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Abstract: In this research paper, reverse order pentagonal fuzzy numbers are introduced to solve game theory imprecise
entries in its payoff matrix. All these imprecise entries are assumed to be reverse order pentagonal fuzzy numbers. Also
the proposed approach provides fuzzy optimal solution of the fuzzy game converting to crisp values. The ideas are
experimented by some numerical examples.
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1. 1. Introduction

[7] Game theory is a method for the study of decision-making in situations of conflicts and sometimes cooperation. Game
theory provides a mathematical process for selecting an optimal strategy.

It was developed to quantify, model and explain human behavior under conflicts between individuals and public interests.
A player in a game is an autonomous decision-making unit.

A strategy is a decision rule that specifies how the player will act in every possible circumstance. The mathematical
treatment of the Game Theory was made available in 1944 by John Von Newman through their book “Theory of Games
and Economic Behavior”. The Von Newman’s approach to solve the Game Theory problems was based on the principle
of best out of the worst i.e., he utilized the idea of minimization of the maximum losses.

In a game problem each player’s attempts to take best decision by selection various strategies from the set of available
strategies. The traditional game theory assumes the existence of exact payoffs to solve competitive situations. Game
theory is applicable to situations such as two players struggling to win at chess, candidates fighting an election, firms
struggling to maintain their market shares etc,..

Most of the competitive game theory problems can be handled by this principle. However, in real life situations, the
information available is of imprecise nature and there is an inherent degree of vagueness or uncertainty present in the
system under consideration. Hence the classical mathematical techniques may not be useful to formulate and solve the
real world problems. In such situations, the fuzzy sets introduced by Zadeh in 1965 provide effective and efficient tools
and techniques to handle these problems.

[9] Ranking fuzzy numbers plays an important role in decision making process. It was firstly proposed by Zadeh. Bellman
and Zadeh elaborated on the concept of decision making in the fuzzy environment. Later on, fuzzy methodologies have
been successfully applied in a wide range of real world situations. Jain was the first to propose method of ranking fuzzy
numbers for decision making in fuzzy situations. Yager used the concept of centroids in the ranking of fuzzy numbers.
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[12] D.Dubois and H.Prade has defined fuzzy number as a fuzzy subset of the real line So far fuzzy numbers like triangular
fuzzy numbers, trapezoidal fuzzy numbers, Pentagonal fuzzy numbers, Hexagonal, Octagonal , pyramid fuzzy numbers
and Diamond fuzzy number have been introduced with its membership functions. These numbers have got many
applications like non-linear equations, risk analysis and reliability. Many operations were done using fuzzy numbers.

Madani reviewed applicability of game theory to water resources management and conflict resolution through a series of
non-cooperative water resource games. His paper illustrates the dynamic structure of water resource problems and the
importance of considering the game's evolution path while studying such problems. In this paper, we have proposed a
new approach based on the principle of dominance for the fuzzy optimal solution of the pentagonal fuzzy valued game
without converting to its equivalent crisp form.

2.1 Fuzzy set: Let X = {x} denote a collection of objects denoted generically by x. Then a fuzzy set A in X is a set of
ordered pairs A = {(x, u A (x); x € X} where u A (x) is termed as the grade of membership of xin Aand u A : X > M
is a function from X to a space M which is called membership space. When M contains only two points, 0 and 1. A'is
non fuzzy and its membership function becomes identical with the characteristic function of a non fuzzy set.

2.2 Normal set: A Fuzzy sef of universe set X is normal if and only if x € X sup pA(x) = 1.
2.3 Convex set: [10]A fuzzy set A in universal set X is called convex if and only if
pA (A + (1= Dxy) = min [u A (x,), u A (x,)] forall x; , x, € Xand2e[0,1].
2.4: Fuzzy Numbers: A Fuzzy number is a fuzzy set on the real line R, must satisfy the following conditions.
(i) u & () is piecewise continuous.
(ii) There exists atleast x €R with u A (x) = 1.
(i) A must be convex and normal.

3.1:Pentagonal Fuzzy Numbers: A fuzzy set = (p, q, r, s,t) is said to pentagonal fuzzy number if its membership
function is given by where p< q <r <s<t
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3.2:Reverse order Pentagonal fuzzy number: A fuzzy set App= {-p,-q,0,r,s}is said to be Reverse Order Pentagonal
fuzzy number(ROPFN) if its membership function is given by
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3.3: Ranking of Pentagonal Fuzzy Numbers:

[13] Basic Concept of Ranking Fuzzy Numbers The concept of ranking fuzzy numbers is very important for decision
making problems. Researchers have presented many different reasons for finding the ranking of fuzzy numbers. In this
section we find a new concept for finding the ranking of PFNs. If we consider the average of these, we can obtain the
new ranking as

_ /2p+9q+2r+9s+2t
R(Agp) = (P22

3.4: Mathematical Formulation of Fuzzy Game Problem:

Illustrate two-person zero-sum game in which all the entries in the payoff matrix are Icosidodecahedron fuzzy numbers.
Let the player P has ‘i’ strategies and player Q has ‘j” strategies. Here it is simulated that each player has to choose
from amongst the pure strategies. Player P is always assumed to be winner and player Q is always assumed to be a
looser. The payoff ixj is

P11 P12 Pii
P21 P22 P2
P31 P32 DPsi

| Pj1Dj2 e Dji
3.5: Algorithm for Solving a Game Problem Using Fuzzy:

Stepl: First, we have to examine whether a saddle point will exist or not. If it exists in the given
problem, then we need to find it in a direct way. However, if it does not exist, then we need to
follow the second step.

Step2: Compare column strategies.

(i) In the given pay-off matrix, if the elements of Column A < elements of Column B, that is,
Column A strategy will fully dominate over column B strategy, then, according to the rule we need
to delete column B strategy from the given pay-off matrix.

(i) In the given pay-off matrix, we tally each column strategy with all other column strategies

and omit high strategies as far as possible.

Step3: Compare row strategies.

(i) In the given pay-off matrix, if the elements of Row A > elements of Row B, Row A strategy
will dominate over Row B strategy. So, omit Row B strategy from the given payoff matrix.

(i) In the given pay-off matrix, we tally each row strategy with all possible row strategies and
omit low strategies as far as possible.

(iii) The game may decrease to a single cell giving an order about the value of the game and
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optimal master plan of the players. If not, then moves to step 4.

Step4: The dominance rule should not be based on the dominance of pure strategies only. A
given approach can be dominated if it gives us a poor result to an usual of two or more other pure
master plan.

3.6: Saddle point: If in a game, the max-min value equals the mini-max value, then the game is said to

have a saddle point and the corresponding strategies which give the saddle point are called optimal strategies. The amount
of payoff at an equilibrium point is called the crisp game value of the game matrix.

Solution of all ixj Matrix Game [14] Consider the general game matrix P:[Pij]. To solve this game we proceed as
follows:

e  Test for a saddle point.
e If there is no saddle point, solve by finding equalizing strategies.

The Optimal mixed strategies for player A = (p,; p,; p3) and for player B = (q;; q3; q3), where

D22~P21
(P11+P22)—(P12+D21)

P22—P12
(P11+P22)—(P12+P21)

p1=( ) v p2=1-py q1=( ) 2=1-q,

— ((P11XP22)~(P12XP21
(P11+P22)—(P12+D21)

Example 1. Consider the following Reverse Order Pentagonal fuzzy game problem.

Player B

(-5,-4,2,4,5) (-13,-10,5,10,13) (-12,—-11,9,11,12)
Player A (-6,-5,3,5,6)  (—4,-2,1,2,4)  (-15,—-11,8,-11,15)
(-7,-6,5,6,7)  (—8,-7,4,7,8) (-9,-8,7,8,9)

Solution: By definition of reverse order pentagonal fuzzy number A is calculated as

Step 1: Convert the given reverse order pentagonal fuzzy problem into a crisp value problem

2(=5)+9(—4)+2(2)+9(4)+2(5)

R(ay4) = =0.167
a;1 =(-5,-4,2,4,5) (11) = ( 24 )=0.16
2(=13)+ 9(=10)+2(5)+9(10)+2(13)
R(aiz) = = 0.416
a;; =(-13,-10,5,10,13) (@12) = ( 2 )
2(-12)+9(—-11)+2(9)+9(11)+2(12)
Rlass) = =07
a;3=(—-12,-11,9,11,12) (a13) = ( > ) =0.750
2(—6)+ 9(=5)+2(3)+9(5)+2(6)
R(az) = =0.250
a,; =(—6,-5,3,5,6) (@21) = ( 24 )
R(ay,) = (E2E2ZOEE) = 0,083

a,, =(—4,-2,1,2,4) 24
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2(=15)+9(—11)+2(8)+9(11)+2(15
s = R(ay,) = (2 )24() (D+205)) _ 5 667
(-15,-11,8,-11,15)
2(=7)+ 9(=6)+2(5)+9(6)+2(7)
R = =041
as; = (=7,-6,5,6,7) (as1) = ( 22 ) =0.416
_ 2(=8)+9(=7)+2(4)+9(7)+2(8) _
as, = (—8,—7,4,7,8) R(asz) = ( 24 ) =0.333
2(=9)+ 9(=8)+2(7)+9(8)+2(9)
R = =0.
as5 = (—9,-8,7,8,9) (ass) = ( 22 ) =0.583
Step 2: The pay-off matrix is
Player B

Player A 0.250 0.083 0.667

(0.167 0.416 0.750)
0.416 0.333 0.583

Step 3: There is no saddle point since Max (mini) is not equal to Min (Max).
Step 4: Using dominance the pay-off matrix

Player B

Player A 0.250 0.083 0.667

(0.167 0,416 0.750>
0.416 0.333 0.583

Step:5: The required pay-off matrix becomes

Player B

0.167 0.416
Player A <(0.416 0. 333))

Here p,; =0.167, p,, = 0.416, p,; = 0.416 & p,, =0.333
p, =0.25,p; =075 andgq, =0.25, g, =0.75
V=035
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