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For a molecular graph G, the Y-index is defined as the sum of fourth powers of degrees of all vertices of the graph. The
Y-index is defined as Y(G) = Tyeve) de(W)* = Tuver) [d(w)® + dg(v)*] and the Y —coindex is defined as Y(G) =
2uveE(G) [dg(u)® + dg(v)3]. In this paper, we obtain the explicit expressions for Y —index and Y —coindex of four join

operations of graphs such as vertex and edge S-join, vertex and edge R-join, vertex and edge Q-join and vertex and
edge T-join of two graphs.
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1. Introduction

All graphs considered here are simple, connected, finite and undirected. Let G = (V(G), E(G)) be a connected graph of
order n with |E(G)| = m edges. The degree of a vertex u € V(G), denoted by d (u), is the number of egdes incident to
u. The join of two graphs G, and G, with disjoint vertex sets V(G,) and V(G,) is the graph, denoted by G, + G,, with
the vertex set V(G,) U V(G,) and edge set E(G;) U E(G,) U {uv|u € V(G,),v € V(G,)}.

In chemical graph theory, different types of topological indices have different types of applications in isomer
discrimination, QSAR/QSPR investigation, pharmaceutical drug design and many more. Amid various degree-based
topological indices, one of the most studied topological index, introduced by Gutman and Trinajstic’, is zagreb index
[7]. The Zagreb indices are defined as M;(G) = Xyev(a) de(w)? = Yuver@) [de(w) +dg(v)] and M,(G) =

Zu,vEV(G) dg(wW)dg(v).

In [5], Furtula and Gutman investigated forgotten topological index or the F —index of a graph G which is defined as
F(G) = Yvev(e) de(V)® = Tuver ) [de(W)? + dg(v)?]. The Y-index was introduced by Abdu Alameri etal. in [1]
which is defined as

Y(G) = Yueve) de(W)* = Tuver(e) [de(W)® + ds (v)?].

In [2], Alemeri et al studied the Y —coindex of graph operations and its applications of molecular descriptors. The
Y —coindex is defined as

Y(6) = Yuverce) [de (W) +ds(v)*].

In this paper they showed that the predictive ability of this index is similar to that of first Zagreb index. There are
various recent mathematical snd chemical studies of Y —index; see[2,13]. Recently V.S. Agnes et.al. studied about the
Y —index and coindex of some derived graphs [12].

The degree distance was introduced by Dobrynin and Kochetova [4] and Gutman [8] as a weighted version of the
Wiener index. The degree distance of graph G is defined as

DD(G) = Lpumev(e) dewv)[dg(w) +dg(v)].
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Some redefined versions of the Zagreb indices are given as follows:

ReZGy(6) = ) de(Wds(mIds(w) + dg(®)]

UuveE(G)

ReZG4(G) = Tuver(c) deW)de (W) [de (W)? + dg(v)?]
and
ReZG(G) = Tuver(e) dc(W)*de(v)?
Throughout this paper, we use another index, denoted by & (G), which is defined as
$5(6) = Zvev(e) 4c(V)° = Zuver(s) [de@)* + de(v)*].

In this paper, we obtain the explicit expressions of ¥ —index and coindex of four join operations of graphs such as
vertex and edge S-join, vertex and edge R-join, vertex and edge Q-join and vertex and edge T-join of two graphs.

2. Preliminaries
» The subdivision graph S(G) of a graph G is a graph obtained by inserting a new vertex onto each edge of G.

« Vertex-semitotal graph R(G) of a graph G is a graph with vertex set V(G) U E(G) and edge set E(S) U E(L) which is
obtained from G by adding a new vertex corresponding to each edge of G and by joining each new vertex to the end
vertices of the edge corresponding to it.

« Edge-semitotal gaph Q(G) of a graph G is a graph with vertex set V(G) U E(G) and E(S) U E(L) which is obtained
from G by inserting a new vertex into each edge of G and by joining with edges those pair of these new vertices which
lie on adjacent edges of G.

« Total graph T'(G) of a graph G is a graph with vertex set V(G) U E(G) and edge set E(S) U E(G) U E(L) and any two
vertices of T(G) are adjacent if and only if they are either incident or adjacent in G.

3. Main Results

In this section we consider the Y —index of vertex and edge Fs —join of graphs related to different subdivision graphs
such as S, R, Q, and T respectively. Here I1(G) denotes the set of new vertices added while subdividing the graph G.

3.1 Vertex and edge S-Join of Graphs
In this subsection, first we start with vertex and edge S —join of graphs.
Vertex S-join of graph

Definition 3.1.1 1 Let G, and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The vertex S-join of two vertex disjoint graphs G, and G,, denoted by G; Vs G, is obtained from
S(G,) and G, by joining each vertex of VV(G,) with every vertex of G,.

Example : The graph of vertex S —join of P; and P; are shown in Fig.1.
The degree of a vertex of S —join graph is given in the following lemma.

Lemma 3.1.1 2 [10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of w € V (G, V G,) is
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dg,(v) + ny, ifveV(Gy)
dg,v6,(V) =1 dg,(v) + ny, ifv EV(G,)
2, ifv € I1(Gy).

Theorem 3.1.1 3 If G; and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G Vs Gy) = Y(G) +Y(G,)+ 4n,F(Gy) + 4n,F(G,) + 6n2M, (G,)
+6niM,(G,) + 8mn3 + 8m,n3 + n;ns + n,n} + 16m,.

Proof. From the definition of Y —index, we have

Y(G Vs Gy) = Zvev(cl\'/saz) dalvscz(v)4
2vev(Gy) L6056, m*+ 2vev(Gy) 46,56, M)* + Xverey A vs6, (v)*
2wev(ay (dg, (W) + n2)* + Yvevey (e, @) +n)* + Tpery (2)*
= Yvev(ey (de,(v)* +4d;, (v)*n, + 6d;, (v)*n5 + 4dg n3 + n3)
+ Yvev(ey (A, W)* + 4dg, (v)3n,y + 6dg,(v)*nf + 4dg,n3 +nt)
+ Yvei(ey) 16
= Y(G)) +Y(Gy) + 4n,F(G,) + 4n,F(G,) + 6n3M,(G,)
+6niM,(G,) + 8mn3 + 8m,n3 + nnj + n,nt + 16m,

which is the desired result.

1

23 P,

pg“l:fgpg P?JESPH

Fig. 1 The vertex S-join and edge S-join of graphs
Edge S-join of graph

Definition 3.1.2 4 Let G, and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The edge S-join of two vertex disjoint graphs G; and G,, denoted by G, Vg G, is obtained from
S(G,) and G, by joining each vertex of 1(G,) with every vertex of G,.

Example : The graph of edge S —join of P; and P; is shown in Fig.1.
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The degree of a vertex of edge S —join graph is given in the following lemma.

Lemma 3.1.2 [10] 5 Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V(G Vs G,) is

de,(v), ifv €V(Gy)
d,vse, (V) = {dg, () +my, ifv € V(G,)
2+ ny, ifv € I(Gy).

Theorem 3.1.2 6 If G; and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G1VsG) = Y(G)+Y(Gy)+my(2+ny)* 4+ 4myF(G,) + 6miM,(G,)
+8m,m3 + n,m}.

Proof. From definition of Y —index, we have

Y(G1VsGy) = Xoev(6,vs6,) A6,vs6, ()*
2vev(Gy) A6,vs6, n* + 2vev(Gy) D6yvs6, w)* + 2vel(6y) A6yvs6, (v)*
Yver(ey de,(W)* + 2vev(ey) (dg, (V) + my)* + 2wery 2+ ny)*
Yverey de,(W)* + Yverey 2 +n)* + 2vev(ey) (dg, (v)* + 4dg,(v)*my
+6d;,(v)>mf + 4dg,m3 + m3)
= Y(G) +my (2 +ny)* +Y(G,) + 4m F(G,) + 6miM,(G,)
+8m,m3 + n,m{

which is the desired result.

3.2 Vertex and edge R-Join of Graphs

In this subsection, we obtain vertex and edge R —join of graphs.
Vertex R-join of graph

Definition 3.2.1 7 Let G; and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The vertex R-join of two vertex disjoint graphs G, and G, denoted by G; Vy G, is obtained from
R(G,) and G, by joining each vertex of V(G,) with every vertex of G,.

Example: The graph of vertex R —join of P; and P; is given in Fig.2.
The degree of a vertex of R —join graph is given in the following lemma.

Lemma 3.2.1 8 [10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V (G, Vg G) is

2dg,(v) +ny,  ifv EV(Gy)
devpe, @) =1 dg, ) + 1y,  ifvEV(G,)
2, if v € 1(Gy).
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Theorem 3.2.1 9 If G; and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G Vg Gy)) = 16Y(Gy)+Y(G,) + 32n,F(Gy) + 4n,F(G,) + 24n3M,(G;)
+6n2M,(G,) + 16n3m; + 8n3m, + nin; + nin, + 16m,.

Proof. From the definition of Y —index, we have

Y(GiVRr G) = Yoev(6,vr6y) 6yvpe, W)*
= Yvev(Gy) 46,96, w)*+ 2vev(6y) 46,6, (w)*+ 2verGy) 46vr6, (v)*
Yveviey) 2de, () +n)* + Tvevie,) (de, V) +1)* + Yoerpy (2)*
Yvev(ey (16dg, (v)* + 32dg, (v)*n, + 24dg, (v)°n5 + 8dg, (v)n3 + n3)
+ Yvev(ey) (de, )* + 4dg, (v)3ny + 6d;, (v)*nf + 4dg, (v)nd +nt)
+ Yver(ey) 16
= 16Y(Gy) + 32n,F(Gy) + 24n2M;(G,) + 16n3m, + nin, + Y(Gy)
+4n,F (G,) + 6n2M,(G,) + 8ndm, + nin, + 16m,

which is desired result.

PV g Py PyVp Py

Fig. 2 The vertex R-join and edge R-join of graphs
Edge R-join of graph

Definition 3.2.2 10 Let G, and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The edge R-join of two vertex disjoint graphs G, and G,, denoted by G, Vy G,, is obtained from
R(G,) and G, by joining each vertex of I(G,) with every vertex of G,.

Example : The graph of edge R —join of P; and P; in given in Fig.2.
The degree of a vertex of edge R —join graph is given in the following lemma.

Lemma 3.2.2 11 [10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V(G; Vi G,) is
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2dg, (v), ifveV(Gy)
dg,ype, (V) = {de, (V) +my, ifv € V(Gy)
2+mny, ifv € I(Gy).

Theorem 3.2.2 12 If G, and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G, Vg Gy) = 16Y(Gy) + Y(G,) + 4F(G,)m, + 6M;(G,)m? + 8m,m3
+n,mi + my(n, + 2)*%

Proof. From the definition of Y —index, we have

Y(G1 VR G2) = Xoev(6,vr6Gs) 46,vrGs QN
Yvev(Gy) A6,vrG, M)* + Xvevey dg,vre, M)* + Zverey de,vr6, (w)*
Yvevey de, WN* + Tvev(ey (e, @) + m))* + Yoerey (2 +2)*
= Yvevay 16de,()* + Toeiy (2 + 2)* + Xoev(s,) (de, @)* + 4dg, (v)>m,
+6d;,(v)*mi + 4dg,(v)m3 + m?)
= 16Y(G,) +Y(G,) +4F(G,)m, + 6M1(Gz)m§ + 8m2mf
+n,mi + my(n, + 2)*
which is the desired result.
3.3 Vertex and edge Q-Join of Graphs
In this subsection, we obtain vertex and edge Q —join of graphs.

Vertex Q-join of graph

Definition 3.3.1 13 Let G; and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The vertex Q-join of two vertex disjoint graphs G; and G, denoted by G, V, G,, is obtained from
Q(G,) and G, by joining each vertex of V (G,) with every vertex of G,.

Example : The graph of vertex Q —join of P; and P; in Fig.3.
The degree of a vertex of Q —join graph is in the following lemma.

Lemma 3.3.1 14[10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V(G V, G5) is

de,(v) +ny,  ifv €V(Gy)
dGl\7Q62 (U) = dGz (U) + ny, ifve V(Gz)
dg,(w) + dg,(v), ifv€I(Gy).

Theorem 3.3.1 15 If G; and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G1 Vo Gy) = Y(Gy)+4F(Gny + 6My(Gy)ns + 8myn3 + nyns + Y(G,)
+4F (Gy)n, + 6M,(G,)n? + 8m,nd + nynt + &(G)
+4ReZ,(G,) + 6ReZ2(Gy)
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Proof. From the definition of Y —index, we have

Y (G, VQ G)) = ZvEV(leQGz) dG1VQ62 ()*
Yvev(Gy) d61v06, )*+ 2vev(Gy) d61v06, m)*+ Yvel(Gy) d61voG, (@N
Yvevier) (e, () +1)* + Toeve, (e, ) +n)* + Yoerey) diey(V)*
Yvev(ey) de,(V)* +4dg, (v)*n, + 6dg, (v)*n5 + 4dg, (v)n3 +nj

+ Yvev(cy) de, W) +4dg,(v)*ny + 6dg,(v)?nt + 4dg,(v)ni + n?

+ YuverGy) (de, (W) +dg, (v))*

= Y(G)) + 4F(Gn, + 6M,(G)n2 + 8myn3 + n;ni + Y(G,)
+4F (G)n, + 6M,(G,)n? + 8m,n3 + n,nt
+ Yuver(ey) (de,(W)* + 4dg, (w)3dg, (v)
+6dg, ()*dg, (v)? + 4dg, (W)dg, (v)? + dg, (v)*)

= Y(G)) + 4F(Gn, + 6M,(G)n2 + 8myn3 + n;ni + Y(G,)
+4F (Gy)n, + 6M,(G,)n? + 8m,n3 + n,nt + &(G)
+4ReZ,(G,) + 6ReZ2(G;)

which is the desired result.

Pj P’:‘.

1!
]
1
L
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Pg\.-"ng pg_i,@ P

Fig 3. The vertex Q-join and edge Q-join of graphs
Edge Q-join of graph

Definition 3.3.2 16 Let G, and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The edge Q —join of two vertex disjoint graphs G, and G,, denoted by G; V, G, is obtained
from Q(G,) and G, by joining each vertex of 1(G,) with every vertex of G,.

Example : The graph of edge Q —join of P; and P; in Fig.3.
The degree of a vertex of edge R —join graph is given in the following lemma.

Lemma 3.3.2 17 [10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V(G; v, G,) is
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de, (v), ifv € V(Gy)
dGl!QGz (17) = d62 (17) +my, ifv eV(G,)
de,(W) +dg, (V) + 1y, ifv € 1(GY).

Theorem 3.3.2 18 If G; and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G1 Vo Gy) = Y(Gy)+Y(Gy)+ 4F(Gy)my + 6My(G)mi + 8mymi 4+ nymi
+&(Gy) + ReZ,(Gy) + Rer (Gy) +Y(Gy)n, + 12DD(Gy)n,
+6F (G)n + 12M,(G)n3 + 4M,(G,)n3 + nyn3.

Proof. From the definition of Y —index, we have

Y(G1 Vo Gy) = Zv&V(GlMQGZ) dclyQGZ *
Yvev(cy) dalyQGZ m)* + Yver(Gy) dclyQGZ n* + 2vel(Gy) dclyQGZ (v)*
Zvev(al) (d61 (V))4 + Zvev(cz) (dcz (v) + m1)4 + ZuUEE(Gl) (dcl (w) + dcl v) + n2)4
Yvev(ey de,(W)* + 2vev(ey) (dg, (v)* + 4dg,(v)*my + 6dg,(v)*mi
+4dg,(V)m? + mi) + Yuver(a (de, (W) +dg,(0)* + 4(dg, (W) + dg, (v))°n,
+6(dg, (W) + dg, (v))?n3 + 4(dg, (W) + dg,(W))N3 + n3)
= Y(G)) +Y(Gy) + 4F(Gy)m,; + 6M,(G,)m? + 8m,m3 + n,m}
+ Ywere,) (de, W* +dg, () + 4 Y uver 6y de, Wdg, (v)(dg, w)* +dg, ()%
+6 Yuver(6y) 9o, (w)?dg, (V) + 41, Yuver(e,) (de, W)* + dg, (v)?)
+12n, ZquE(Gl) d61 (u)d(}1 ) (d61 (W) + d61 )
+615 Yover(ey) (Ao, (W)? +dg, ()?) + 1203 Yver(s,) de, Wdg, (V)
+4n3 Yuver(Gy) (dg, (W) +dg, (V) + nynj
= Y(Gy) +Y(G,) + 4F(Gy)m, + 6M,(G,)m? + 8m,m3 + n,m}
+&:(G1) + ReZ,(Gy) + ReZ? (G) +Y(Gy)n, + 12DD(G1)n,
+6F (G2 + 12M,(G)n? + 4M,(G)n3 + n;n3

which is desired result.

3.4 Vertex and edge T-Join of Graphs

In this subsection, we obtain vertex and edge T —join of graphs.
Vertex T-join of graph

Definition 3.4.1 19 Let G, and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The vertex T-join of two vertex disjoint graphs G, and G,, denoted by G, V; G, is obtained
from T(G,) and G, by joining each vertex of V(G,) with every vertex of G,.

Example : The graph of vertex T —join of P; and P; in Fig.4.
The degree of a vertex of T —join graph is given in the following lemma.

Lemma 3.4.1 20[10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V(G V1 G,) is
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2dg,(v) +ny, ifvEV(G)
dg e, () = de, ) +ny, ifveV(G,)
dg, (W) + dg,(v), ifv € I1(G,y).

Theorem 3..4.1 21 If G, and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(G,Vp G,) = 16Y(Gy) + 32F(G)ny + 24M, (G2 + 16mynd + nyns
+Y(G,) + 4F (Gy)n, + 6M,(G,)n? + 8myn3 + nynt
+&5(G1) + 4ReZ,(Gy) + 6Rer(Gl).

Proof. From the definition of Y —index, we have

Y(GVr Gy) = Dvev (6176) A6rvr6, )*

Yoev(ey) Qeyire, W) + Tveviey) doyvre, W)* + Zver(ey) doyire, )
Toeviey 2de, () +12)* + Toev(ey (e, + 1)* + Zveray) diey@*
Yvev(ey (16dg, (v)* +32dg, (v)*n, + 24dg, (v)°n3 + 8dg, (VIn3 + n3)

+ Xvev(ey) (de, W)* + 4dg, (v)*ny + 6dg, (v)?ni + 4dg, (v)ni +ni)

+ Yuvery) (dg, (W) + dg, (V)*
Yoev(ey (16dg, (W)* +32dg, (v)°n, + 24dg, (v)?n3 + 8dg, (v)n3 + n3)

+ Yvev(ey) (dg,()* + 4dg,(v)*ny + 6dg, (v)?*nf + 4dg, (v)nF +n})

+ Zuvery) (e, @*+ dg, W*H+6 ey Qe (u)2d61 (v)?

+4 Yuver6y) 4o, Wdg, (v)(dg, (W)? + dg, )%

= 16Y(G,) + 32F(Gy)n, + 24M,(G)n% + 16m,n3 + nynj
+Y(G,) + 4F (Gy)n, + 6M,(G,)n? + 8m,n3 + nynt
+&5(Gy) + 4ReZ,(G,) + 6ReZ2(G,)

which is desired result.

Py Py PNy Py
Fig 4. The vertex T-join and edge T-join of graphs
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Edge T-join of graph

Definition 3.4.2 22 Let G; and G, be two simple connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. The edge T —join of two vertex disjoint graphs G, and G, denoted by G; V; G,, is obtained
from T'(G,) and G, by joining each vertex of I(G,) with every vertex of G,.

Example : The graph of edge T —join of P; and P; in Fig.4.
The degree of a vertex of edge T —join graph is given in the following lemma.

Lemma 3.4.2 23[10] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then the degree of v € V (G, Vy G,) is

2dg,(v), ifvevV(a,)
dGl!TGZ (v) = dGz (U) + my, ifv e V(Gz)
dg, (W) +dg,(v) +n,y, ife=(w,v),e €1(Gy).

Theorem 3.4.2 24 If G, and G, are two connected graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}, then

Y(GVvrGy,) = 16Y(Gy) +Y(Gy) +4F(G,)m, + 6M1(Gz)mf + 8m2m§ + an‘f
+&5(G1) + ReZ,(Gy) + Rer(Gl) +Y(Gyn, + 12DD(G,)n,
+6F(G)n2 + 12M,(G)n3 + 4M,(G)n3 + n;n3.

Proof. From the definition of Y —index, we have

Y(G1Vr G) = Xvev(Gyvr6y) d6,vra, *
2vev(Gy) A6vrG, (n* + 2vev(Gy) A6,vr6, m*+ 2vel(6y) A6yvrG, (v)*

= Yvev(ey (2dg, WN* + Xvec,) (dg, +mp)*
+ Ywvery) (g, (W) + dg, (v) +n3)*

= 16 Lver(ey) d6,()* + Zvev(ay) (de, )" + 4dg, ()’ my + 6dg, (v)*mi
+4dg,(W)m3 + m}) + Yuver @y (de, W) + dg, (0))* + 4(dg, (W) + dg,(v))*n,
+6(dg, (W) + dg,(v))?n3 + 4(dg, (W) + dg,(V))n3 + n3)

= 16Y(G,) + Y(G,) + 4F(G,)m, + 6M(G,)m? + 8m,m3 + n,m{
+ Ywver(ey) (g, w)* +dg, )Y + 4 Y ek, de, Wdg, (v)(dg, W)? +dg, (v)?)
+6 Yuver(6y) e, (w)?dg,(v)* + 4n, Yuver(6y) (dg, W)? +dg,(v)?)
+12n, ZquE(Gi) d61 (u)d61 ) (d61 (W) + d61 ™)
+6n3 Yuver(ey) (de, W?* +dg, (v)?) + 1213 Yover,) de, Wdg, (v)
+4n3 Yuver(Gy) (de, (W) +dg, (V) + nynj

= 16Y(G,) + Y(G,) + 4F(Gy)m, + 6M,(G,)m? + 8m,m3 + n,m}
+&5(G,) + ReZy(Gy) + ReZ2(Gy) + Y (Gy)ny + 12DD(Gy)n,
+6F(G)n2 + 12M,(G)n3 + 4M,(G)n3 + nyn3

which is the desired result.

Example 3.4.1 25 If C, and C,,, are two cycles of order n > 3 and size m > 3, respectively. then
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(i) Y(C, Vs Cp) = nm(m® + n?) + 8nm(m? + n?) + 24nm(m + n) + 64nm + 32n + 16m.

(i) Y(C,VgC,) =nm@m?+n3®) + 4nm(Bm? + 2n?) + 3nm(18m + 8n) + 140nm + 97n +
l16m.
(iii) Y(Cy Vg Cp) = nm(m® + n®) + 4nm(3m? + 2n?) + 3nm(18m + 8n) + 140nm + 97n +
16m.
(iv) Y(C,VyC,) =nm@m3+n3) +8nm(2m? + n?) + 8nm(12m + 3n) + 288nm + 512n +
16m.

3.5 Y-coindex of F —join of graphs

In this section, we compute the Y-coindex of vertex and edge F —join of graphs for different values of F as S,R,Q,T
respectively.

Lemma 3.5.1 [3] 26 Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then

@OV G +G)| = ny+ny
(ll)lE(Gl + Gz)l = ml + mz + nlnz.

Theorem 3.5.1 27 [11] Let G; and G, be two vertex disjoint graphs with n; number of vertices and m; number of
edges respectively, i € {1,2}. Then

(DF (G Vs Gy) = F(Gy) +F(Gy) + 3n;My(Gy) + 3n, My (G) + 6mynj
+6m,n? + nyn,(n? + n2) + 8m,.

(i))F(G, Vg G;) = 8F(Gy) + F(Gy) + 12n,M,(G,) + 3n,M,(G,) + 12m1n§
+6myn? + nyn,(n? + n2) + 8m,.

(iid)F (G4 \7Q G,) = F(G) +F(Gy)+3n,M(Gy) +3n,M;(G,) +Y(Gy)
+3ReZG5(G,) + 6mn3 + 6m,n? + nyny(n? + n2).

(iV)F(G,Vr G,) = 8F(G)) + F(Gy) + 12n,M,(G,) + 3n,M,(G,) + Y(G,)

+3ReZG5(Gy) + 12myné + 6m,n? + nyn,(n? + n3).
Theorem 3.5.2 28 [2] Let G be a simple graph with n vertices and m edges. Then
Y(G) = (n—1)F(G) - Y(G).

Theorem 3.5.3 29 Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then
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()Y (G Vs G) (ny +ny — DF(Gy) + F(Gy) + 3n;M(Gy) + 3n,My(G;) + 6mynj
+6m,n? + nyn,(n? +n3) + 8my, — Y(Gy) + Y(G,) + 4n,F(G;)
+4n,F (G,) + 6n3M,(G,) + 6niM,(G,) + 8mn3
+8m,n3 + nynj + nynt + 16m,
(DY(G VR G) = (ng+n, — 1)BF(Gy) + F(G2) + 12n,M,(Gy) + 3n, M, (G,)
+12myn3 + 6myn? + nyny(n? + n3) + 8m, — 16Y(G;)
+32n,F (G,) + 24n3M,(G,) + 16n3m, + n3n, + Y (G,)
+4n,F(G,) + 6n2M,(G,) + 8n3m, + nin, + 16m,
(DY(G1 Ve G) = (g +ny — DF(Gy) + F(Gy) + 3n,My(Gy) + 3n, M, (G2) + Y(Gy)
+3ReZG5(Gy) + 6m n3 + 6myn? + nyn,(n? + n3) — Y(G,)
+4F (G)n, + 6M,(G)nb + 8m,nj + n;n3 + Y (G,)
+4F (G)n, + 6M,(G,)n? + 8m,n3 + n,nt + &(G)
+4ReZ,(G,) + 6ReZZ(Gy)
(W)Y (GVr G) = (ng +ny, — 1)8F(Gy) + F(Gz) + 12n,M,(Gy) + 3n,M,(G,) + Y (Gy)

+32F(G)n, + 24M,(G)n2 + 16m,;n3 + n,n}
+Y(G,) + 4F (Gy)n, + 6M,(Gy)n? + 8m,nd + nynt
+&5(Gy) + 4ReZ,(Gy) + 6ReZZ(Gl).

Theorem 3.5.3 30 [11] Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then

(DF(G1 Vs G;) = F(Gy) + F(Gy) +3mM,(G,) + 6m?m, + my(n, + 2)3 + nym3.
(iDF(G; Vg G;) = 8F(Gy) + F(Gy) + 3mM,(G,) + 6m2m, + my(n, + 2)3 + nym3.
({t)F(G1 Vo G2) = F(Gy) +F(Gy) +3n3M;(Gy) + 3m My (Gy) + Y (Gy)
+3n,HM(G,) + 3ReZG5(G,) + m?(6m, + mn,) + mn3.
(iV)F(GLVr G;) = 8F(Gy) +F(Gy) + 3n5M(Gy) + 3m My (G,) + Y (Gy)

+3n,HM(G,) + 3ReZG5(G,) + m%(6m, + myn,) + myn3.

Theorem 3.5.4 31 Let G, and G, be two vertex disjoint graphs with n; number of vertices and m; number of edges
respectively, i € {1,2}. Then

DY (G1VsG) = (ng+n, — DF(Gy) + F(Gp) + 3mM,(Gy) + 6mim, + my(n, +2)°
+n,m3 —Y(G,) + Y(G,) + my(2 + ny)* + 4m F(G,) + 6miM,(G,)
+8m,m3 + n,mj.

(iDY(GL VR G)) = (ng +n, — D8F(Gy) + F(G,) + 3m;M,(G,) + 6mim, + m,(n, + 2)3
+n,m} — 16Y(G,) + Y(G,) + 4F(G,)m, + 6M,(G,)m? + 8m,m3
+n,mf + my(n, + 2)*

({tD)Y(G1 Vg G) = (ng +ny — DF(Gy) + F(Gy) + 3n3My(Gy) + 3m M, (Gy)
+Y(G,) + 3n,HM(G,) + 3ReZG3(G,) + m2(6m, + m;n,) + m;n3
=Y (Gy) + Y(G,) + 4F (Gy)my + 6M,(G,)m? + 8m,m3 + n,m}
+&5(Gy) + ReZ,(G,) + ReZ2(G,) + Y(Gy)n, + 12DD(G,)n,
+6F (G)nZ + 12M,(G)n% + 4M,;(G)n3 + nyni.

(WY (G Vr G) = (g +ny — D8F(Gy) + F(Gy) + 3n5M,(Gy) + 3myMy(G,) +Y(Gy)

+3n,HM(G,) + 3ReZG5(G,) + m?(6m, + mn,) + myn3
—16Y(G,) + Y(G,) + 4F (G,)m, + 6M,(G,)m? + 8m,m3 + n,m]
+&5(Gy) + ReZ4(Gy) + ReZ2(Gy) + Y(Gy)ny + 12DD (G,

+6F (G)né + 12M,(G)n% + 4M,(G,)n3 + nynj.

4. Conclusion
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In this paper, we have established some useful formula for Y —index and coindex of graphs based on the vertex and
edge F —join of graphs where F = {S, R, Q, T}, and we have given some examples for these graphs. For future study,
other topological indices for this graph operations can be computed.
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