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ABSTRACT 

A total coloring of a graph 𝐺 is an assignment of colors to both the vertices and edges of 𝐺, such that no two adjacent or 

incident vertices and edges of 𝐺 are assigned the same colors. In this paper, we have discussed the total coloring and total 

chromatic number of middle graph, total graph of twig graph and comb graph. 
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1. INTRODUCTION 

We start with finite, simple, connected and undirected graphs. Let 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) be a graph with the vertex set 𝑉(𝐺) 

and the edge set E(𝐺), respectively.  A coloring of a graph 𝐺 is an assignment of colors to the vertices or edges or both.  

A vertex-coloring(edge-coloring) is called proper coloring if no two vertices(edges)  receive the color.  There are so many 

different proper colorings such as a-coloring, b-coloring, star coloring, list coloring, harmonious coloring, total coloring 

etc. In the present work focused on total coloring of graphs. 

A total coloring of 𝐺, is a function 𝑓: 𝑆 → 𝐶,  where 𝑆 = 𝑉(𝐺) ∪ 𝐸(𝐺) and C is a set of colors to satisfies the given 

conditions. 

(i) no two adjacent vertices receive the same colors 

(ii) no two adjacent edges receive the same colors  

(iii) no edges and its end  vertices receive the same colors 

The concept of total coloring was introduced by Behzad [1] and Vizing [16]. Also they have posed the conjecture that for 

every simple graph G has ∆(𝐺) + 1 ≤  𝜒′′(𝐺) ≤ ∆(𝐺) + 2, where ∆(𝐺) the maximum degree of G. This conjecture is 

known as the Total Coloring Conjecture (TCC). The total chromatic number 𝜒′′(𝐺) of a graph𝐺 is the minimum 

cardinality k such that 𝐺 may have a total coloring by k colors.  Behzad et al [2] proved that the total chromatic number 

of complete graph 𝐾𝑛.  While Yap [17] determined that the total chromatic number of cycle 𝐶𝑛. Rosenfeld [13] and 

Vijayaditya [15] verified the TCC, for any graph G with maximum degree ≤ 3 and Kostochka [8] for maximum degree≤

5. In Borodin [4] verified The Total Coloring conjecture (TCC) for maximum degree ≥ 9 in planar graphs.  In recent era, 

total coloring have been extensively studied in different families of graphs. Mohan et.al [9] given the tight bound of 

Behzad and Vizing conjecture in Corona product of certain classes of graph. Muthuramakrishnan et.al [10, 11, 12] proved 

that the total chromatic number of line, middle, total graph of star graph and square graph of bistar graph and also they 

proved that total chromatic number of middle and total graph of path and sunlet graph.  Jayaraman et.al [7] proved that 

the total chromatic number of middle graph of double star graph and total graph of double star graph.  Vaidya et.al [14] 

has verified TCC for some cycle related graphs.  In the present work, we investigate the total chromatic number of middle 
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graph, total graph of twig graph and comb graph. 

2. PRELIMINARIES 

Definition 2.1. The middle graph[5] of a graph 𝐺, denoted by M(𝐺) is define as follows, the vertex set of  𝑀(𝐺) is 

𝑉(𝐺) ∪ 𝐸(𝐺).  Two vertices 𝑥, 𝑦 in the vertex set of 𝑀(𝐺) are adjacent in 𝑀(𝐺) in case one of the following condition 

holds: (i) 𝑥, 𝑦 are in 𝐸(𝐺) and 𝑥, 𝑦 is adjacent in 𝐺. (ii)  𝑥 is in 𝑉(𝐺), 𝑦 is in 𝐸(𝐺)and 𝑥, 𝑦 are incident in 𝐺. 

Definition 2.2. The Total graph[5] of a graph 𝐺, denoted by 𝑇(𝐺) is define as,  the vertex set of  𝑇(𝐺) is 𝑉(𝐺) ∪ 𝐸(𝐺).  

Two vertices 𝑥, 𝑦 in the vertex set of 𝑇(𝐺) are adjacent in 𝑇(𝐺) in case one of the following condition holds: (i) 𝑥, 𝑦 are 

in 𝑉(𝐺) and 𝑥 is adjacent to 𝑦 in 𝐺. (ii) 𝑥, 𝑦 are in 𝐸(𝐺) and 𝑥, 𝑦 is adjacent in 𝐺. (iii) 𝑥 is in 𝑉(𝐺), 𝑦 is in 𝐸(𝐺) and 𝑥, 𝑦 

are incident in 𝐺. 

Definition 2.3. The graph obtained from a path by attaching exactly two pendant edges to each internal vertex of the 

path is called Twig graph and it is denoted by 𝑇𝑛. 

Definition 2.4.  The graph obtained by joining a single pendent edge to each vertex of a path is called Comb graph [6] 

and it is denoted by 𝑃𝑛
+. 

3.  Main Results 

Theorem 3.1. Let 𝑀(𝑇𝑛) be the middle graph of twig graph. Then the total chromatic number of middle graph of twig 

graph is 𝛥(𝑀(𝑇𝑛))  +  1. 

Proof. Let 𝑉 (𝑇𝑛)  =  {𝑢𝑘: 1 ≤  𝑘 ≤  𝑛 − 2} ∪ {𝑣𝑘: 1 ≤  𝑘 ≤  𝑛} ∪ {𝑤𝑘: 1 ≤  𝑘 ≤  𝑛 − 2} and  𝐸(𝑇𝑛)  =

 {𝑢𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 − 2} ∪ {𝑣𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 − 1} ∪ {𝑤𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 − 2}.  Now we construct the 

middle graph of twig graph, each edge {𝑢𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤ 𝑛 − 2}, {𝑣𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 −  1} and {𝑤𝑘𝑣𝑘+1: 1 ≤

 𝑘 ≤  𝑛 −  2} are subdivided by the vertices {𝑢𝑘
′ : 1 ≤  𝑘 ≤  𝑛 − 2}, {𝑣𝑘

′ ∶  1 ≤  𝑘 ≤  𝑛 − 1} and {𝑤𝑘
′ : 1 ≤  𝑘 ≤  𝑛 −

2} in 𝑀(𝑇𝑛).  The vertex set and the edge set of middle graph of twig is given by 

   𝑉(𝑀(𝑇𝑛)) =  {𝑢𝑘 , 𝑢𝑘
′  ∶  1 ≤  𝑘 ≤  𝑛 −  2} ∪  {𝑣𝑘  , 𝑤𝑘 , 𝑣𝑘

′  , 𝑤𝑘
′ ∶  1 ≤  𝑘 ≤  𝑛}. 

𝐸(𝑀(𝑇𝑛)) = {𝑢𝑘
′ 𝑣𝑘+1

′  ,  𝑣𝑘
′ 𝑤𝑘

′ , 𝑢𝑘𝑢𝑘 
′ , 𝑤𝑘𝑤𝑘

′  , 𝑢𝑘
′ 𝑣𝑘

′  , 𝑢𝑘
′ 𝑤𝑘

′  , 𝑣𝑘+1𝑢𝑘
′  ,  𝑣𝑘

′ 𝑣𝑘+1
′  , 𝑣𝑘𝑣𝑘+1

′  , 𝑣𝑘+1𝑤𝑘
′  ,  

                               𝑣𝑘
′ 𝑤𝑘+1

′ ∶  1 ≤  𝑘 ≤  𝑛 –  2} ∪ {𝑣𝑘𝑣𝑘
′ : 1 ≤  𝑘 ≤  𝑛 −  1}. 

We define the total coloring 𝑓, such that 𝑓 ∶  𝑆 →  𝐶, where 𝑆 =  𝑉 (𝑀(𝑇𝑛)) ∪ 𝐸(𝑀(𝑇𝑛)) and C is the set of colors 𝐶 =

 {1,2, … . ,9} .  Assign total coloring to these vertices and edges as follows. 

For 1 ≤  𝑘 ≤  𝑛 

𝑓(𝑣𝑘)  = {

1;  𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3;  𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2;  𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

For 1 ≤  𝑘 ≤  𝑛 –  2 

                                𝑓(𝑢𝑘) =  3,             𝑓(𝑤𝑘) =  3,          𝑓(𝑢𝑘
′ ) =  9,   𝑓(𝑤𝑘

′ ) =  5,     

   𝑓(𝑢𝑘𝑢𝑘
′ )  =  2,      𝑓(𝑢𝑘

′ 𝑣𝑘+1
′ ) =  5,     𝑓(𝑢𝑘

′ 𝑣𝑘
′ )  =  4,  

   𝑓(𝑢𝑘
′ 𝑤𝑘

′ ) =  1,      𝑓(𝑢𝑘
′ 𝑣𝑘+1) =  6,  𝑓(𝑤𝑘

′ 𝑣𝑘+1) =  8, 

                𝑓(𝑣𝑘
′ 𝑤𝑘

′ )  =  6,     𝑓(𝑣𝑘+1
′ 𝑤𝑘

′ ) =  7,     𝑓(𝑤𝑘𝑤𝑘
′ )  =  2 

For 1 ≤  𝑘 ≤  𝑛 −  1 
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 𝑓(𝑣𝑘
′ )  = {

2, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
1, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

3, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                          𝑓(𝑣𝑘
′ 𝑣𝑘+1

′ ) = {
8,    𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑
9,   𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

                                𝑓(𝑣𝑘𝑣𝑘
′ )  = {

3, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
2, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

1, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                        𝑓(𝑣𝑘
′ 𝑣𝑘+1)  = {

1, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

It is clear that the above rule of total coloring, the graph 𝑀(𝑇𝑛) is properly total colored with 7colors.  Hence the total 

chromatic number of the middle graph of twig graph 𝑀(𝑇𝑛), 𝜒"(𝑀(𝑇𝑛) =  𝛥(𝑀(𝑇𝑛))  +  1. 

Theorem 3.2.  Let 𝑀( 𝑃𝑛
+) be the middle graph comb graph. Then the total chromatic number of middle graph of comp 

graph is 𝛥(𝑀( 𝑃𝑛
+))  +  1. 

Proof.  Let 𝑉 ( 𝑃𝑛
+) =  {𝑢𝑘 , 𝑣𝑘 ∶  1 ≤  𝑘 ≤  𝑛} and 𝐸( 𝑃𝑛

+) = {𝑢𝑘𝑣𝑘  ∶  1 ≤  𝑘 ≤  𝑛} ∪  { 𝑣𝑘𝑣𝑘+1 ∶  1 ≤  𝑘 ≤  𝑛 −

 1}.  Now we construct the middle graph of comb graph, each edge {𝑢𝑘𝑣𝑘 ∶  1 ≤  𝑘 ≤  𝑛} and {𝑣𝑘𝑣𝑘+1 ∶  1 ≤  𝑘 ≤  𝑛 −

1} are subdivided by the vertices {𝑢𝑘
′ : 1 ≤  𝑘 ≤  𝑛} and {𝑣𝑘

′ ∶  1 ≤  𝑘 ≤  𝑛 −  1} in 𝑀( 𝑃𝑛
+).  The vertex set and the 

edge set of middle graph of comb graph is given by 

        𝑉(𝑀 ( 𝑃𝑛
+))  =  {𝑢𝑘 , 𝑣𝑘  , 𝑢𝑘

′ ∶  1 ≤  𝑘 ≤  𝑛}  ∪  {𝑣𝑘
′ : 1 ≤ 𝑘 ≤  𝑛 −  1} 

     𝐸(𝑀( 𝑃𝑛
+)) = {𝑣𝑘𝑣𝑘+1, 𝑣𝑘

′ 𝑢𝑘+1 , 𝑢𝑘
′ 𝑣𝑘

′ ∶  1 ≤  𝑘 ≤  𝑛 − 1} ∪ 

      {𝑣𝑘
′ 𝑣𝑘+1

′ : 1 ≤  𝑘 ≤  𝑛 −  2} ∪  {𝑣𝑘𝑢𝑘
′  , 𝑢𝑘𝑢𝑘

′ ∶  1 ≤  𝑘 ≤  𝑛}. 

We define the total coloring 𝑓, such that 𝑓 ∶  𝑆 →  𝐶, where 𝑆 =  𝑉 (𝑀( 𝑃𝑛
+))  ∪  𝐸(𝑀( 𝑃𝑛

+)) and the set of colors C = 

{1, 2, 3, 4, 5, 6, 7}.  Assign total coloring to these vertices and edges as follows. 

For 1 ≤  𝑘 ≤  𝑛 

   𝑓(𝑣𝑘)  =  {
1,    𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑  
2,    𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

𝑓(𝑢𝑘)  =  6,  𝑓(𝑢𝑘
′ )  =  3,  𝑓(𝑣𝑘𝑢𝑘

′ )  =  2,   𝑓(𝑢𝑘𝑢𝑘
′ )  =  5, 

For 1 ≤ k ≤ n − 1 

   𝑓(𝑣𝑘
′ )  =  {

4,        𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑
6,      𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

       𝑓(𝑣𝑘
′ 𝑢𝑘+1) =  6, 𝑓(𝑢𝑘

′ 𝑣𝑘
′ )  =  7,  𝑓(𝑣𝑘𝑣𝑘

′ )  =  3,    𝑓(𝑣𝑘
′ 𝑣𝑘+1)  =  5, 

For 1 ≤  𝑘 ≤  𝑛 −  2 

                 𝑓(𝑣𝑘
′ 𝑣𝑘+1

′ )  = {
2, 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑  
1, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

Using the above pattern of total coloring, the graph 𝑀( 𝑃𝑛
+) is properly total colored with 7 colors.  Hence the total 

chromatic number of the middle graph of comb graph 𝑀( 𝑃𝑛
+), 𝜒"(𝑀( 𝑃𝑛

+)) =  𝛥(𝑀( 𝑃𝑛
+))  +  1. 
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Theorem 3.3.  Let 𝑇(𝑇𝑛) be the total coloring of twig graph. Then the total chromatic number of total graph of twig graph 

is 𝛥(𝑇(𝑇𝑛))  +  1. 

Proof.  Let 𝑉 (𝑇𝑛)  =  {𝑢𝑘 , 𝑤𝑘 ∶  1 ≤  𝑘 ≤  𝑛 − 2}  ∪  {𝑣𝑘: 1 ≤  𝑘 ≤  𝑛} and 

𝐸(𝑇𝑛)  =  {𝑢𝑘𝑢𝑘+1, 𝑤𝑘𝑣𝑘+1 ∶ 1 ≤  𝑘 ≤  𝑛 − 2} ∪ {𝑣𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 − 1}.  

 Now we construct the middle graph of twig graph, each edge {𝑢𝑘𝑣𝑘+1 ∶  1 ≤  𝑘 ≤ 𝑛 −  2}, {𝑣𝑘𝑣𝑘+1 ∶  1 ≤  𝑘 ≤  𝑛 −

 1} and {𝑤𝑘𝑣𝑘+1 ∶  1 ≤  𝑘 ≤  𝑛 −  2} are subdivided by the vertices {𝑢𝑘
′ : 1 ≤  𝑘 ≤  𝑛 − 2}, {𝑣𝑘

′ : 1 ≤  𝑘 ≤  𝑛 − 1} 

and {𝑤𝑘
′ : 1 ≤  𝑘 ≤  𝑛 − 2} in 𝑀(𝑇𝑛).The vertex set and the edge set of middle graph of twig is given by    

   𝑉(𝑇(𝑇𝑛)) =  {𝑢𝑘  , 𝑢𝑘
′  ∶  1 ≤ 𝑘 ≤ 𝑛 − 2} ∪  {𝑣𝑘  , 𝑤𝑘 , 𝑣𝑘

′  , 𝑤𝑘
′ ∶ 1 ≤ 𝑘 ≤ 𝑛}. 

𝐸(𝑇(𝑇𝑛)) = {𝑢𝑘
′ 𝑣𝑘+1

′  ,  𝑣𝑘
′ 𝑤𝑘

′ , 𝑢𝑘𝑢𝑘 
′ , 𝑤𝑘𝑤𝑘

′  , 𝑢𝑘
′ 𝑣𝑘

′  , 𝑢𝑘
′ 𝑤𝑘

′  , 𝑣𝑘+1𝑢𝑘
′  ,  𝑣𝑘

′ 𝑣𝑘+1
′  , 𝑣𝑘𝑣𝑘+1

′  ,   𝑣𝑘+1𝑤𝑘
′  ,  

                            𝑣𝑘
′ 𝑤𝑘+1

′ , 𝑢𝑘𝑣𝑘+1 ∶ 1 ≤ 𝑘 ≤  𝑛 –  2} ∪ {𝑣𝑘𝑣𝑘
′  , 𝑣𝑘 

′ 𝑣𝑘+1, 𝑣𝑘𝑣𝑘+1 ∶ 1 ≤ 𝑘 ≤  𝑛 − 1}. 

We define the total coloring 𝑓, such that 𝑓 ∶  𝑆 →  𝐶,  where 𝑆 =  𝑉 (𝑇(𝑇𝑛))  ∪  𝐸(𝑇(𝑇𝑛)) and C  set of colors 𝐶 =

 {1, 2, … ,9}.  Assign total coloring to these vertices and edges as follows. 

For 1 ≤  𝑘 ≤  𝑛 

 𝑓(𝑣𝑘)  = {

1, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

For 1 ≤  𝑘 ≤  𝑛 −  2 

 𝑓(𝑤𝑘)  =  7,      𝑓(𝑢𝑘
′ ) =  8,      𝑓(𝑢𝑘)  =  9,  𝑓(𝑤𝑘

′ )  =  6, 

                                 𝑓(𝑢𝑘𝑢𝑘
′ )  =  7,   𝑓(𝑢𝑘

′ 𝑣𝑘+1
′ )  =  5,    𝑓(𝑢𝑘

′ 𝑣𝑘
′ )  =  4, 

                                 𝑓(𝑢𝑘
′ 𝑤𝑘

′ )  =  3,   𝑓(𝑢𝑘
′ 𝑣𝑘+1)  =  6,  𝑓(𝑣𝑘+1𝑤𝑘

′ )  =  7, 

                                 𝑓(𝑣𝑘
′ 𝑤𝑘

′ )  =  8,   𝑓(𝑣𝑘+1
′ 𝑤𝑘

′ )  =  9,   𝑓(𝑤𝑘𝑤𝑘
′ )  =  5,  

                              𝑓(𝑢𝑘𝑣𝑘+1)  =  8,   𝑓(𝑣𝑘+1𝑤𝑘)  =  9, 

                              𝑓(𝑣𝑘
′ 𝑣𝑘+1

′ )  = {
6, 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑  
7, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

For 1 ≤  𝑘 ≤  𝑛 −  1 

                                      𝑓(𝑣𝑘
′ )  = {

2, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
1, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

3, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                   𝑓(𝑣𝑘𝑣𝑘+1)  = {
4, 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑  
5, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

                                 𝑓(𝑣𝑘𝑣𝑘
′ )  = {

3, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
2, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

1, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                             𝑓(𝑣𝑘
′ 𝑣𝑘+1)  = {

1, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
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It is clear that the above procedure of total coloring, the graph 𝑇(𝑇𝑛) is properly total colored with 9 colors.  Hence the 

total chromatic number of the total graph of twig graph T(𝑇𝑛), 𝜒"(𝑇(𝑇𝑛) =  𝛥(𝑇(𝑇𝑛))  +  1. 

Theorem 3.4. The total chromatic number of total graph of comp graph is 𝛥(𝑇( 𝑃𝑛
+))  +  1. 

Proof.   Let 𝑉 ( 𝑃𝑛
+)  =  {𝑢𝑘, 𝑣𝑘 ∶  1 ≤  𝑘 ≤  𝑛} and 𝐸( 𝑃𝑛

+) = {𝑢𝑘𝑣𝑘: 1 ≤  𝑘 ≤  𝑛} ∪  {𝑣𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 −

 1}.    Now we construct the total graph of comb graph, each edge  {𝑢𝑘𝑣𝑘: 1 ≤  𝑘 ≤  𝑛} and {𝑣𝑘𝑣𝑘+1: 1 ≤  𝑘 ≤  𝑛 − 1} 

are subdivided by the vertices {𝑢𝑘
′ : 1 ≤  𝑘 ≤  𝑛} and {𝑣𝑘

′ : 1 ≤  𝑘 ≤  𝑛 −  1} in T(𝑃𝑛
+). The vertex set and the edge set 

of total graph of comb graph is given by 

    𝑉(𝑇 ( 𝑃𝑛
+)) =  {𝑢𝑘  , 𝑣𝑘  , 𝑢𝑘

′ ∶ 1 ≤ 𝑘 ≤ 𝑛} ∪ {𝑣𝑘
′ : 1 ≤ 𝑘 ≤ 𝑛 − 1} 

     𝐸(𝑇( 𝑃𝑛
+)) = {𝑣𝑘𝑣𝑘+1, 𝑣𝑘

′ 𝑢𝑘+1 , 𝑣𝑘
′ 𝑣𝑘+1 , 𝑢𝑘

′ 𝑣𝑘
′ ∶ 1 ≤ 𝑘 ≤  𝑛 − 1} ∪ 

   {𝑣𝑘
′ 𝑣𝑘+1

′ : 1 ≤ 𝑘 ≤ 𝑛 −  2} ∪  {𝑣𝑘𝑢𝑘
′  , 𝑢𝑘𝑢𝑘

′  , 𝑢𝑘𝑣𝑘: 1 ≤  𝑘 ≤  𝑛}. 

We define the total coloring 𝑓, such that 𝑓 ∶  𝑉 (𝑇( 𝑃𝑛
+))  ∪ 𝐸(𝑇( 𝑃𝑛

+)) →  𝐶, where C is the set of colors 𝐶 =  {1, 2, … , 7}.    

Assign total coloring to these vertices and edges as follows. 

For 1 ≤  𝑘 ≤  𝑛  

 𝑓(𝑣𝑘)  = {

1, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                                      𝑓(𝑢𝑘) =  4,    𝑓(𝑢𝑘
′ ) =  7,     𝑓(𝑣𝑘𝑢𝑘

′ ) =  6, 

                                  𝑓(𝑢𝑘𝑢𝑘
′ ) =  3,    𝑓(𝑢𝑘𝑣𝑘)  =  7. 

For 1 ≤  𝑘 ≤  𝑛 −  1 

          𝑓(𝑣𝑘𝑢𝑘
′ )  = {

3, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
2, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

1, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                                     𝑓(𝑣𝑘
′ ) = {

2, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
1, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

3, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                            𝑓(𝑣𝑘
′ 𝑣𝑘+1)  = {

1, 𝑖𝑓 𝑘 ≡  1 (𝑚𝑜𝑑 3)
3, 𝑖𝑓 𝑘 ≡  2 (𝑚𝑜𝑑 3)

2, 𝑖𝑓 𝑘 ≡  0 (𝑚𝑜𝑑 3)
 

                            𝑓(𝑣𝑘𝑣𝑘+1)  = {
4,   𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑   
5,   𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

                                 𝑓(𝑢𝑘
′ 𝑣𝑘

′ ) =  4,   𝑓(𝑣𝑘
′ 𝑢𝑘+1

′ )  =  5, 

                             𝑓(𝑣𝑘
′ 𝑣𝑘+1

′ ) = {
6, 𝑖𝑓 𝑘 𝑖𝑠 𝑜𝑑𝑑  
7, 𝑖𝑓 𝑘 𝑖𝑠 𝑒𝑣𝑒𝑛

 

It is clear that the above rule of total coloring, the graph 𝑇( 𝑃𝑛
+) is properly total colored with 5  

colors.  Hence the total chromatic number of the total graph of comb graph T( 𝑃𝑛
+), 𝜒"(𝑇( 𝑃𝑛

+)) =  𝛥(𝑇( 𝑃𝑛
+))  +  1. 
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