐽𝑆 (By the definition of ideal). 

Hence 𝐼𝑆 ∧ 𝐽𝑆 is a 𝑆 - ideals of (𝑅, 𝐴). 

Definitions 3.9. A 𝑆 – iideal iM ⊆ iL iis isaid ito ibe ia imaximal S – iideal ithere iexist iany 𝑆 – iideal, 𝐼𝑆 iin (i𝑅, i𝐴) 

isuch ithat iM ⊄ 𝐼𝑆. iEvery iproper S – iideal iof (i𝑅, i𝐴) iis icontained iin ithe imaximal  

S – iideal. 

Theorem 3.10. iIf (i𝑅, i𝐴) iis an ADFL icontained ithe imaximal 𝑆 – iideal. iThen ievery proper    

𝑆 – iideal iof i𝑅 iis icontained iin ia imaximal S – iideal iof i𝑅. 

Proof: iLet (i𝑅, i𝐴) iis an ADFL icontained ithe imaximal 𝑆 – iideal. iTherefore, ithere iexist iany  

𝑆 – iideal 𝐼𝑆 iin (i𝑅, i𝐴) isuch ithat 𝑀 ⊄ 𝐼𝑆 inot ismaller ithan iany iother ielement iin i𝑅. iLet 𝑀 iof i𝑅 iis ia iproper 𝑆 – 

iideal iit icontained ia imaximal ielement. iThis iimplies 𝑀 iof i𝑅 idoes inot icontained iin iany iproper 𝑆– iideal iof i𝑅. 

iTherefore, 𝑀 iis ia imaximal of  𝑆 – iideal iof ADFL. iHence ievery proper 𝑆 – iideal iof i𝑅 iis icontained iin ia imaximal 

iideal 𝑀. 

Theorem 3.14. iLet (i𝑅, i𝐴) ibe ia ADFL iand 𝐼𝑆 ibe ian 𝑆- iideal iof (i𝑅, i𝐴). iThen  

(i𝐼 ∩ i𝑆] = {𝑥 ∈ 𝑅|𝐴(𝑥, ( ⋀𝑖=1
𝑛 𝑠𝑖  ) ∧ 𝑥) > 0 ∀ 𝑠𝑖 ∈ 𝑆, 𝑥 ∈ 𝑅 𝑎𝑛𝑑 𝑛 ∈ 𝑁} is the smallest 

 𝑆 – ideal of (𝑅, 𝐴) containing S. 

Proof: Let 𝐼𝑆 be a 𝑆 − ideal iof (i𝑅, i𝐴). iSince 𝑆 ≠ 𝜑, ithere exist i𝑆 ∈ 𝐼𝑆 ⊂ (𝑅, i𝐴) such that  

𝐴(𝑠, (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ i𝑠) = 𝐴(i𝑠, (i𝑠 ∨ i𝑠 ∨ … ∨ i𝑠) ∧ i𝑠)  

                               = 𝐴(i𝑠, i𝑠 ∧ i𝑠) 

                               = 𝐴(i𝑠, i𝑠) > 0 where i𝑠𝑖 = i𝑠 ∀ 𝑖 = i1,2, … 𝑛 

Hence 𝑆 ∈ (𝐼 ∩ 𝑆] and it implies that (i𝐼 ∩ 𝑆] ≠ 𝜑 

Let i𝑎, 𝑏 ∈ (𝐼 ∩ 𝑆]. 

 Then 𝐴(𝑎, (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ i𝑎) > 0 𝑎𝑛𝑑 𝐴(𝑏, (⋀𝑗=1

𝑚 𝑡𝑗 ) ∧ 𝑏) > 0 for some 𝑠𝑖 , 𝑡𝑗𝜖 𝑆. 

Since (𝑅, 𝐴) is a ADFL, 𝑎 = ⋀𝑖=1
𝑛 𝑠𝑖 ∧ 𝑎 and 𝑏 = ⋀𝑗=1

𝑚 𝑡𝑗 ∧ 𝑏 

Now let {rK | ik = 1,2 … . n + m} = {si | ii = i1, i2 … 𝑛}  ∩ {𝑡𝑗| 𝑗 = 1, … 𝑚} 

Hence, we have  ⋀𝑘=1
𝑛+𝑚 rK = ⋀𝑖=1

𝑛 𝑠𝑖 ∨ ⋀𝑗=1
𝑚 𝑡𝑗  𝑤ℎ𝑒𝑟𝑒 𝑠𝑖 , 𝑡𝑗  ∈ 𝑆 and it implies that 

rK ∈ 𝑆, ∀ ik = i1, i2 … . in + im 

Then 𝐴(i𝑎 ∨ 𝑏, ((⋀𝑘=1
𝑛+𝑚 rK)  ∧ (a ∨ b)) 

 = 𝐴(𝑎 ∨ 𝑏, ((⋀𝑖=1
𝑛  si ∨ ⋀𝑗=1

𝑚 𝑡𝑗 )  ∧ (a ∨ b)) 

 = 𝐴(𝑎 ∨ 𝑏, ((⋀𝑖=1
𝑛  si ∨ ⋀𝑗=1

𝑚 𝑡𝑗 )  ∧ a)  ∨ ((⋀𝑖=1
𝑛  si ∨ ⋀𝑗=1

𝑚 𝑡𝑗 )  ∧ b)) 

 = 𝐴(𝑎 ∨ 𝑏, ((⋀𝑖=1
𝑛  si) ∧ a)  ∨ ((⋀𝑗=1

𝑚 𝑡𝑗 )  ∧ a)) ∨ (((⋀𝑖=1
𝑛  si)  ∧ 𝑏)  ∨ ((⋀𝑗=1

𝑚 𝑡𝑗 )  ∧ b))) 

  = 𝐴(𝑎 ∨ 𝑏, ((𝑎 ∨ (⋀𝑗=1
𝑚 𝑡𝑗 ) ∧ a)) ∨ (((⋀𝑖=1

𝑛  si)  ∧ 𝑏)  ∨ 𝑏) 

 = 𝐴(𝑎 ∨ 𝑏, 𝑎 ∨ 𝑏) > i0 

 = 𝐴(i0, i0) > 0 

Hence i𝑎, 𝑏 ∈ (i𝐼 ∩  i𝑆] 
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Finally, let i𝑎 ∈ (𝐼 ∩ i𝑆] and 𝑥 ∈ 𝑅 Then 𝐴(𝑎, (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ 𝑎) > 0 for some 𝑠𝑖 ∈ 𝑆 

Now, 𝐴(𝑎 ∧ 𝑥, (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ (𝑎 ∧ 𝑥)) = 𝐴(𝑎 ∧ 𝑥, (⋀𝑖=1

𝑛 𝑠𝑖 ) ∧ 𝑎) ∧ 𝑥)  

                                             = 𝐴(𝑎 ∧ 𝑥, 𝑎 ∧ 𝑥) > 0 

Hence i𝑥 ∈  (𝐼 ∩ 𝑆] 

Thus (𝐼 ∩ 𝑆] iis ian 𝑆 – iideal of 𝐼𝑆  = (i𝑅, i𝐴) 

Now, let i𝑠 ∈ 𝑆,  ithen 𝐴(𝑠𝑖 (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ 𝑠) = 1 > 0. 𝑤ℎ𝑒𝑟𝑒 𝑠𝑖 = 𝑆 ∀ 𝑖 = 1,2 … 𝑛   

Hence 𝑠 ∈ (i𝐼 ∩ i𝑆]  iand iit ifollows ithat 𝑆 ⊂ (𝐼 ∩ 𝑆]          

To show (𝐼 ∩ 𝑆] iis ithe ismallest 𝑆 – iideal icontaining 𝑆.  

iLet ius consider ian 𝑆 – iideal 𝐼𝑆 if (i𝑅, i𝐴) isuch ithat 𝑆 ⊆ 𝐼𝑆 

Let  𝑎 ∈ (𝐼 ∩ 𝑆]. Then 𝐴(𝑎, (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ 𝑎) > 0  where 𝑠𝑖 ∈ 𝑆 (𝑠𝑖𝑛𝑐𝑒 𝑆 ⊆ 𝐼𝑆), 𝑠𝑖 ∈ 𝐼𝑆 and 𝐼𝑆 is an 𝑆 – ideal ⋀𝑖=1

𝑛 𝑠𝑖 ∈ 𝐼𝑆. 

On the other hand, ((⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ 𝑎, 𝑎 ∧ (⋀𝑖=1

𝑛 𝑠𝑖 )) ∈ 𝐼𝑆 and then 𝑎 = (⋀𝑖=1
𝑛 𝑠𝑖 ) ∧ 𝑎 ∈ 𝐼𝑆. 

iHence i𝑎 ∈ 𝐼𝑆 iand iit ifollows ithat  (𝐼 ∩ 𝑆] ⊆ 𝐼𝑆 

iThus (𝐼 ∩ 𝑆] iis ithe ismallest 𝑆 – iideal iof (𝑅, 𝐴) icontaining 𝑆. Hence proved. 

iIn ithe ifollowing theorem iwe iproved ithe icharacterization of 𝑆 – iideals iin ADFL. 

Theorem 3.15. Let (𝑅, 𝐴) be an ADFL. Then the following are equivalent. 

1. (i𝑅, i𝐴) is an DFL. 

2. iEvery iideal iis ian 𝑆 – iideal. 

3. iEvery iannihilator iideal iis an 𝑆 – ideal. 

4. For 𝑥 ∈ (i𝑅, i𝐴), i𝐼 iis ian 𝑆 – ideal. 

Proof: (1) ⇒ (2). 

iAssume ithat (i𝑅, i𝐴) iis an DFL. iLet 𝐼 ibe ian iideal iof (i𝑅, i𝐴).  

iConsider ithe iset 𝐼𝑆 = {𝑥 ∈ 𝑅|𝐴(𝑥 ∧ 𝑠, i0) > i0 ∀ 𝑠 ∈ 𝑆}.  

First, we prove that 𝐼𝑆 is a 𝑆 − ideal of (𝑅, 𝐴).  

iLet 𝑥, 𝑦 ∈  𝐼𝑆 ithen 𝐴(𝑥 ∧ 𝑠, i0) > i0 iand 𝐴(𝑦 ∧ 𝑠, i0) > i0 ∀ 𝑠 ∈ 𝑆 .  iSince (i𝑅, i𝐴) iis an ADFL. 

∴ iWe iget 𝐴(i0, 𝑥 ∧ 𝑠) > i0 iand 𝐴(i0, 𝑦 ∧ 𝑠) > i0 ∀ 𝑠 ∈ 𝑆 . 

iThis iimplies 𝑥 ∧ 𝑠 = i0 iand 𝑦 ∧ 𝑠 = 0 ∀ 𝑠 ∈ 𝑆  

𝐴((𝑥 ∨ 𝑦) ∧ 𝑠, i0)  = 𝐴((𝑥 ∧ 𝑠) ∨ (𝑦 ∧ 𝑠), i0) 

                               = 𝐴((i0 ∨ i0), i0) 

                               = 𝐴(i0, i0) > i0 

∴ iWe iget 𝑥 ∨ 𝑦 ∈  𝐼𝑆  

iAgain ilet 𝑥 ∈  𝐼𝑆 iand i𝑟 ∈ i𝑅. iThen iwe iget 𝐴(𝑥 ∧ 𝑠, i0) > i0 and 𝐴(𝑟 ∧ 𝑠, i0) > i0 
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⇒ 𝐴((𝑥 ∨ 𝑟) ∧ 𝑠, i0) = 𝐴((𝑥 ∧ i𝑠) ∨ (𝑟 ∧ 𝑠), i0)  

                                     = 𝐴((i0 ∨ i0), i0) 

                                     = 𝐴(i0, i0) > i0 

∴ iWe iget i𝑥 ∨  𝑟 ∈  i𝐼𝑆. Therefore 𝐼𝑆 is an ideal iof (i𝑅, i𝐴).  

iNow, iwe ishow ithat 𝐼 = 𝐼𝑆. 

iLet 𝑥 ∈ 𝐼𝑆. iThen 𝑥 ∧ 𝑓 = i0 ifor isome 𝑓 ∈  𝐼𝑆 . iHence 𝑥 ∈ (𝐼 ∩ 𝑆] 

iNow 𝑓 ∈  𝐼𝑆 ⇒ 𝐴(𝑥 ∧ 𝑓, i0) > i0 ifor isome 𝑥 ∈ i𝐼  ⇒ 𝐴(i0, i0) > i0 ∀ 𝑥 ∈ 𝐼 

∴ iWe iget 𝑥 ∧ 𝑓 ∈  i𝐼. iTherefore 𝐼𝑆 ⊆ 𝐼 ------(1) 

iConversely, ilet 𝑥 ∈ i𝐼 isince (i𝑅, i𝐴) ibe an ADFL ithere iexist i𝑦 ∈ 𝑅 isuch ithat  

{i𝑦 ∈ 𝑅|𝐴(𝑦 ∧ 𝑥, i0) > i0 ∀ 𝑥 ∈ i𝐼}. iSince 𝑥 ∈ 𝐼, iwe iget y ∈  𝐼𝑆. iAlso 𝑥 ∈  𝐼𝑆 = 𝑦. 

iHence 𝑥 ∈  𝐼𝑆. Thus i𝐼 ⊆ 𝐼𝑆 ------(2).  

Therefore (1) and (2) we get 𝐼𝑆 =  𝐼.                

Thus i𝐼 iis ian 𝑆 -iideal. 

iHence ievery iideal iis ian 𝑆 − iideal.  

(2) ⇒ (3), iSince ievery iannihilator S- iideal iis ian iideal, iit iis iclear.   

(3) ⇒ (4), iSince i𝐼𝑆 iis ian iannihilator iideal, iit iis iobvious.  

(4) ⇒ (1), iLet i𝑥 ∈  𝑅, 𝐼 iis ian 𝑆- iideal. iThis iimplies i𝐼 = 𝐼𝑆 iof (i𝑅, i𝐴). 

Let 𝑥, 𝑦 ∈ 𝑅, since 𝐴(i𝑥 ∧ i𝑦, (i𝑥 ∧ i𝑦) ∧ i𝑦) = 𝐴((i𝑥 ∧ i𝑦) ∧ i𝑦, i𝑥 ∧ i𝑦) = 1 

then (i𝑥, i𝑥 ∧ i𝑦) ∈ 𝐼. Also 𝐴(i𝑦 ∧ i𝑦, i𝑦 ∧ i𝑦) = 1. Hence (i𝑦, i𝑦) ∈ i𝐼. 

iSince i𝐼 iis ian 𝑆 −iideal ion (i𝑅, i𝐴) implies (i𝑥 ∨ i𝑦, (i𝑥 ∧ i𝑦) ∨ i𝑦) ∈ 𝐼. 

⇒ 𝐴((i𝑥 ∨ i𝑦) ∧ i𝑦, i𝑦 ∧ i𝑦) = 𝐴(i𝑦 ∨ i𝑦, (i𝑥 ∨ i𝑦) ∧ i𝑦) = 1 

∴ (𝑅, 𝐴) iis ian iAlmost iDistributive iFuzzy iLattice.  

Hence (i𝑅, i𝐴) iis ian ADFL. Hence proved. 

Conclusion: Several features of S – ideals in ADFL were proved in this paper. S – ideals theorems in ADFL were also 

studied. Finally, we conclude that the results of our S – ideals characterization reveal a link between ADL and ADFL. 

Future study will focus on the isomorphism of ADFL as well as the congruence of ideals and filters in ADFL. 
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